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Tensile and Short-Time Creep Properties 


EUGENE C. BERNETT 


Assistant Supervisor, Materials and 
Process Section, The Marquardt 
Corporation, Van Nuys, Calif. 


of N-155 Alloy Sheet 


The special test equipment and procedures developed for the evaluation of ultrashort- 
time elevated-temperature mechanical properties of materials are described herein. The 


tensile and high-stress creep data obtained for Haynes N-155 alloy sheet are reported. 
At rapid strain rates, the high-temperature tensile strengths were up to 300 per cent 
higher than those obtained at conventional testing speeds. At high temperatures and 
high stress levels, however, creep rates were shown to be extremely rapid, and in most 
cases, the creep strength became a critical factor. The application of rapid-strain-rate 
tensile data and high-stress creep data in short-life designs is discussed. 


l: IS WELL RECOGNIZED that efficient designs of 
structures which operate at high temperature must be based on 
material test data which simulate the actual service conditions. 
Most of the elevated temperature data reported in the literature 
today are intended for long life, relatively steady-state conditions 
such as those encountered in steam and gas-turbine power plants. 
In most missiles and in many ‘‘one-mission”’ type applications, 
the service life is very short. Therefore materials can be used at 
much higher temperatures and stresses than those normally con- 
sidered permissible for prolonged service [1, 2].2_ Where higher 
stresses can be used, components can of course be made lighter. 
This is especially desirable in missile applications. 

Special test equipment {3] has been developed by the Mar- 
quardt Corporation to evaluate the high-temperature properties 
of materials used in missile ramjet engines and new testing tech- 
niques are being used. The universal elevated-temperature 
machine discussed in [3] can be used for controlled rapid-rate 
tensile and compression testing (from zero to 0.2 in/in/sec), 
creep testing, low-frequency fatigue testing, and thermal-cycling 
tests. It is also possible to program simulated-service trajectories 
of load and temperature and to make continuous measurements 
of the resulting strain. Self-resistance heating is used which per- 
mits heating rates in excess of 200 F/sec and test temperatures 
over 3500 F. 

A test program to evaluate the tensile and short-time creep 
properties of N-155 sheet material (20 Cr, 20 Ni, 20 Co, 40 Fe) is 
reported herein. The test procedures are described in detail and 
compared with conventional methods. The short-time tensile 
properties at 75 to 2100 F were determined at various strain rates 
ranging from 0.0001 to 0.2 in/in/sec. The individual test results 
are tabulated and typical data are shown graphically. The short- 
time creep properties were evaluated at temperatures varying 
from 1600 to 2100 F and the results are presented as standard- 
creep versus time plots and also in isochronous curve form. 

The tensile and the constant-stress data obtained in this pro- 
gram were analyzed and a direct comparison of tensile and creep 


1 This research was supported in whole or in part by the United 
States Air Force under Contract No. AF 33(600)-33517, monitored 
by the Materials Laboratory, Wright Air Development Center, 
Wright-Patterson Air Force Base, Ohio. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Production Engineering Division and presented 
at the Annual Meeting, Atlantic City, N. J., November 29-Decem- 
ber 4, 1959, of THe American Society or MECHANICAL Enat- 
NEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, April 
23, 1959. Paper No. 59—A-27. 
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strength at temperatures of 1600 to 2100 F is shown, Table 11. 
The relative importance of these two properties is discussed and 
the conditions at which these data can be used to maximum ad- 
vantage in short-life, high-temperature designs are pointed out. 


Tensile- Testing Procedures 


Conventional tensile-testing procedures cannot be used satis- 
factorily at ultrahigh temperatures. The heating rate, the hold 
time at temperature, and the strain rate during the test are three 
extremely important variables which greatly influence the meas- 
ured tensile properties [4]. The test machine used in obtaining 
the data which are reported precisely controls these variables. 
Thus more realistic results are obtained. 

The testing speed commonly used in industry for determining 
tensile strength is such that the yield strength is reached in ap- 
proximately 30 seconds. The speed is usually increased beyond 
the yield point so that rupture occurs about a minute or two later. 
This testing speed corresponds roughly to strain rates of 0.0001 
in/in/sec through yield and then 0.002 in/in/see to rupture. 
At the high temperatures where the creep process is operative, a 
large amount of creep occurs during such a slow-rate tensile test 
and it therefore reduces the tensile strength. Furthermore, the 
autographic stress-strain record is badly distorted and cannot 
be accurately interpreted. To minimize the effects of creep 
deformation during tensile tests, a testing speed of 0.001 
in/in/sec through the yield was adopted as a standard for the 
work described. Beyond the yield, the strain rate is increased to 
0.01 in/in/sec. Thus yield is reached in about 3 seconds and 
rupture occurs about 10 seconds later. The standard speeds 
adopted for the very-rapid-rate tests were 0.01 in/in/sec through 
yield and then 0.1 in/in/sec to rupture. 

The specimens tested at elevated temperature were heated by 
electrical self-resistance at a controlled rate of 200 F/sec. Three 
36-gage (0.005 in.) chromel-alumel thermocouples were spot 
welded directly to the test specimen and the temperature of the 
test portion was maintained within 1 per cent of the set point. 
The hold time at temperature was 15 min, thus simulating a typi- 
cal service condition. 

The strain measurements were made with a separable 2-in-gage 
differential transformer extensometer attached to the test por- 
tion of the specimen. Spring-loaded extensometer attachment 
points were provided so that the extensometer would stay on the 
specimen as it necked down. This permitted recording the full 
stress-strain curve. 


Creep-Testing Procedures 


The short-time creep data reported were determined for the 
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type of application in which high stresses and temperatures are 
encountered for short times. The very rapid creep rates obtained 
at these high stresses and temperature would not permit the use 
of standard, long-time creep-testing techniques. Therefore the 
methods to be described were adopted. 

The specimens were resistance heated to the test temperature 
at the same rate that was used in the tensile tests, namely, 200 
F/sec, and the thermal gradient was corrected to within 1 per 
cent. The required stress was applied rapidly, 60 seconds after 
the test temperature was reached. A rapid loading rate (approxi- 
mating a strain rate of 0.1 in/in/sec) was used in order to avoid 
any plastic deformation during the loading period. The plastic 
creep-strain curve (up to 4 per cent strain or 900 seconds—which- 


ever occurred first) was recorded from the moment that the re- / 


quired stress level was reached. Strain was measured with the 
extensometer attached directly to the test portion of the speci- 
men, as in the tensile tests. The creep curves were recorded on a 
Sanborn oscillograph recorder at chart speeds such that the curve 
could be read at 0.1-sec intervals for the full duration of the test. 
In the high-stress creep tests, rupture occurred before the 900- 
second time limit was reached, and these values were recorded. 
At low stress levels where rupture did not occur within 900 sec- 
onds, the creep test was interrupted, and the residual ultimate 
strength (at temperature) was determined. The load was in- 
creased manually at a speed corresponding to a strain rate of 
about 0.01 in/in/sec until tensile failure occurred. The ultimate 
strength values were based on the original cross-sectional area. 


Experimental Results 


Test Material. The data which are reported were obtained from 
tests of mill-annealed Haynes N-155 alloy sheet, Aeronautical 
Material Specification (AMS) 5532B, supplied by the Haynes 
Stellite Company. All specimens were machined to the dimen- 
sions shown in Fig. 1 and they were all longitudinal except where 
otherwise noted. The certified chemical composition of each heat 
of material used in these tests is shown in the following tabulation. 

Tensile-Test Results. The tensile properties of the subject ma- 
terial were determined over the range from room temperature to 
2100 F (1149 C). In addition to the tests at the standard strain 


rate of 0.001 in/in/sec through yield, checks were made at a 
strain rate of 0.0001 in/in/sec for comparison with published 
conventional tensile data. The yield strength at a rapid strain 
rate of 0.0] in/in/sec was also determined. The ultimate 
strengths were determined at strain rates of 0.01, 0.1, and 0.2 
in/in/sec. In all cases, the heating rate was 200 F/sec and the 
hold time at temperature was 15 minutes. The individual ten- 
sile-test results are listed in Tables 1 through 5. The typical 
yield-strength, ultimate-strength, elongation, Young’s-modulus, 
and stress-strain curves derived from the tabulated data are 
shown in Figs. 2, 3, 4, and 5. 

Creep-Test Results. The short-time creep properties at various 
stresses were evaluated at temperatures of 1600, 1800, 1900, 2000, 
and 2100 F (871, 982, 1038, 1093, and 1149 C). Standard flat 
specimens, as shown in Fig. 1, were used. The highest stress 
levels which were used resulted in creep rates of approximately 
0.5 per cent/sec (1800 per cent/hr). Several tests (as required) 
were made at each stress level and temperature in order to es- 
tablish the creep scatter band. The results which were obtained 
are tabulated in Tables 6 through 10. The typical loading-strain 
curves are shown in Fig. 6. Plots of maximum plastic creep 
strain versus time are shown in Figs. 7 to 11 and the same data 
are shown in isochronous-creep-curve form in Figs. 12 to 16. 

Composite Results. The typical tensile and creep strengths at 
1600 to 2100 F (871 to 1149 C) are compared in Table 11. The 
tensile values listed in Table 11 were taken from the curves shown 
in Figs. 2 and 3, the creep data were taken from Figs. 12 to 16, 
and the rupture data were taken from Table 6 to 10. 


Discussion of Results 


Tensile Properties. The curves shown in Figs. 2, 3, 4, and 5 indi- 
cate the typical tensile properties of annealed N-155 sheet ma- 
terial, based on the individual test values listed in Tables 1 
through 5. The scatter in the measured properties from heat to 
heat is small, which indicates that a consistent quality level is 
being maintained in the production process. The typical-tensile- 
property curves are therefore considered representative and they 
are suitable for design purposes. Appropriate safety factors 
(based on the specific application) should be used in all cases. 





Element AMS 5532B 


Heat Number. 





Requirements 


M953 | M1492 


M1675 | M5015 | M5115 | M5148 | M5171 





0.08 to 0.16 0.12 0.09 
1.59 


0.55 


1.0 to 2.0 
1.0 max. 

0.04 max. 0.014 
0.03 max. 0.017 
20 to 22.5 20.9 
19 to 21 20.1 
19.5 to 21 19.9 
2.5 to 3.5 3.04 
2.0 to 3.0 

0.75 to 1.25 
0.1 to 0.2 


Balance 























0.16 
1.48 


0.12 0.10 


1.64 


0.11 


1.38 
0.60 


0.10 
1.68 1.70 
0.55 0.62 


0.012 


0.69 0.73 


0.012} 0.014} 0.017] 0.015 


0.020] 0.016} 0.012] 0.011] 0.014 


22.1 21.7 22.1 21.3 21.6 


20.1 19.9 
19.7 


3.08 


20.0 20.1 


19.8 20.1 


2.96 


20.0 
2.91 
2.56 
0.80 


3.07 
2.42 
0.88 1.01 
0.13 


Bal. 
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Table 1 Tensile properties of N-155 alloy sheet 
Strain Rate: 0.0001 in./in./sec to YS then 0.01 in./in./sec to Rupture* 





Specimen Heat Gage A Soak Prop. Limit 0.2% YS UTS Elong. E 
No. No. (in. ) Cr (min) (Ksi) (Ks1) (Ksi) (% ae (x10° psi) 


M587 M5171 0.063 RT 39.0 61.7 117.0 41 30.0 
M604 M5171 0.063 RT 41.1 57.6 114.4 46 32.4 





M605 M5171 0.063 1000 23.8 é 88.8 4o 21. 
M606 M5171 0.063 25.1 37.7 ko 22 


rome) 


M507 M5171 0.063 26.6 
M608 M5171 0.063 23.4 
M617 M5171 0.063 23.8 
Q137 M5148 0.063 26.4 
Q138 M5148 0.063 -- 


35 14. 
30 15. 
29 20. 
48 20. 
42 17. 


wow 
OoODnNWO 


M609 M5171 
M610 M5171 
Q139 M5148 
Q1ko M5148 


22 21 
22 23 
28 16 
25 15 


VOWF ROOOO 


ew 
DOW 
@rovwo 


Fore 
IY@Moo 


M611 M5171 
M612 M5171 
M618 MS171 
Ql41 M5148 
Qlse M5148 


23 iF 
28 13 
21 14, 
22 13 
23 16. 


25 
23 
23 
20 
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Fig. 1 Standard fiat tensile and creep-test specimen 
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Table 2. Tensile properties of N-155 alloy sheet 
Strain Rate: 0.001 in./in./sec to YS then 0.01 in./in./sec to Rupture 


Heat Gage Temp. Soak Prop. Limit 0.0% YS UTS Elong. Ez 

No. (in.) (°F) _ (min) ‘(Ks1) (Kei) (Kei) _(fin2 in.)  (x10° pst) 
M5171 0.063 RT 61.5 46 33.2 
M5148 0.063 RT 40.7 64.0 ‘ 4g 28.4 
M5148 0.063 RT 22.1 59.8 46 -- 
M5148 0.063 6.45: 57.2 ; 46 30.0 


M5171 . 25.8 35.0 . 38 23.6 
M5171 . 25.0 32.0 F 4y 33.8 
M5148 2 27.9 33.4 . 45 20.6 
M5148 : 25.4 31.9 . kg 21.7 
na ‘ 2h .3 39 16.2 
i : os 31 -- 
M5148 ; 23.6 ko 20.9 
M5148 ; 20.5 4e 20.5 


M5171 ; 21.5 22 14.8 
M5171 : 2k.1 22 18.0 
M5148 R 18.7 34 12.6 
M5148 L 22.0 35 14.7 


M5171 23 14.9 
M5171 2k 
M5148 26 
M5148 ou 


M5171 25 
M5171 27 
M5148 20 
M5148 25 
M5148 27 
M5171 20 
M5171 2k 
M5148 37 
M5148 23 
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Fig. 2 Tensile-proportional limit curves for N-155 alloy sheet 
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Table 3. Tensile properties of N-155 alloy sheet 
Strain Rate: 0.001 in/in/sec to YS then 0.2 in/in/sec to Rupture 


Gage “Temp. Soak Prop. Limit 0.0% YS Urs” Elong. E; 
(in. ) (°F) (min) (Ksi) (Ksi) (Ksi) in. ) (x10° psi) 


0.078 RT — 42.2 z 111.6 48 30.0 
0.063 RT -- 33.1 i 116.8 kh 50.6 


1300 15 21.8 5 Th.5 40 18.8 
1300 15 23.0 76.2 ho 20.0 


1800 15 14.5 ‘ 36.7 27 13.7 
1800 15 15.5 a 33.2 21 14.0 


15 3.9 ; 15.8 30 6.6 











Table 4 Tensile properties of N-155 alloy sheet 
Strain Rate: 0.01 in./in./sec from Start to Rupture 





Gage Temp. Soak Prop. Limit 0.2% YS UTS Elong. E 6 
(in.) (°F) (min) (Kei) (Ksi) (Ksi) (% in 2 in.) (x10 psi) 


0.078 RT -- 41.5 63.2 114.2 32.1 





0.078 15 27.8 32.0 72.5 16.6 
0.078 15 20.5 30.6 ao 16.4 
0.078 15 14.5 27.3 


0.063 15 6.9 10.5 





Table 5 Tensile properties of N-155 alloy sheet 
Strain Rate: 0.01 in./in./sec to YS then 0.1 in./in./sec to Rupture 





Gage Temp. Soak Prop. Limit 0.2% YS UTS Elong. E 
(in.) - (°F) (min) (Ksi) (Ksi) (Ksi) (#4n2 in.)  (x106 psi) 


0.063 RT -- 33.8 62.5 117.9 48 3.0 
0.063 RT -- 39.6 62.9 118.9 52 0.1 





0.063 1300 15 25.0 30.4 76. 


ke 
0.063 1300 15 26.3 29.9 T5. 


ke 20.7 


rr 


0.063 1600 15 23.4 28.6 53. 


34 
0.063 1600 15 -- 31.4 50. 


34 


0.063 1800 15 15.0 27.8 35. 


33 
0.063 1800 15 14.8 27.1 ah. 


33 


36 
38 


0.063 2000 15 9.9 15.5 20. 
0.063 2000 15 -- 18.0 22. 


aa or wn wow 


0.063 15 8.3 11.6 15 27 
0.063 15 8.2 11.5 -- 20 
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Fig. 3 Tensile-strength curves for N-155 alloy sheet 
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The effect of testing speed on the elevated-temperature tensile- 
proportional] limit stress, 0.2 per cent yield strength, and ultimate 
strengths of the subject material are readily apparent from the 
curves shown in Figs. 2, 3,and 5. Atstrain rates between 0.0001 
and 0,01 in/in/sec, the proportional limit stress and 0.2 per cent 
yield strengths are both strain-rate sensitive above 1500 F (816 C). 
At testing speeds between 0.01 and 0.2 in/in/sec, the ultimate 
strength is strain-rate sensitive above 1200 F (649 C). No con- 
sistent differences were noted in the elongation and modulus 
values obtained at the different testing speeds. 

It might be noted that, in the tensile tests reported here, the 
strain rate was normally increased (by a factor of 10 or 100) once 
the yield strength was exceeded. At elevated temperatures, 
where the yield was strain-rate sensitive, the instantaneous in- 
crease in testing speed resulted in a second modulus line on the 
autographic stress-strain record. This second straight line on 
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curves for N-155 alloy sheet 


the stress-strain diagram provided an accurate check on the 
Young’s-modulus value determined from the initial portion of 
the curve. 

The hold time at temperature in the tensile tests reported here 
was 15 minutes. In a subsequent series of tests, hold times of 2 
and 30 minutes were investigated. The tensile properties ob- 
tained were essentially the same as those reported here. The 
typical 15-min-hold-time tensile-property curves shown in Figs. 
2, 3, 4, and 5 are therefore considered applicable for hold times 
ranging from zero to at least 30 minutes. 

The increased-tensile-strength values obtained in the fast-rate 
tests (0.01 in/in/sec through yield then 0.1 in/in/sec to rup- 
ture) should not be indiscriminately substituted for the currently 
employed conventional allowable strength. The higher-tensile- 
strength values should be used only in those cases in which the 
service stresses are applied at comparable rates and the peak 


Transactions of the ASME 





6 0 2 4 
STRAIN—mils/inch 


Fig. 5 Tensile stress-strain curves for N-155 alloy sheet 
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Fig.6 Creep-test loading-strain plots for N-155 alloy sheet 
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Fig. 7 Creep properties at 1600 F for N-155 alloy sheet 
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Fig. 8 Creep properties at 1800 F for N-155 alloy sheet 


290 / NOVEMBER 1960 Transactions of the ASME 





MAXIMUM PLASTIC CREEP STRAIN-percent 


| HEATING RATE = 200°F/sec | 
| HOLO TIME = 60sec 


10 20 40 660 100 
TIME - seconds 


Fig. 9 Creep properties at 1900 F for N-155 alloy sheet 
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Fig. 10 Creep properties at 2000 F for N-155 alloy sheet 


Journal: of Engineering for Industry NOVEMBER 1960 / 291 





MAXIMUM PLASTIC CREEP STRAIN-percent 


RATE= 200° F/sec 
= 60 sec. 


10 20 
TIME — seconds 


Fig. 11 Creep properties at 2100 F for N-155 alloy sheet 
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Fig. 12 Isochronous creep curves at 1600 F for N-155 alloy sheet 
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Fig. 13 Isochronous creep curves at 1800 F for N-155 alloy sheet 
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Fig. 14 Isochronous creep curves at 1900 F for N-155 alloy sheet 
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Table 6 Creep properties of N-155 alloy sheet at 1600 F (871 C) 





Time to Indicated 
Plastic ee Strain 


Creep 


Gage Stress 


(sec 


Plastic 
Creep in 
900 sec 


Time to 
Rupture 


Residual UTS 


Elong. at 1500°F 





(in.)  (Ksi) 


° 
tA 


2h 


2h (#) (sec) {%) (Ksi) 





18 
13 
12 
16 


14 
10 


54 
45 


0.063 
0.063 
0.070 
0.070 
0.070 
0.070 


0.063 
0.063 
0.063 
0.070 
0.070 
0.070 


0.063 
0.063 
0.070 
0.070 
0.070 
0.070 


0.063 
0.063 
0.070 
0.070 
0.070 


0.063 
0.063 
0.070 
0.070 
0.070 
0.070 


BRBBRBB WABARA 
sueees: Syryye i 


woOwWow 


33 
2k 
112 


1% 
100 
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175 
105 
Lak 
180 


28 


%6 
20 


28 
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16 


90 
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25 
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27 
18 
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32 
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25 
25 
26 
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27 
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27 
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stress is retained for only a very short time. The actual time 
delay at the peak stress depends on the maximum permissible 
deformation (thermal, loading, and creep strain) that can be 
tolerated. As the peak stress rises, the delay time becomes in- 
creasingly critical due to the rapid creep rates encountered at high 
stress levels. 

Creep Properties. The creep data listed in Tables 6 through 10 
were condensed from the oscillograph records. The tabular data 
are included here to illustrate the amount of scatter obtained 
from test to test. The allowable creep curves shown in Figs. 7 
to 16 were derived by cross plotting all of the test results. In 
every case, they indicate the maximum plastic creep strain at a 
given time, stress, and temperature in question. It should be 
realized, however, that these curves are based on test results from 
a limited number of heats of material and they therefore are not 
“guaranteed”’ properties. Nevertheless, the creep strength al- 
lowables shown in Figs. 7 to 16 are conservative values and mini- 
mum safety factors therefore should suffice in all but the most 
critical design applications. 

The rate of load application in the creep tests reported here 
was very rapid, corresponding to a strain rate of approximately 
0.1in/in/sec. Except in the 1600-F creep tests at stresses above 
20,000 psi, the high-strain-rate tensile-proportional limit stress 
of this material at each creep-test temperature is above the maxi- 
mum creep stresses used. Therefore the loading strains were 
small and entirely elastic, Fig. 6. In design cases in which the 
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loading rates are slower, the loading strain may be determined 
from the tensile stress-strain curves shown in Fig. 5. 

The creep tests reported here were carried out at high stress 
levels to simulate the transient conditions encountered in missiles 
and other similar short-life, one-mission applications. The high- 
est test stresses which were used were well above the 0.2 per cent 
tensile yield strengths determined at 0.001 in/in/sec. The creep 
rates at the high stresses were extremely rapid. In fact, creep rates 
much faster than the slow-rate tensile-testing strain rates were 
encountered. 

It is also noteworthy that, at high stress levels, the creep rates 
up to at least 4 per cent plastic deformation are constant; that is, 
the creep curves are straight lines. These high-stress creep curves 
can therefore be readily extrapolated to very short-time intervals. 
Such short-time creep data would be particularly useful for criti- 
cal applications in which high transient stresses are encountered. 

The post-creep residual tensile strengths determined here com- 
pare favorably with the typical ultimate strengths determined for 
as-received annealed material, Fig. 3. It should be noted that 
the post-creep tensile strengths were determined by increasing 
the load manually. The strain rate was therefore nct closely con- 
trolled and this factor, plus the damage due to creep, would 
largely account for the scatter which was obtained in the measured 
residual strengths. 

In the graphical presentation of the creep data, the loading 
strain and the plastic-creep strain curves are shown separately. 


NOVEMBER 1960 / 295 





Table 7 Creep properties of N-155 alloy sheet at 1800 F (982 C) 





Time to Indicated 
Plastic Creep Strain 


Heat 
No. 


Specimen 
No. 


Creep 


Gage Stress (sec) 


Plastic 
Creep in 


900 sec 


Time to 
Rupture 


Residual UTS 


Elong. at 1800°F 





(in.) (Ksi) 


m 


2% 0.5% 1% 2% 


3% (%) (sec) (Kei) 





Q119 
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Qg1 
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Qo 


Q95 
Q9%6 
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This method of presentation was used in order to facilitate design 
calculations of plastic deformation in components subjected to 
fluctuating stresses. Double logarithmic plots were used for the 
plastic creep curves and semilogarithmic plots were used for 
the isochronous curves in order to show the low-strain, short-time 
values more clearly and to permit easier extrapolation of the 
data. 

Comparative Creep and Tensile Properties. A summarized tabula- 
tion of the tensile and short-time creep strengths of annealed 
N-155 alloy sheet at temperatures of 1600, 1800, 1900, 2000, and 
2100 F is shown in Table 11. The tensile-proportional limit 
stresses, 0.2 per cent yield strength, and ultimate tensile strength 
determined at slow and rapid rates are listed. The creep be- 
havior and 60 and 600-sec rupture lives at stress levels comparable 
to those obtained in the tensile tests are also shown. It can be 
readily observed from the table that creep effects are of major 
importance at high temperatures even for very short-time 
service. For example, neglecting safety factors, the allowable 
working stress at 2100 F, based on the 0.2 per cent yield strength 
of the subject material, ranges from 3000 to 11,000 psi depending 
on the strain rate. From a creep standpoint, a sustained stress of 
11,000 psi at 2100 F is obviously out of the question. At this 
stress and temperature, the creep rate would be so rapid that 4 
per cent plastic deformation would take place in less than 1 
second, and rupture would occur in about 5 seconds. For steady- 
state conditions, therefore, the working stress should be reduced 
so that the amount of creep that occurs during the service life does 
not exceed the permissible limit. 

It might be noted that the shape of the isochronous-creep- 
stress curves, Figs. 12 to 16, provides further evidence that creep 
at high stress levels is particularly critical. These curves become 
very flat at high stress levels. Thus a slight increase in stress 
results in a large increase in creep rate. In the case of highly 
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stressed components which operate at high temperatures, the 
service time at the peak stress therefore is of utmost importance. 

The two creep rates noted in Table 11 (0.001 and 0.0001 in/in/ 
sec) are the same as the two lower strain rates used in the tensile 
tests reported here. It is noteworthy that the stress required to 
give the two noted creep rates is roughly equivalent to the 0.2 
per cent yield strengths determined at the same strain rates. 

As indicated previously, the maximum stress levels evaluated 
in the creep tests carried out here were such as to produce plastic- 
creep rates approaching 0.5 per cent/sec. At the lowest creep- 
test temperature used here (1600 F), stress levels up to 36,000 psi 
were required. This of course is well beyond the tensile-propor- 
tional limit strength and consequently a great deal of plastic 
deformation (in addition to the elastic) was obtained on loading 
(Fig. 6). In many cases, the loading deformation would be a 
critical factor from the design standpoint. Below 1600 F, even 
higher loading strains would be obtained (at stress levels required 
to produce creep rates of 0.5 per cent/sec) and the tensile stress- 
strain behavior becomes increasingly critical. The foregoing in- 
dicates that, in applying N-155 alloy to the type of short-life de- 
signs under consideration here, 1500 F is approximately the 
transition temperature below which tensile strength is a governing 
factor and above which creep strength is critical. 

Extensive testing of other aircraft structural materials has 
shown elevated-temperature behavior similar to that observed 
for the N-155 alloy. For the most efficient design of elevated- 
temperature structural components, it is very important to 
establish and to consider both the tensile and the creep properties 
of the materials to be used. 


Conclusions 
1 The tensile properties of annealed N-155 alloy sheet are 
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Table 8 Creep properties of N-155 alloy sheet at 1900 F (1038 C) 


Time to Indicated Plastic 
Creep Plastic Creep Strain Creep in Time to Residual UTS 
Stress sec 900 sec Rupture Elong. at 1900°F 
(Ks1) lg 2 (%) (sec) (%) (Kei) 


14 9.0 17 20 
14 13 25 20 
1s 10 20 21 
14 8.0 15 20 
4 74 15 


1h =-30 
33 60 
22 «38 
a. ae 
25 he 
10h 


33 60 
23 48 
% 60 
118 -- 
180 -- 
7 =1bh 
93 168 
165 302 
186 = 322 
82 164 
105 240 
110 
105 
410 
345 
420 
446 
371 
439 
420 
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Table 9 Creep properties of N-155 alloy sheet at 2000 F (1093 C) 


‘Time to indicated Plastic 
Heat Creep Plastic Creep Strain Creep in Time to Residual UTS 
No. Gage Stress (sec) 900 sec Rupture Elong. at 2000°F 
_(ins.) (Ksi) 5 5! (%) (sec) (4) (Kei) 

M5171 18 26 102 -- 

M5171 10 16 350 -- 

M5148 12> 28 70 19 

M5148 16 5 121 20 

M5148 i; 45 30 14 

M5148 10 #15 31 19 


M5171 4a 65 408 se 
M5171 30. 4 120 ye: 
M5148 4a. 61 256 18 
M5148 53 321 18 
M5148 56. 87 280 16 
M1675 120 120+ 15 
M1675 132 132+ 15 
M1492 72 72+ 36 
M1492 102 102+ 30 
M5015 168 168+ -- 
M1492 78 78+ ns 
M5148 51 534 18 
M5148 60 88 393 15 
M5148 80 521 18 
M5148 19 362 15 
M5148 75 339 15 


M1475 305 305+ 14 
M1475 312 312+ 16 
M1492 168 168+ oh 
M1492 192 192+ 2k 
M1675 186 186+ 15 
M1675 20 204+ 13 
mere 210 450+ 259 
M514 195 900+ wu 
M5148 133 is 
M1475 630 17 
M1492 318 ou 
M1492 4B0 27 
M149e 606 23 
M1675 288 15 
M5015 555 -- 
M5148 360 23 
M5148 25 
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Table 10 Creep properties of N-155 alloy sheet at 2100 F (1149 Cc) 
time to Indicated Plastic 
Creep Plastic Creep Strain Creep in Time to Residual UTS 

Gage Stress (sec) 900 sec Rupture FElong. at 2100°F 
_(ins.) (Ksi) 3g (%) (sec) (%) (Ksi ) 
0.063 16 -- 84 23 «a 
0.063 «a 72 20 as 
0.063 -- 50 22 -- 
0.063 Hp 97 23 m3 
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Table 11 


Comparative tensile and creep properties of N-155 alloy sheet 








Property Rate 


1600°F 
(871°C) 


Temperature 
1900°F 2000 2100°F 


(1038°C) (1093°C) (1149°C) 


1500°F 
(982°C) 





Tensile 
proportional 


.0001 in. /in./sec 
.001 in. /in./sec 
limit stress .01 in./in./sec 


20,500 
21,300 
21,300 


9,000 
14 ,000 
16 ,700 


5,200 3,000 2,000 
10,000 7,000 5,000 
13,400 10,000 Ti 





0.2% .0001 in. /in./sec 


strength -O1 in. /in./sec 


27 ,000 
29,500 
30 ,000 


12,500 
17,000 
25 ,500 


8,000 5,000 3,000 
11,500 8,000 6 ,000 
18,700 14,000 11,000 





Ultimate 
strength 


.01 in./in./sec 


10) 
1@) 
0 
0 
yield 0.001 in./in. /sec 
0 
Q 
0.1 in./in./sec 


Tensile Properties 


ks ,000 
52,500 


25 500 


18,700 14,000 11,000 
35,000 


27 ,600 21,500 





Stress for 1% 
plastic creep 


in 1 sec 
10 sec 
60 sec 
600 sec 
900 sec 


41,100 
33,000 
25 ,600 
19 ,000 
18 ,000 


23,500 17 ,600 
12,000 
8,200 
5,000 
4 700 


12,700 
8,700 
6,100 
3,800 
3,400 


12,900 


mm & ONO 
8 


y 
°o 





Stress for 4% 
plastic creep 


1 sec 
10 sec 
60 sec 
600 sec 
900 sec 


43,400 
38 ,600 
30 ,800 
23,200 
22 ,000 


Bly 


13,700 
11,000 
8,000 
5,100 
i ,400 


be 


_.e ee 


waa 





Creep Properties 


Stress for 
indicated plastic 
creep rate 


0.001 in./in./sec 
0.0001 in./in./sec 


33,000 
24 ,000 


8,700 


11,000 5,200 


Vw ALU ur Mo 


~~ 





Stress for 
indicated life 
to rupture 


60 sec 
600 sec 





36 ,000 
27 ,000 


21,000 
13,500 


9,500 
6,500 


rx 


_ 


83] 88lssss 








NOTE: Data Condensed from Tables VI to X and Figures 2, 3, and 12 to 16. 


relatively uniform at all temperatures from room temperature to 
2100 F. The typical values shown in Figs. 2, 3, 4, and 5 are 
therefore considered suitable for use as design-allowable strengths. 

2 The tensile, yield, and ultimate strengths of N-155 alloy 
are strain-rate sensitive. Rate effects are noted at critical tem- 
peratures which vary with the strain rate used. 

3 The tensile elongation and Young’s modulus of N-155 alloy 
are both relatively insensitive to changes in strain rate. 

4 The speeds used in conventional room-temperature tensile 
tests (about '/; min to yield, then about 1!/, min to fracture) 
are too slow for determining the realistic short-time tensile 
strengths at high temperatures due to the major effects of creep. 

5 Prior plastic-creep deformation of up to 4 per cent in 900 
seconds has no significant effect on the residual tensile strength 
of annealed N-155 alloy sheet. 

6 Creep rates determined at high temperatures and high 
stresses are extremely rapid. Where such severe temperatures 
and high, sustained, load levels are encountered in service, the 
design must be based on creep strength rather than on tensile 
strength even where comparatively short-time service life is 
anticipated. 


Future Work 


The data reported here will be analyzed using time-tempera- 
ture-parameter methods to determine possible correlations with 
long-time creep properties. A program to determine the com- 
pression strengths and the short-time compression-creep proper- 
ties of N-155 alloy is also being undertaken. This type of data 
would be of great value in aircraft and missile design since com- 
pression loading very often becomes the governing design cri- 
teria in these applications. 
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DISCUSSION 
J. R. Kattus® 


The author has certainly done an excellent and thorough job of 
evaluating the load-carrying capacity of annealed N-155 alloy 
sheet under conditions of rapid heating, rapid loading, and short 
times at temperature. The effects of these conditions on the 
mechanical properties of N-155 alloy are, in general, quite similar 
to the effects that we have found in our evaluations of the short- 
time tensile and creep properties of a large number of other 
alloys. For example, we have found that the relative effects of 
tensile strain rate become quite large in all alloys when the tem- 
perature is increased above a certain level. This temperature 
corresponds roughly to the recrystallization temperature of each 
alloy, strength increasing significantly with increasing strain rate 
at higher temperatures as shown in Figs. 2 and 3. In contrast 
to the author’s data for N-155, we have found that the tensile 
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strength of most alloys also tends to increase, but to a relatively 
much smaller degree, with increasing strain rate at lower tem- 
peratures. In some alloys, however, over certain temperature 
ranges, strain-rate-sensitive structural changes such as strain 
aging reduce or completely counterbalance the inherent strength- 
ening effect of increasing strain rate. 

The finding that variations in holding time at temperature from 
2 to 30 min have no significant effect on the tensile properties of 
annealed N-155 alloy should not be construed to mean that this 
is not an important variable in all alloys. The annealed N-155 
happens to be a stable material over the entire range of test tem- 
peratures. Many other materials, particularly those that are 
hardened by heat-treatment or by cold work, undergo changes in 
metallurgical structure at high temperatures. These structural 
changes are often accompanied by a marked deterioration in 
mechanical properties. Since the structural changes are de- 
pendent upon both time and temperature, a small variation in 
holding time at certain temperatures can have quite significant 
effects on strength properties. In some comparative evaluations 
of cold-worked and annealed N-155 alloy, for example, we have 
found that the cold-worked material retained a constant relative 
superiority in strength over the annealed material at tempera- 
tures up to 1500 F regardless of variations in holding time from 
10 sec to 30 min. At higher temperatures, the recrystallization 
process in the cold-worked material caused a decrease in strength 
with increasing holding time, whereas the annealed material was 
unaffected by variations in holding time. After a 10-sec holding 
time at 2000 F, for exemple, the cold-worked material retained 
the same relative strength advantage that it had had at lower 
temperature; whereas after a 30-min holding time the strength 
of the cold-worked material had decreased to a level below that of 
the annealed material. The length of time that the structural 
material in a particular application is to be held at elevated tem- 
perature as well as the temperature level and the strain rate can 
have an important bearing on the choice of a material for that 
application. 


D. M. Lorimer‘ and M. Aarnes* 


For designe at elevated temperature it is apparent that, in 
order to reduce weight, materials have to be used past the 0.2 per 
cent yield strength. Bernett’s paper tends to point out that the 
vield strength at elevated temperatures is affected by strain rate. 
Below a certain strain rate at a given temperature the material 
creeps during test. A boundary should be selected in terms of 
stress, strain, time, and temperature below which the conven- 
tional methods of strength checking analysis will be used and 
above which the creep deformation has to be considered. 

The influence of strain rate can be shown by examining Fig. 5 
and considering 1800 F data only. If loading was purely elastic 
to a given strain, Young’s modulus EF and the secant modulus 
E, would be equal. The variance of EZ, from E is a measure of 
creep during loading. Selecting 2 mils/in. strain we have 


22,500 
0.002 


17,000 

ms 0.002 
12,900 
0.002 


E, = ¢,/¢ = 11.25 X 10* (€ = 0.01 in/in/sec) 


8.5 X 10 (€ = 0.001 in/in/sec) 


E, = ¢,/e = = 6.45 xX 10° (€ = 0.0001 in/in/sec) 


From Fig. 4, we have E at 1800 F as 13 X 108, so: 


E, _ 11.25 X 10° 
E 13 X 10° 


4 Boeing Airplane Company, Seattle, Wash. 


X 100 = 86.5% 
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E, 8.5 X 10° 
E13 X 10° 
E 


, 6.45 x 108 


X 100 = 65.3% 


Fo 3 x 1 XO 00% 


so that for: 


€ = 0.01 in/in/sec appr. 13.5 per cent of the strain is creep 
€ = 0.001 in/in/sec appr. 34.7 per cent of the strain is creep 
€ = 0.0001 in/in/sec appr. 50.4 per cent of the strain is creep 


if the small amount of plastic deformation is ignored. This 
shows that Bernett’s strain rate of 0.1 in/in/sec for loading in 
creep tests is mandatory to approach elastic loading. 

The use of J?R heating can be criticized because it introduces 
hot spots in the specimen and will affect the results. In addition, 
if any microcracks open up during plastic strain, J? heating has 
a tendency to weld the ends of these microcracks thus reducing 
notch effect and giving high readings. Radiant heating upon 
stressing would be more realistic in aircraft and missile environ- 
ments. 

The recording of true stress-strain in short time creep testing is 
desirable. There is a difference between constant load and con- 
stant stress creep (refer to Andrade’s work). Almost all creep 
work could be improved in this direction. 

This work is a significant step in the defining of metals’ prop- 
erties in the short time creep and tensile range. 


Warren K. Smith’ 


The author has reported on a well planned and interesting 
investigation of short-time high-temperature properties of an 
important alloy. It is gratifying to the writer, after having 
shared similar misgivings about the use made of high-tem- 
perature data, to see these timely remarks and cautions directed 
to the design engineer. 

Since the annealed N-155 alloy is quite stable for the holding 
times used in these tests, it is of no consequence that a 15-min 
hold was used for the tensile test and a 60-sec hold for the creep 
test. However, if this is regular practice for all materials, an 
awkward variable will be present in comparing tensile and creep 
tests on alloys with unstable microstructure. The greater 
strength of a heat-treated or cold-worked alloy can be used to 
advantage in a short-time application and is in many missile 
parts. Therefore, it would seem logical that no hold time at all 
should be specified in either test. Resistance heating of the speci- 
mens brings them quite uniformly up to test temperature, re- 
gardless of the heating rate. For those situations where, for 
example, a missile is carried in a supersonic airstream and heated 
for a while before firing, a special holding time simulation had 
better be prescribed rather than attempt to make it into a uni- 
versal standardized test. 

To carry the discussion of service simulation further, one might 
ask if the elevated-temperature tensile test above the creep point 
has any direct application at all. A service condition consisting 
of a single loading application at a certain strain rate and no 
holding time would be required. There are very few examples of 
such service conditions to be found. In nearly every case the 
load must be sustained for some time interval, even though it is 
only a few seconds. The author has been careful to point out 
repeatedly that creep test data should be used if there is any 
chance that the load may remain even for a second or two at 
high temperature and stress. It would seem, therefore, that the 
efforts expended on elevated-temperature tensile testing should 
instead be on short-time creep tests down to temperatures and 
stresses that will result in practically no measurable plastic 
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deformation within some reasonable time limit. Below this tem- 
perature level, the ‘transition temperature” in this paper, a 
tensile test is proper. The writer believes it would be easier 
to determine this transition temperature by short-time creep 
tests than by doing both high and low strain-rate tensile tests 
in the majority of laboratories. 


Author’s Closure 


A number of important aspects related to the short time me- 
chanical behavior of materials were stressed in the discussions. 
This will help greatly in creating a better understanding of the 
problems involved in testing of materials and those encountered 
in using the test data in design. 

Regarding the comments on hold time at temperature made 
by Mr. Kattus and Mr. Smith, it was most certainly not the 
author’s intent to create any impression that this variable is 
unimportant. Longer hold-times can result in much higher or 
much lower measured mechanical properties depending on 
the particular material and test temperatures involved. Further- 
more, a hold time of “zero” or any other single time interval is 
not going to be universaliy acceptable either. The designer 
and the materials engineer must continue to analyze each design 
jointly. The final configurations of the high-temperature com- 
ponents must be based on materials data determined at critical 
temperatures and times which closely simulate the conditions 
encountered in service. 

Elevated temperature testing is expensive and time consuming; 
however, there are no alternatives at present. The activity in 
the high-temperature testing field is increasing constantly and 
more and more data are becoming available from many different 
laboratories. In this regard, it is strongly urged that greater 
care be taken in accurately defining the conditions under which 


302 / NOVEMBER 1960 


the test data were obtained. This supplementary information 
must be known before an intelligent appraisal of any reported 
data can be made. 

Mr. Smith questions the relative value of tensile tests carried 
out at temperatures above the ‘creep point.’’ The author 
agrees that, in the majority of cases, creep type data are much 
more useful for actual design purposes. Where ultrashort- 
time transient loads which are much higher than the steady-state 
loads are encountered, however, rapid strain rate tensile data 
could be used to advantage. Thus it is essential that both creep 
and tensile data for each high-temperature materia! are available 
to the design engineer. 

Lorimer and Aarnes raised some objections to the use of elec- 
trical resistance heating in the determination of mechanical 
properties. For the rapid heating rates and high temperatures 
required, resistance is the only practical method available today. 
A limited amount of ‘‘rapid rate’ data generated on equipment 
using standard furnaces, radiant heaters, hot flowing fluids, 
etc., have been reported in the literature. It is obvious that in 
each case difficulties were encountered either in obtaining the 
higher test temperatures or in adapting suitable strain meas- 
uring systems to the equipment. The data that have been ob- 
tained are therefore sketchy. In any case, wherever a direct 
comparison with our resistance heating data has been possible, 
the agreement is excellent. In addition to the spot checks on 
N-155 alloy sheet data, comparisons have also been obtained on 
2024 aluminum, HM21i magnesium, 4130 low alloy steel, 6Al- 
4V titanium, 17-7 stainless steel, and Rene 41 nickel base alloy. 
For the purpose of mechanical property determinations there- 
fore, it is immaterial which method of heating is used. Compara- 
ble properties will be obtained provided that both the heating 
rate and hold time at temperature in each case are equivalent. 
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A Photoelastic Analysis of 
Machining Stresses 


Direct measurements of the distributions of normal and frictivnal stresses on a rake 
face under cutting conditions have been considered to be practically impossible. How- 
ever, as reported in this paper, the stress distributions have been successfully obtained 
photoelastically by using a tool made of a photoelastic material. 

According to the authors’ experiment, the frictional stress on the rake face is dis- 
tributed uniformly over a wide range of the tool-chip contact length, but it decreases 
rapidly near the point of chip-separation on the rake face. As to the normal stress, tt 
has a peak near the cutting edge, being rather stationary in the middle part of the contact 
length and decreasing gradually toward the point of chip-separation. 


E. USUI 
H. TAKEYAMA 


Research Engineers, Government 
Mechanical Laboratory, Tokyo, Japan 


Introduction 


ARIOUS THEORIES of orthogonal cutting have been 
developed hitherto, but in most of the theories the so-called co- 
efficient of friction on a rake face which is calculated from the 
Lh ea by using the two components 
a 





equation 4 = ¥. aa —- Foie 
of the cutting force measured with a tool dynamometer is as- 
sumed. However, it must be noticed that this equation involves 
two important assumptions implicitly. Namely, the coefficient 
of friction is assumed to be constant everywhere over the tool- 
chip interface based upon Coulomb’s law and the distributions of 
the interface stresses are assumed implicitly to be uniform. It is 
quite doubtful whether the simple Coulomb’s law does hold 
under such a severe condition as at the tool-chip interface in metal 
machining, and also the second assumption will be meaningless if 
a peak force exists at the cutting edge as reported already in the 
authors’ previous paper [1].?_ Therefore, a precise information of 
the stress distributions on a rake face must be one of the most 
essential problems for a more reliable analysis of the mechanism 
of metal machining as well as for the better practice. 
Photoelastic analyses of metal machining have been con- 
ducted by several persons, but in most cases [2, 3] the stresses 
within the photoelastic materials used as the materials cut have 
been studied. However, by such a photoelastic technique an 


1Contributed at the Annual Meeting, Hiroshima city, Hiroshima 
prefecture, Japan, April 15, 1958, of The Society for Precision 
Mechanics of Japan. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Production Engineering Division and pre- 
sented at the Annual Meeting, Atlantic City, N. J., November 29- 
December 4, 1959, of THe American Socrery or MEcHANICAL 
ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 14, 
1958. Paper No. 59—A-37. 
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Fig. 1 General view of photoelastic cutting tool 


analysis of the stress zone ahead of the rake face is almost im- 
possible because of its plastic deformation. In the authors’ ex- 
periment, on the contrary, a photoelastic material is used as the 
cutting tool so that the normal and frictional stresses on the rake 
face can be detected. 


Test Procedure 


A lead plate was machined two-dimensionally with a tool made 
of a photoelastic material, epoxy resin, which was specially de- 
signed, as shown in Fig. 1, to be strong enough for the cutting 
force and also to avoid the boundary effect of the tool, especially, 
the influence of its clamping. The reason why lead was selected 
as the material cut was that it is soft enough for the tool of epoxy 
resin. The width of the plate which always corresponded to the 
width of cut was 0.2 in. The depth of cut was 0.0342 in. and 
the cutting speed was 0.71 in. per minute. The tool was ground 
with a cutter-grinder to have the shape of (7, 0, 6, 0, 0, 0, 0) and 
the rake-face roughness of 0.000173 in. A milling machine of knee 
type was used for the orthogonal machining test. The photo- 
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Fig. 2 Setup for photoelastic 
experiment 


elastic cutting tool and the work material were clamped with 
vices mounted on the bed and the arm of the milling machine, 
respectively. The tool was traveled forwardly against the rigidly 
clamped material by using the traverse feed of the machine. Al- 
though the photoelasticity apparatus used was of an ordinary type 
for the fringe method, the field lenses were not used because the 
stress zone of the cutting tool was small enough to be covered by 
the nearly parallel light provided by two condenser lenses as 
shown in Fig. 2. The apparatus was arranged on the table of the 
milling machine so as to be moved together with the photoelastic 
tool. Thus the internal stresses of the tool could be clearly ob- 
served during cutting. The isochromatic and isoclinic lines were 
unexpectedly stationary during machining, so that the photo- 
graphing was rather easy fortunately. The vibration of the mill- 
ing machine did not affect the photographs because the cutting 
speed was low, and both the tool and the whole optical system in- 
cluding the camera were mounted on the same table. 


Isochromatic and Isoclinic Lines 


Fig. 3 shows two examples of the fringe patterns. The photo- 
graph (a) is the isochromatic pattern while cutting and (b) shows 
the pattern when the tool was stopped and then statically pressed 
against the readymade chip. Apparently the two fringe pat- 
terns are quite different from each other. The fringes in (b) are 
rather regularly spaced, converging together gradually toward 
the cutting edge, whereas the pattern in (a) is more complex; 
that is to say, the fringes are closely concentrated both at the 
cutting edge and near the point of chip-separation on the rake 
face, but they are rather sparse in the middle region. Each fringe 
corresponds to the line upon which the difference of the two 
principal stresses 0, — o2 has the same value. Therefore the 
distribution of the fringe corresponds to that of 1 — o2. o1 — 2 
is also related directly with the shear stress at each point as will 
be mentioned later. Thus it can be concluded that the distribu- 
tion of the frictional stress on the rake face obtained by a statical 
experiment will never reveal the real situation during actual 
machining. Nevertheless several persons have carried out 
hitherto such statical experiments, in each of which a photo- 
elastic tool was statically pressed against a specially designed 
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Fig. 3 Dynamic (a) and static (b) fringe patterns 


model [3] or a readymade chip forced with a steel tool [2]. 

Fig. 4 shows an example of the isoclinic lines photographed while 
cutting. Although the isoclinic lines are usually traced or photo- 
graphed by using other photoelastic material of less sensibility 
than that for the fringe patterns, in the experiment the lines were 
obtained by using the same tool immediately after taking the 
photograph of the fringe pattern, because all experimental condi- 
tions should be kept the same in both the tests for the fringe 
pattern and the isoclinic lines. 

Fig. 5 shows the composite pattern of the isochromatic and iso-~ 
clinic lines. The isochromatic lines are denoted by the thin lines 
and the numbers put to them represent the respective fringe 
orders. The fringe of zero order was identified by the coloration 
of each fringe observed when the filter was .vithdrawn. The 
isoclinic lines are shown by the bold lines. Taking tension posi- 
tive and compression negative, the angle between the direction of 
algebraically larger principal stress o; and one axis of the polar- 
ized light OP; will be given for each isoclinic line as indicated in 
Fig. 5. 


Frictional Stress on Rake Face 


If the difference between the two principal stresses o; — o2 and 
the angle @ between the direction of algebraically larger principal 


Transactions of the ASME 





Fig. 4 Isoclinic line of 40 deg, rake angle = 7°. Material cut lead; tool 
material epoxy resin; tool shape 7, 0, 6, 0, 9, 0, 0; width of cut 0.2 in.; 
depth of cut 0.0342 in.; cutting speed 0.71 ipm; cutting fluid dry. 


Table 1 Calculating data of frictional stress on rake face 


Distance from 
cutting edge, ¢, 01 — 0, 
in deg sin 2¢ f.0. 
0 008 .2 0.480 
0.013 0.515 
0.020 0.559 
0.040 0.750 
0.049 0.809 
0.059 0.875 
0.067 0.961 
0.075 0.990 
0.084 0.998 
0.093 0.970 
0.100 0.914 
0.107 0.719 
0.113 0.438 
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stress and z-axis are given, the shear stress can be obtained by 
the following equation 


(a, — G2) sin 26 = 2r (1) 


where o; and g are algebraically larger and smaller principal 
stress, respectively, and 7 is the shear stress. Here, 0; — o2 is 
proportional to the fringe order shown in Fig. 5. Taking the 
direction of the rake face to be z-axis, @ can be obtained by 
translating the known angle between o; and OP, into the angle 
between a; and the z-axis. The values of ¢ and o; — o2 at various 
points on the rake face are summarized in Table 1 together with 
the values of sin 2¢ and calculated r. 

Fig. 6 shows the distribution of thus obtained frictional stress 
on the rake face. It is observed that the frictional stress is dis- 
tributed almost uniformly over three quarters of the tool-chip 
contact length from the cutting edge 9s reported already in the 
authors’ previous paper [1] and the value of the stress seems to be 
nearly equal to the shear strength of the material cut for the 
reason mentioned later. The frictional stress, however, decreases 
rapidly near the point of chip-separation on the rake face. Al- 
though it was reported in the authors’ previous paper [1] that 
the distribution is uniform all over the tool-chip contact area, 
this is not necessarily a rough approximation considering the 
steepness of the distribution curve near the point of chip-sepa- 
ration, the contact of this area not being taken into considera- 
tion in the previous paper. As a matter of fact, the actual 
cutting process must be governed by the region of uniform stress, 
and the boundary near the point of chip-separation plays only 
a minor role in machining. As indicated by the dotted line in 
Fig. 6, the frictional stress at the cutting edge seems to be high. 


Journal of Engineering for Industry 





0 — 
a ai 


P, oO 


Fig. 5 Composite pattern of isochromatic and isoclinic lines. Cutting 
conditions same as Fig. 4. 
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Fig.6 Distribution of shear stress on rake face. 
as Fig. 4. 
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Cutting conditions same 


The angle @ at any point on the relief should have a definite 
value because the relief is a free boundary where the principal 
stresses have the same direction. Therefore, theoretically 
speaking, the angle at the cutting edge will have the same 
value. On the contrary, the fringe order rises up steeply toward 
the cutting edge as observed in Fig. 5. Such trends make the 
frictional stress near the cutting edge steeply high theoretically 
due to Equation (1). Considering that the existence of the 
singular force at the cutting edge was proved experimentally in 
the authors’ previous paper [1], the peak frictional stress may be 
explicable as the component of the singular force in the tangential 
direction of the rake face. However, from a practical point of 
view, the relief surface near the cutting edge will be touched and 
compressed by the machined surface instead of being free. There- 
fore the stress field near the cutting edge must be more complex 
and so any assertive explanation about it cannot be given at the 
present stage. 


Normal Stress on Rake Face 


One of the two equations for an equilibrium condition in an 
elastic body can be written in integral form as follows 


y 
anon [ody (2) 


ye OF 
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where ¢@, is the normal stress in the direction of y-axis, and ayo 
is the value of go, when yis yo. In order to calculate the values of 
g, on the rake face, the tool is divided into a number of quadri- 
laterals small enough for the accurate calculation by the lines per- 
pendicular to the rake face, as shown in Fig. 7. Assuming the dis- 
tance between arbitrary two adjacent lines AD and CE to be dz, 
the normal stress at the middle point P on DE can be computed 
by using Equation (2) as explained hereafter. Since the shear 


stress can be obtained along each dividing line by using Equation 
(1) as mentioned already, the partial derivative 07/dz in Equa- 
tion (2) can be easily obtained if, at a certain point on the y-axis, 
the difference dr between the two lines is divided by the distance 


Y Or 
dz. Table 2 shows the values of the definite integral f = dy 
yo 


obtained by the graphical integrating, in which yo and y cor- 
respond to Q and P in Fig. 7, respectively. As to the value of oy, 
it should be the value at Q, strictly speaking, but its calculation 
is practically complex or difficult. This is the reason why in the 
present calculation the value of o, at C on the relief (a free 
boundary) is substituted for o,. In this case, of course, the 
smaller dz, the better the approximation. In this calculation dz 
is 0.013 to 0.005 in., the smaller dx being required for the cal- 
culation near the cutting edge where the stress varies steeply. 
The value of a, at C can be obtained by using the following 
equation 


a, = a, sin? d + o2 cos? (3) 


There is only the principal stress 2 at any point along the relief 
surface because the surface is a free boundary, and the stress 
ought to be compressive. Therefore Equation (3) can be reduced 
to the following form 


oy, = 0208? d (4) 


where o: must be proportional to the fringe order and ¢ is con- 
stant as mentioned already. Now the normal stress on the rake 
, : Y¥ OT 
face can be easily calculated only by adding cy to f =O, 
a ou 
both of which have been already known. 


The result is summarized in Table 2 and plotted in Fig. 8. 


Table 2 Calculating data of normal stress on rake face 


Distance from vy Or 


errr . i 
cutting edge, ane dy, 
f.0. 


in. 
0.011 ay ey 4 
0.016 .o0 .48 
0.020 of 28 
0.033 3.03 
0.047 r -3.96 
0.060 >. 2.71 
0.073 5.1! .80 
0.087 37 | 
0.100 3.8 3.07 
0.113 3.3% 3.23 


SCOWADE NNN: 


It is worthy of attention that the normal stress near the cutting 
edge is extraordinarily high, or there exists a peak force at the 
cutting edge. Such a trend was also proved by the authors’ 
experiment as reported in the previous paper [1]. Another part 
than the aforementioned special region can be divided into two 
parts from the viewpoint of stress distribution. In the region 
adjacent to the so-called special region, the distribution of the 
normal stress is rather stationary, while in the outermost region 
the stress decreases almost linearly te vanish at the point of chip- 
separation. It is very interesting to compare the distributions of 
both frictional and normal stresses on the rake face. While the 
former is distributed uniformly in a wide range of the tool-chip con- 
tact length, the latter varies independently of the former. This 
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Fig. 8 Distribution of normal stress on rake face. 
same as Fig. 4. 


Cutting conditions 


seems to mean that the frictional stress increases to a certain limit 
as the normal stress increases, as it is seen near the point of chip- 
separation, but it cannot be higher than the limit even though 
the normal stress increases, the limit being considered to be the 
shear strength of the material cut. It is quite probable that the 
friction between tool and chip under such a severe condition as 
in metal machining differs from the ordinary friction where 
Coulomb’s law holds. The chip is pressed so severely against the 
rake face that welded patches of the material will be spread all 
over the apparent tool-chip contact area on the rake face. This 
will result in the aforementioned fact that the frictional stress 
on the rake face is almost equal to the shear strength of the ma- 
terial cut. Fig. 9 shows the variation of the coefficient of friction 
on the rake face, which apparently contradicts the commonly used 
assumption that the coefficient of friction on a rake face is con- 
stant. Fig. 10 shows the photomicrograph of a tool-chip con- 
tact area on the rake face. The tool-chip contact length meas- 
ured from the photomicrograph is exactly equal to the distance 
from the cutting edge to the position of the zero fringe in Fig. 5. 
One can also find out that about one third of the contact area 
from the cutting edge is dimmer than the other part. The former 
part is covered by numberless fine welded patches by which the 
chip seems to be adhered strongly to the rake face. It is an in- 
teresting fact that the width of this part is identical with that of 
the region where the normal stress is stationary in Fig. 8. The 
attribute of this region may have something to do with formation 
of a built-up edge. 


Distribution of Normal Stress on Shear Plane 
Both the direction and the acting point of the resultant cutting 
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OISTANCE FROM CUTTING POINT, IN. 


Fig. 9 Distribution of coefficient of friction on rake face. 
conditions same as Fig. 4. 


Cutting 


force can be figured out by the following two equations taking 
account of the stress distributions on the rake face which have 
been determined already 


(6) 


‘ a(x)dz 


where S denotes the distance from the cutting edge to the acting 
point of the resultant force, o(z) and r(x) the normal and fric- 
tional stress on the rake face, respectively, and @ the angle be- 
tween the rake face and the resultant force. The calculation of 
each definite integral was conducted graphically from the cutting 
edge A to the point of chip-separation B. @ and S thus calcu- 
lated are 64 deg and 0.038 in., respectively. 

Fig. 11 shows a schematic diagram of orthogonal cutting, in 
which B is the point of chip-separation, P, the acting point of the 
resultant force, and R, the vector of the resultant force. The 
acting point Q, of the resultant force in the shear plane must be 
located on the acting line of the resultant cutting force R, on the 
rake face, because both forces must be in equilibrium. The 
distance from the cutting edge to Q;, which can be easily com- 
puted by using the angle relationships of the chip geometry, is 
0.048 in. 

If the stress distributions on both the shear plane and the rake 
face are uniform as have been hitherto considered, the two acting 
points Q: and P- of the resultant force Re must be located at the 
centers of the shear plane and the tool-chip contact length, re- 
spectively, asshown in Fig.11. The real situation is not so, as has 
been calculated, but the acting point Q, in the shear plane is up- 
wardly shifted from the center Q: of the shear plane as shown in 
Fig. 11. It can be concluded that the distribution of the normal 
stress in the shear plane is not uniform, but the normal stress in- 
creases as a whole toward the work surface, because the position 
of the acting point of the resultant force in the shear plane has 
nothing to do with the distribution of the shear stress in the shear 
plane. In Fig. 11, the supposed distribution of the normal stress 
Oa in the shear plane is shown by the broken lines while the uni- 
form model ¢,: is illustrated by the dotted lines. 


Conclusions 


1 The stress distributions on the rake face could be success- 
fully determined photoelastically by using a tool made of epoxy 
resin. 
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Fig. 10 Photomicrograph of tool-chip contact area. Cutting conditions 
same as Fig. 4. 











Fig. 11 Diagram of cutting forces and stresses in orthogonal cutting 


2 The frictional stress on the rake face is uniform over a wide 
range of the tool-chip contact area regardless of the varying nor- 
mal stress thereon, but it decreases steeply near the point of chip- 
separation. 

3 As to the normal stress on the rake face, it has the peak at 
the cutting edge, in the middle part of the tool-chip contact length 
it is rather stationary, and in the outermost part it decreases al- 
most linearly vanishing at the point of chip-separation. 

4 The peak normal stress at the cutting edge which has been 
proved by the photoelastic experiment corresponds to the singu- 
lar force at the cutting edge reported in the authors’ previous 
paper. 

5 The distribution of the normal stress in the shear plane is 
not uniform, but the normal stress increases as a whole toward 
the work surface. 
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DISCUSSION 
John K. Liu’ 


I wish to commend the authors on their significant contribution 
to the understanding of the complex subject of metal cutting. 
My comments that follow are not meant to be critical and I 
hope they are not taken as such; they are merely meant to sug- 
gest to the authors lines along which they might extend the re- 
search in which they have made such an excellent start. 

As I see it, there are three significant effects that are not 
covered in the present investigation. It would certainly be of 
interest to determine the results of: 


1 Cutting strain-hardening materials. Most engineering 
materials are strain-hardening, and the tool stresses resulting 
therefrom would be of practical interest. The authors mention 
the difficulty of obtaining photoelastic material hard enough to 
cut strain-hardening materials. The birefringent plastic coating 
developed by the French (and marketed in this country by 
Tatnall Measuring Systems Co., Phoenixville, Pa.) which lends 
itself to direct spraying on metals would seem to be a solution to 
this problem. 

2 Addition of cutting fluids. Most commercial cutting on 
ferrous materials is done with the addition of cutting fluids, which 
probably significantly alter the tangential and normal stress 
magnitude and distribution. A connected problem is the influ- 


ence of cutting fluid on the thermal stress picture in the tool but 
it is realized that the experimental setup used by the authors may 
not lend itself to generating cutting speeds high enough to 
produce thermal stresses. 


’ Associate Director, Research and Development Department, 
Clearing Division of U.S. Industries, Inc., Chicago, Ill. Assoc. Mem. 
ASME. 
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3 Different tool geometry. Most popular cutting tools 
today are of the mechanically inserted carbide bit variety, which 
offer both a tool geometry and gross geometry differing from that 
of the tool used by the authors. It would be of great interest to 
find the effect of these different geometries, and especially that of 
the different modulus of elasticity of the tool holder from that of 
the bit itself, on the stresses. 


The authors have in effect used a plane stress approach to the 
three-dimensional stress problem occurring in most cutting, and 
I, for one, most anxiously await the results they will get if they 
try cutting strain-hardening materials with a truly three-dimen- 
sional cutting tool. 


Authors’ Closure 


The authors are indebted to Mr. Liu for his helpful suggestions. 
His proposal to use the birefringent plastic coating offers interest- 
ing possibilities. The coating will be applicable to both the side 
of two-dimensional cutting tool made of tool steel instead of 
photoelastic material and the side of workpiece. Such an ap- 
proach is now in progress in the authors’ laboratory and it is 
expected to bring about helpful information for the understand- 
ing of the machining stresses. 

The authors are also quite interested in inquiring about the 
effect of cutting fluids on the tool-face friction. Using the same 
setup described in this paper, it was found by applying a mineral 
oil that the tool-chip contact length is greatly reduced and the 
normal stress on the rake face is increased very steeply toward 
the cutting edge and it reaches a higher value than that in dry 
cutting. Because most cutting fluids are not so effective for 
lead, as is well known, the authors are checking the results in 
cutting of babbitt which was also found to be machinable by the 
resin tool. 


Transactions of the ASME 





J. DATSKO 

Associate Professor 

of Mechanical Engineering. 
Mem. ASME 


C. T. YANG 


Associate Professor 
of Mechanical Engineering, 
University of Michigan, Ann Arbor, Mich. 


Correlation of Bendability of Materials 
With Their Tensile Properties 


With the advent of high-temperature-resistant materials in the sheet-metal industry, it 
is becoming increasingly important to treat the subject of minimum or ‘‘critical’’ bend 
radius analytically. 
bend radius with the percentage reduction of area of the material. The theoretical deri- 


A simple equation is presented that correlates the minimum 


vation as well as experimental data are given, with very good agreement between the two. 
Consequently, it is possible to predict the minimum bend radius for a speciic material, 
provided that the percentage reduction of area, as determined by a standard tensile 


test, is known. 


Introduction 


I. THE FABRICATION of parts by plastically bending 
sheets or bars of a given material, it is necessary to know to what 
radius R a piece of thickness ¢ may be bent without having frac- 
ture occur during the bending process. This has always been 
done experimentally in sheet-metal shops by using various tables 
of R/t values for commonly used materials. However, with the 
advent of high-temperature-resistant materials it is becoming 
increasingly important to treat the subject analytically. 

About five years ago several researchers in the aircraft indus- 
tries reported very good correlation between the true strain at the 
time that the maximum load was applied to a tensile specimen and 
the R/t ratio to which the same material could be bent. One of 
the more complete reports of this type is by Paulson, Anderson, 
and Roberts [1].! Fig. 1 of the present paper shows one of their 
experimentally determined curves which indicates good co:rela- 
tion between R/t and €’. However, repeated tests conducted in 
the University’s Mechanical Engineering Materials and Processes 
Laboratory for the past two years could not substantiate these 
published data and, therefore, that relationship is not believed to 
be very reliable. 

This past year a new theory was developed by the authors and 
has been substantiated by many laboratory tests. This theory 
states that failure will occur in the outer fiber of a material being 
bent when the true strain in the outer fiber is equal to the true 
strain at the instant of fracture of a tensile test specimen of the 
same material. Inasmuch as the true strain at fracture can be 
very easily determined from the conventional percentage reduc- 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Production Engineering Division and pre- 
sented at the Annual Meeting, Atlantic City, N. J., November 
29-December 4, 1959, of THe American Sociery or MEcHANI- 
CAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 14, 1959. Paper No. 59—A-110. 


Nomenclature 


The relationship applies equally well to metals and nonmetals. 


tion of area, the application of this theory is greatly simplified as 
will be shown. 


Analysis 


The following assumptions were made: (a) The fracture strain 
in the outer fiber of a bending specimen equals that in tensile test 
specimen, (b) the material is homogeneous and isotropic, (c) 
the bar bends in plain strain. 

In the tensile specimen, see Fig. 4, the maximum true strain 
that the specimen can endure is the true strain in the reduced 
section at the instant prior to the fracture. This strain may be 
very accurately and very easily obtained from the relationship 


00 
€, = In (ax) (1) 


where A, is percentage reduction in area. Z 
This is apparent from the definition of true strain, which is, 


SS 
Ne R/t + 0.87 e7?*? 
































0.05 0.10 0.20 0.50 
@y' True Strain at Maximum Load 
Fig. 1 R/t versus critical strain (true strain) at the maximum load of a 


tensile test as reported by D. L. Paulson, W. E. Anderson, and E. C. 
Roberts 





€o 
€j 
A, 


ly 


true strain 


true strain at maximum tensile 
load 


= true strain at fracture 


true strain in outer fiber 

true strain in inner fiber 

percentage reduction of area in 
tensile specimen 

final length 
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original length 
final cross-sectional area 


= original cross-sectional area 


thickness of the bent bar 


= angle subtended by an arc length 


in a bent bar 

radius at outer fiber of the bent 
bar 

radius at inner fiber of the bent 
bar 


radius at the neutral axis of the 
bent bar 


= ratio defined as R/t 
= width of specimen 
= force applied 


diameter of rolls in bending test 


distance between rolls in bending 
test 


bending moment 
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“the summation of changes in length divided by the length from 
which each change was produced.’’ In mathematical form this 
is expressed as 


4b, Ab Als 
~ be kb +Ah ' 4+ Ah + Al 





piste (2) 


By letting Al become vanishingly small, the expression for 
true strain then reduces to 
l 
e=In - (3) 
where In is the natural logarithm, ly is the final length, and J, 
is the original length. 

Also, if the volume of the material is assumed to remain con- 
stant with only its shape being changed, then the ratio of A./Aysz 
must equal the ratio of l;/l, and then Equation (3) may be ex- 
pressed as 


e=I1n (=) = In (A./Ay,) (4) 
wryly 
Since, by definition, Ar = (A. — As)/Ae X 100, which may be 
rewritten as A./Ay = 100/(100 — A,). If this latter expression 
is substituted in Equation (4), and the strain € is defined as the 
true strain at fracture, €;, then Equation (1) results. 


Fig.2 Simple bending of a plate 


Consider next a flat sheet or specimen that is subjected to a 
bending moment as illustrated in Fig. 2, the outer fiber is strained 
in tension and the inner fiber is strained in compression. Inas- 
much as failure will not occur on the compressive side, it is 
sufficient te consider only the strain in the outer fiber. 

Case 1. Neutral axis lies in the middle fiber t; = 1/2. 

The arc length along the neutral axis subtended by the angle 
6 is (R + 1/st) 8 and arc length of the outer fiber is (R + 1) 6. 
Therefore the true strain in the outer fiber is given by 


l t) 0 
eo ~ in (#*) = In ae = In an (5) 
oO ba A tall 
(e+t)o (e+ +) 

This is based on the assumption that the neutral axis does not 
deviate appreciably from the half-thickness of the sheet, which 
is very valid for R/t ratios greater than 1!/,. By equating €, in 
Equation (5) to €; in (1), it is apparent that 
R+t R 


or — = 
t A; 





100 


MO Ae sini t 
2 





-1 (6) 


From the authors’ experience it was found that this relationship 
is valid for materials having a percentage reduction in area (A,) 
of less than 20. For materials having a percentage reduction 
in area greater than 20, the displacement of the neutral axis in 
bending is significant and will be discussed next. 

Case 2. Neutral axis is not at the mid layer. 
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’ -n(# 
, = Rn 


If k is defined as R/t, one has 
R, = t(k + 1) 
R kt (8) 


P, = t(k? +k)’ } ... from Hoffman and Sachs [2]. 


Substituting Equation (8) into (7) gives 


k+1 
(k? + k)'/2 


1 \*/2 
€ ~in(i +z) 


been 
t 


€ = In 


From Equation (8) 


Combining Equations (9) and (10), one obtains 


Ro 1 R 1 
Pi peer fat 2 Ar ioe Ye (1) 
From Equation (1), e* = 100/(100 — A,), where €& = €y. By 
substituting e“ in Equation (11), the following equation results 
R (100 — A,)? 
_— = ————— 12 
t 200A, — A,? (12) 
The plotting of Equations (6) and (12) is shown in Fig. 3. 

It is seen that both curves look hyperbolic and are asymp- 
totic to the R/t axis. In general for the same percentage re- 
duction of area the solid curve gives lower value of R/t than the 
dotted curve and the difference becomes smaller as A, becomes 
smaller in value and vice versa. When 4, is less than 4, the 
two curves practically coincide. 

Also, from laboratory experience, it has been found that the 
empirical relationship 

R 60 

—=_— -1 13 

t A; (18) 
is a very satisfactory relationship for the ductile materials that 
do have a shift in the position of the neutral axis. 


Experimental Technique and Results 


Flat tensile specimens were cut from magnesium, aluminum, 
brass, 1018 steel, titanium, cast-iron, and plastics bar stock. 
In nearly all cases, three specimens were tested and since the 
range of values obtained for each material was not large, only 
the averages are reported. The composition and code of each 
are shown in the third column of Table 1, and the dimensions of 
the flat tensile specimens are shown in Fig. 4. To determine the 
agreement between the tensile properties obtained from flat and 
round tensile specimens of the same material, round tensile 
specimens for some metals were also tested, and the percentage 
reduction of area is also shown in Table 1. 

The corresponding bending specimens were cut from the same 
bar stock to the dimensions shown in Fig. 5. 

A 30-ton universal tensile-testing machine was used to pull 
the tensile specimens until they fractured. The cross-sectional 
areas of the specimens before testing and after fracture were 
measured on a toolmaker’s microscope with an accuracy of 0.0001 
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Neutral Axis assumed at half thickness 


4o 


Ar (% Reduction of Area) 
Fig. 3 Curves from analytical solution for R/t versus percentage reduction of area 
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Fig. 4 Dimensions of fiat tensile testing specimens 


ise 
os 











4, 











Fig. 5 Dimensions of a bending specimen 


in. The percentage reduction of area for each specimen was 
calculated and the results are listed in column 7 of Table 1. 

In the bending test two methods were tried. In the first 
method the specimen was simply supported on two rolls and the 
load was applied through a third roll to deflect the flat specimen 
as shown in Fig. 6(a). The set of bottom rolls was selected such 
that d = D + 2¢ [refer to Fig. 6(a)]. Ten sets of such rolls 
ranging from '/, in. diam to 11/; in. diam were prepared for the 
test. During the test it was necessary to stop loading and search 
for the small cracks on the outer fiber of the beam. Whenever 
the cracks appeared, the test was stopped and the inner radius 
of the bent beam was measured by means of a set of radius gages. 

In the second, more expedient, method of bending the flat 
bar was clamped in a vise vertically on one end as a cantilever 
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F 








(a) 





(b) 
Fig. 6 Bending fixtures used for testing 


beam and a bending moment was applied manually on the other 
end. The moment should be applied carefully so that the beam 
will be subjected to bending only and no shear forces exerted 
onto the bar. Fig. 6(b) shows this method schematically. 
During the process of bending, careful observation is also re- 
quired to see the initiation of small cracks. Once the small 
crack appears, the loading should be stopped and the inner 
radius of the specimen measured as in the first method. 
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From the authors’ experience, the two methods give very 
similar results. However, since the second method is much sim- 
pler to use and time-saving, it was adopted in the tests and the 
results obtained were as shown in Table 1. 

The results of R/i from bending tests are plotted against per- 
centage reduction of area from corresponding tensile tests as 
shown in Fig. 7. The circled points are plotted from the experi- 
mental data and are superimposed on two curves calculated from 
the theoretical analysis which were also shown previously in 
Fig. 3. 

It is at once apparent that the experimental data points fall 


along the theoretical curves. The only material not giving close 
agreement is RC 130B titanium alloy. This will be explained 
later. The most brittle material tested was a gray cast iron. 
With a percentage reduction of area of slightly less than one and 
an R/t ratio of 55, cast iron falls directly on the theoretical curve. 
Polystyrene, a thermoplastic material, with a percentage re- 
duction of area of 3 and an R/t of 16 fits the curve equally well. 
However, at this point it is well to emphasize the need, when 
working with a very elastic material that has no plasticity, to 
consider the elastic spring back. For example, CR39 is a plastic 
that is commonly used in photoelasticity studies and as normally 


Table 1 


Specimen no. 
1-3 
4-6 
7-9 
10-12 
13-15 


16-18 
19-21 
22-24 
26-28 


Material 
1/," Mg tooling plate 
1/,” Mg tooling plate 
0.050 AZ 31 BH 24 Mg allo 


1/," 2011 ST 6 Al 


1/,” 2011 ST 6 Al 

1/," 70-30 brass (Cr 10%) 
1/," 70-30 brass (Cr 10%) 
1/,” 1018 steel (Cr 25%) 
29-31 1/,” 1018 steel (Cr 25%) 


32-33 8/16” 130B Ti 

34 1/,” 130B Ti 

35-37 1/," D Mg tooling plate 
38-40 */"D 2011 ST 6 Al 
41-43 1/2” D 70-30 brass 


1/,” D 1018 steel 

1/," D Drill rod (C.T.S.) 
1/."” D 4340 steel 

1/.” D 130B Ti 


ay 


a 
rt 


44-46 
47-49 
50-52 
53-55 
56 


57-58 
59 


1/,” B. & S. tool steel 
1/,” 70-30 brass (50% CW) 
60-61 1/," B. & S. tool steel 
62-64 1/,"2 SH Al 

65 1/,” Polystyrene 

66 9/4” Cast iron 
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0.032 HK 31 X1 H24 Mg alloy 


1/,” D 70-30 brass (50% CW) 


1/U" Mg. Tooling Plate 

1/6" Kg. Tooling Plate 
+050" AZ 31 BH 24 Mc. Alloy 
2032"HK 31 X21 H2k Mg. Alloy 
1/4" 2011 ST 6 Al 

1/8" 2011 ST 6 Al 

1/L" = 70-30 Brass (Cx 10%) 
1/8" = 70-30 Brass (CR 10%) 
1/L" = 1018 Steel (CR 252) 


Reduction in 
Reduction in area, per cent 
Round Flat 
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Fig.7 Experimental data superimposed on analytical curves of R/t versus percentage reduction of area 
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tested has a zero percentage reduction of area. Nevertheless, 
a '/,-in-thick sheet can be bent to a 2-in. radius before it frac- 
tures. However, after breaking, the bend specimen is perfectly 
flat or straight indicating complete spring back. But when a 
tensile specimen is tested and the actual area measured just prior 
to fracture, it is found to be nearly 3 per cent less than the initial 
area, and with this correction CR39 also agrees with the theo- 
retical curves. 

Normally, aluminum is considered to be quite ductile and tho- 
riated magnesium quite brittle. However, by comparing points 
E-F to C-D it is apparent that 2011 ST 6 aluminum can be bent 
to an R/t of 9 or 10 while the magnesium alloy can be bent to 
an R/t of only 3 to 4. 

For the soft brasses, aluminum, and steel, the percentage re- 
duction of area is greater than 50 and these materials can be 
bent to an R/t ratio approaching 0. This is predicted from the 
theoretical equations and is substantiated in practice. Actually, 
these soft ductile materials can be bent over double with one face 
in contact with itself without any cracks appearing. 

The experimental data of the */i-in. RC 130B titanium alloy 
is off the theoretical curve by an appreciable amount, much more 
so than the one piece of '/,-in-thick titanium that was bent. It 
is believed by the authors that this is du® to residual tensile 
stresses set up during the machining of the */;,-in-thick specimens. 
These very shallow tensile stresses would be much more detri- 
mental in the bend test than they would be in the determination 
of the percentage reduction of area in a tensile test. Before all 
of the titanium specimens were machined from '/;-in-thick bars, 
one specimen was machined to a thickness of '/, in. to determine 
whether it would be feasible or possible to bend such a thick 
piece with the existing tooling. This piece was tested and is 
plotted as point L in Fig. 7 and fits the curve quite well. How- 
ever, since considerable difficulty was encountered in bending 
this one trial piece, the standard size selected for the titanium 
alloy was */;,in. The three tensile and three bend specimens of 
this thickness are averaged as point K which is somewhat above 
the curve. In talking to the machinist about this later in an 
attempt to find an explanation, it was learned that the first 
1/,in-thick piece was machined with light cuts whereas all of 
the */,,-in-thick specimens were machined with just one heavier 
cut taken from each side, which could account for the presence 
of residual stresses in these latter specimens. 


Conclusions 


From the experimental data plotted in Fig. 7, it is obvious that 
there is definitely a correlation in theory and experiment between 
the R/t ratio in bending and a percentage reduction of area in a 
corresponding tension test. From the plotted data, it may be 
concluded that the equations 

R 50 R (100 — A,)? R 60 

—=—-1, — =~, oo — = —- 1 

t Ay t 200A, — A,” t Ay 

can be used for the prediction of a minimum bend radius with re- 
spect to a particular plate thickness. Usually this property of 
a material is givenina handbook. Even if the data are not availa- 
ble in publications, it is quite simple to obtain from a tensile 
test. 
In the derived equation of R/it = 50/A, — 1 the only property 
which affects the bend radius of a material is A, and nothing 
else. Therefore this equation is valid for all materials, metal or 
nonmetal. This is confirmed by the experimental data of two 
plastics which fall directly onto the theoretical curve. However, 
the authors have some reservation for generalizing this theory 
because of the limited data for nonmetals tested. 

It is understood that €, (strain in outer fiber) and ¢; (strain 
in inner fiber) during bending are equal in magnitude only when 
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the neutral axis is at the half thickness of the plate. If the beam 
is bent in the plastic region, the neutral axis is no longer at mid- 
fiber and, therefore, €. and ¢ are not the same. However, it 
can be proved that, for the same R/t, €. is much higher than ¢;. 
In fact, from practice it is found that compressive regions in 
bending hardly ever cause failure. Under such circumstances it 
is justified to use the extreme fiber in tension side to correlate 
with the tensile property. 

Since plane strain is assumed in the analysis, the proposed 
equation R/t = 50/A, — 1, would give even closer results with 
experiment when the width-to-thickness ratio of the plate be- 
comes large, which is usually the case in sheet-metal work. 
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DISCUSSION 
Richard L. Kegg? 


The authors have done an excellent job of investigating the 
bendability of materials and their findings should provide a 
unique and very useful design parameter for the metal working 
industry. 

However, a word of caution should be given to design engineers 
who will make use of this bendability criterion. In some metal 
forming processes, the strain rate at which the metal is formed 
is many times the strain rate used in standard tensile testing. 
This point will not be important for most engineering materials, 
but for materials which are very strain-rate sensitive or are near 
a transition temperature at the temperature of the forming 
operation, it means that the maximum ductility as obtained in 
slow tensile tests cannot be compared to the maximum ductility 
in a high-speed forming operation. In these cases the tensile 
test reduction of area at fracture must be measured from a test 
bar which was pulled at a strain rate equal to the maximum 
strain rate in the bending operation in question. Table 2° 
illustrates this phenomenon of strain rate sensitivity in tungsten. 


Table 2 Tensile ductility of tungsten as a function of temperature and 
strain rate 


Tempera- —-——Tensile reduction of area, per cent——-— 


ture Strain rate ; 
deg 0.05/min 10/min 100/min 19000/min 
302 20 0 be 
392 34 42 0 
482 40 53 1 op 
572 47 60 52 0 
707 56 “r 67 5 
932 70 a 71 62 


It is surprising that the authors did not elaborate on the 
effects of the width of test specimen and the angle through which 
it is bent on the limiting ductility in their bend test. Barlow‘ 
has reported that these quantities have a definite effect on de- 
formation in bending. According to his findings, the ductility 
should be less for wider workpieces and end effects should be 
greater for smaller angles of bend. 

In any event, these factors do not seem to have had much 
effect on the ultimate results of the bend testing in this particular 
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application as evidenced by the good agreement which the 
authors found between experimental data and simple theory. 
The authors are to be congratulated for making a significant 
contribution to the knowledge of the metal working industry. 


Authors’ Closure 


The authors wish to thank Mr. Kegg for his kind discussion and 
compliments. They agree wholeheartedly with Mr. Kegg that 
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for strain-rate sensitive materials the strain-rate effect should be 
carefully incorporated in the bendability criterion. In fact, this 
is the second step of the study the authors wished to pursue. 

In the tests the authors limited their work to thin and narrow 
sheets. For thick and wide plates the criterion may not hold. 
This is another phase of the problem which should be carefully 
investigated in the future. It is hoped that this paper will stimu- 
late others to study some of these related problems. 
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Comparisons Between the Shearing 

Properties of Alpha-Brass as Derived 
From the Cutting Process and From 
Static and Impact Torsion Tests 


S. S$. CHANG? 
W. B. HEGINBOTHAM® 


Introduction 


HE METAL-CUTTING PROCESS has been recognized as 
a shearing process for some considerable time. Nevertheless, the 
conditions under which shearing takes place and the behavior of 
the work material in the region of shear is still not fully under- 
stood. 

It is certain that such factors as temperature and strain rate 
will affect the shearing characteristics of. a material and both 
these factors are present in the metal-cutting operation. The 
presence of a compressive stress applied norma] to the plane of 
shear is also thought to have some effect. This can perhaps be 
visualized as due to the presence of an “internal frictional co- 
efficient’”’ within the structure of the material itself [1]. On the 
other hand Shaw [2] holds the opinion that the size and extent of 
the shearing zone can have some influence. Both these points 
of view furnish possibilities for the explanation of the lack of cor- 
respondence between shearing flow stresses obtained by analyz- 
ing the cutting process [3], and those obtained from conventional 
torsion tests. There is also the question of the effects of straining 
at very high rates, but no published information to date suggests 
that there is any large increase in the ultimate flow strength 
of alpha-brass under such conditions. 

It is thus difficult to explain why stresses derived from cutting 
tests on a-brass are from 40 to 80 per cent higher than the 
characteristics of the material would suggest, and the question 
which springs to mind is this: Are these differences real or is 
there something amiss with our methods of analysis? 

How the variables, temperature and strain rate (which are 
somewhat dependent on each other under certain conditions), to- 
gether affect the characteristics of the cut material is largely a 
matter for speculation. Shaw and Finnie [2] put forward the 
hypothesis that the combined effects of strain rate and tempera- 
ture cancel, whereas Chao and Bisacre [4] and Chao, Trigger, and 
Zylstra [5] assert that, because the time taken for material to 
traverse the shearing zone is so short and consequently the time 
for heating is so small, the properties of the material should be 
appropriate to those found at normal room temperatures. 

Until recently, direct comparisons between the shearing proper- 
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Technology. 
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ties of a material derived from cutting tests and those derived 
from tests on the same material, where certain features of the 
shearing conditions of the cutting process are imitated, have not 
been available. Some work with this end in view has been carried 
out by Bastien and Weisz [6] using steel as a work material. 

In the work presented here direct comparisons were made be- 
tween the results obtained by analyzing the cutting process and 
the results of both static and impact torsion tests on the same 
material. The material used was alpha-brass (70 to 30 per cent 
Cu-Zn). Choice rested on this material because it appeared to 
exhibit a very large internal frictional coefficient if results ob- 
tained from an “orthogonal’’ cutting test were analyzed in terms 
of the now familiar Merchant analysis. These cutting tests in- 
dicated that the sum 26 + 7 — a = 67 deg + 5 per cent if the 
correct cutting conditions were chosen. The difference between 
67 deg and the ideal figure of 90 deg, which should be the case if 
the material exhibits no Bridgman effect, should therefore be easy 
to find. It is shown that this difference could not be accounted 
for by the internal frictional coefficient effect. 

Due to the failure to explain the difference, efforts were shifted 
toward an evaluation of the possible effects of rate of strain on 
the stress-strain curve for the material. Towards this end a 
special impact-torsion machine was designed capable of impress- 
ing strain rates of 1000 per second abruptly to a tubular speci- 
men. This figure for strain rates compares favorably with the 
lower limit of the estimates of strain rates in metal cutting by an- 
other investigator [7]. Photomicrographs covering the range of 
conditions tested were produced by an abrupt stopping technique 
and from these it was possible to explain certain variations, par- 
ticularly in the constant 26 + r — a = C. It was not found 
possible to make any estimate of strain rates from the photo- 
micrographs. 


Cutting Tests 


Orthogonal cutting tests were carried out in a heavy-duty 
center lathe on tubular specimens. The alpha-brass material 
for these tests was supplied in the form of 11/,-in. square bars 
which were hot bent into semicircular rings and these were ac- 
curately butt-jointed together to form complete rings of 12%/,-in. 
diameter. High-speed steel tools were used and cutting forces 
were recorded by a two-component dynamometer in which the de- 
flections of diaphragms supporting the tool cradle were measured 
by inductance heads and a suitable bridge circuit. Calibration 
was by means of dead loading with a dummy tool in place and 
it was found that this could be relied upon to an accuracy of +4 lb 
including reading errors. There was negligible ‘cross sensitivity” 
of force components applied in the two directions (about 1 per 
cent of the full load deflection figure). High-speed steel tools 
were used as these allowed a greater range of rake angle to be ex- 
plored, and also with brass material high-cutting speeds were 
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possible even with such tools. Chip thickness ratios were com- 
puted from the assumptions of constant volume and no end flow 
by direct measurement of the length of cuttings produced from 
each of the semi-annuli, and it was noted that there was no 
significant-force discontinuity as the tool traversed the butt 
joints in the test rings. Tabulated information from the cutting 
tests is given in Table 1. 

The orthogonal cutting tests produced cutting conditions which 
appeared to give good approximation to the type 2 chip in the 
Ernst classification [8]. In order to check that the actual chip 
formation was indeed applicable to the type of analysis required 
for the derivation of stress values, several photomicrographs 
covering the extremes of the speed range chosen were produced 
as shown on Figs. 1(a, b, c, andd). These photomicrographs were 
produced by an abrupt stopping technique [9] whereby the work- 
piece was brought to rest with respect to the tool in a period of 
time of between 0.5 and 0.7 msec. Such decelerations are pos- 
sible with this device up to a cutting speed of about 500 ft/min. 

These photomicrographs show what appears to be a tendency 
towards segmentation but this is really an exaggeration because 
it must be remembered that they only represent one particular 
section of a cut which was 0.20 in. wide. In other words, the ir- 
regularities on the chip upper surface are not continuous when 
considered in a direction at right angles to the plane of flow but 
were made up of a large number of small “hillocks’’ distributed at 
random across the chip upper surface due to the influence of grain 
boundaries on the flow characteristics of the material. This 
situation is illustrated in Fig. 2. Thus taken as a whole, the type 
of chip was reasonably continuous (no chip in practice is truly 
continuous) and capable of representation by the assumption of 
complete continuity. 

Considering the photomicrographs as shown in Figs. 1(a and b), 
these are at slow cutting speeds and exhibit features which do not 
make the single shear plane type of solution applicable. A definite 
zone can be observed which is narrowest at the tool tip and fans 


out as it approaches the intersection between the chip upper sur- 
face and the advancing workpiece. With the information at 
hand, it is not possible to analyze the stress situation within such 
fields. The strain situation will not be at all uniform in such a 
zone and is completely obscure. Thus there is no chance what- 
soever of extracting information about the stress-strain curve with 
any simple analysis at such slow cutting speeds. 

On the other hand, the higher speed photomicrographs [Figs. 
1(¢ and d)] show transition conditions between the undeformed 
and the deformed state which appear to give a nearer approxima- 
tion to a single thin zone and are therefore more in accordance 
with the single shear plane concept. Unfortunately, it is not 
possible to make even the shrewdest guess at the width of the 
“shearing zone’’ from these records and no attempt could be made 
to estimate the average shear-strain rates involved. 

Measuring the apparent values of @, T, and a over the whole 
range of the cutting tests from 23 to 1770 ft/min and finding the 
sum of 2 + r — a@ made possible the plotting of the graph in 
Fig. 3. From this it can be seen that C varies systematically, in- 
creasing with increase of speed until a constant value is attained. 
It is thought here that this apparent variation is the result of the 
change taking place in the mode of chip formation, i.e., 
the change from the wide deformation zone at the slower speeds 
to the narrower shearing zone at the higher cutting speeds. It 
can be seen from Fig. 3 that C is indeed a good constant for 
cutting speeds above 500 ft/min and the photomicrographs in Fig. 
1 show good “single shear plane characteristics’ at about this 
speed. The value for C above the critical speed is 67 deg + 
5 per cent. 


Static Compression-Torsion Tests 


A combined torsion-internal pressure machine designed by 
Gill [10] was modified to provide torsion and axial compression. 
Details of the machine are as shown in Fig. 4 and the tests carried 
out closely followed those of P. W. Bridgman [1] as follows: 


Table 1 Cutting test results 
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(ce) V = 25 ft/min; a = 15 deg; t = 0.005 in.; X 100 (ce) V = 490 ft/min; a = 30 deg; # = 0.010 in.; X 50 


(b) V = 25 ft/min; a = 30 deg; t = 0.005 in.; X 100 (d) V = 425 ft/min; a = 30 deg; t = 0.012 in.; X 50 
Fig. 1 Photomicrographs of chips from abrupt stopping tests 
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The test pieces used were made as shown in Fig. 5. From this 
diagram it can be seen that the element under test was in the 
form of an annulus 0.020 in. long by 0.020 in. thick, having an 
outside diameter of 0.65 in. and situated at the bottom of a 
notch in the tubular specimen. The reasons for this form of 
specimen was that it afforded test conditions appropriate 
to an element where stress gradients could be ignored and 
suitable support (by a mild-steel mandrel) could be arranged to 
prevent buckling under the action of the axial loading. It is also 
not possible to twist a thin long tube to any appreciable value of 
strain without “wrinkling” of the tube due to the compressive 
stresses induced at 45 deg to the axis of the tube. Care was also 
taken to insure that the turning specimens and the torsion pieces 
were in the same physical state by the application of a suitable 
heat-treatment developed by checking and comparing character- 
istics both from microsections and small scale tensile tests. 

The measurements taken during these tests were torque, angle 
of twist over the element (this was measured over the notch plus 
some length of the tube but elastic deflections of the tube could 
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be ignored), end loading, and longitudinal notch contraction by 
means of the microscopes. 

Fig. 6 shows a family of torque-twist curves obtained from this 
rig; each member of the family was appropriate to a particular 
value of the superimposed axial load. The impression given by 
these curves is that a strong “internal frictional effect’’ exists. 

However, before this could be correctly interpreted, several 
corrections covering dimensional changes were necessary as 
follows: 


(a) A correction for the original dimensions of each specimen 
(i.e., deviations from the nominal size due to manufacturing 
technique). 

(b) Continuous corrections for the changing section of the 
notch as the test progressed. As each specimen was twisted it 
was found that the notch length decreased; this was responsible 
for two effects. Firstly, the shearing strains produced were not di- 
rectly proportional to the angle ot twist alone. Secondly, the axial 
flow of material was accompanied by a proportional amount of 
radial flow away from the internal supporting mandrel. Thus 
the diameter of the test annulus increased and this increase could 
be accurately calculated by the assumption that the volume of 
material between the notch limits was a constant. It was 
possible therefore to modify the nominal stress values based on 
the original element. sizes to actual stress values at any stage of 
the test. 

(c) A correction for the ‘‘spread” of plastic strain into the 
thicker parts of the test piece. This plastic flow spreading into 
the main body of the test piece was due to the phenomenon 
of strain-hardening, i.e., the torque required to promote further 
straining of the test element increased with strain after the ma- 
teria! had started to flow beyond the limits of its elastic behavior. 
Therefore certain larger sectioned elements outside the notch 
limits eventually experienced stresses large enough to produce 
plastic deformation. The elastoplastic boundary spread along a 
front which was very nearly radial and so a method of correction 
based on successive approximations was devised as follows: ‘The 
affected area was split up into slices as shown in Fig. 7. A stress- 
strain curve was derived using the true shearing stresses calcu- 
lated from the actual tube section at any value of torque, and 
computing strain values on the assumption that there was no 
spread and using the measured notch widths. Thus the strain 
values in this case would be over-estimated. However, by using 
this curve in conjunction with the mean shearing stresses derived 
for each of the slices in Fig. 7, an increment of angle of twist could 
be estimated. By making a summation of all these small angles 
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Fig. 4 Static compression-torsion test machine 
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Fig. 5 Specimen for static compression-torsion tests 


on each side of the notch a first approximation (over-estimation) 
to the extra twist involved could be derived. By subtracting 
this amount from the measured twist values a nearer approxima- 
tion to the true strain values could be calculated. By applying 
this new curve a nearer estimation of the actual extra twist 
could be calculated (slight underestimation). By repeating this 
process the desired accuracy could be ach eved. 


A set of true shearing stress-strain curves are therefore shown 
on Fig. 8 and the amount of “spread’’ correction is indicated. It 
can be seen that the application of the corrections (a), (b), and 
(c) just mentioned alter the relative positions of the curves of 
torque-twist as shown in Fig. 6. 


Comparison Between the Cutting Tests and the Static 
Compression- Torsion Tests 


As previously stated, the Merchant constant C in the cutting 
test at cutting speeds above the critical value of 500 ft/min was 
found to be 67 deg + 5 per cent. This suggests a high value for 
the “internal coefficient of friction’’ from the static compression- 
torsion tests. Referring now to the torsion test, Fig. 8 shows that 
increasing the normal component of stress on the plane of shear 
serves only to extend the stress-strain curve as a single function 
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and not to provide a family of such functions displaced with 
respect to each other in the direction of the ordinate by pro- 
portional values. This agrees with some of the results obtained 
by Bridgman [1], in particular 1045 steel and this graph is repro- 
duced in Fig. 9. 

The difficulty of applying these data to the cutting operation 
now arises. In order to find a relationship between the shearing 
stress and the normal stress a particular value of strain must be 
chesen. To compare with cutting tests this could be chosen to 
represent an average value for the cutting operation. However, 
applying this to the curve in Fig. 8 no relationship between nor- 
mal stress and shearing stress would exist as cross plotting would 
result in one single point only. 

Stress-strain points derived from the cutting operation on the 
basis of a single shear plane concept and a continuous medium 
are also shown plotted in Fig. 8 and it is seen that the mean shear 
stresses in cutting are very much above those from the torsion 
tests (from 40 to 80 per cent). 

There 7s an increase in the ultimate shearing stress with in- 
creasing normal stresses indicated by the compression-torsion 
tests on Fig. 8. The relationship between ultimate shearing 
stress and normal stress, irrespective of the strain values at which 
the ultimate takes place, can be seen in Fig. 10 and this is very 
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Fig. 6 Torque-twist curves from static compression-torsion tests 
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Fig. 8 Comparison of results from cutting and static compression-tor- 
sion tests 


nearly linear showing a slope of 0.273. Cutting-test results for 
cutting speeds higher than 500 ft/min are shown plotted on the 
same graph and, by extrapolation, the compression-torsion rela- 
tionship is seen to indicate stresses which are from 5 to 20 per 
cent lower. Putting a line of slope cot 67 deg (0.4245) through 
the cutting results shows quite clearly the difference between the 
slope of the ultimate shearing-stress curve and that implied by 
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the analysis of the cutting operation. It is very clear therefore 
that, even if it were permissible to plot variations in the ultimate 
shearing stresses at different compressive stresses from the com- 
pression-torsion tests, the slope of the line would still be too low 
to account for the differences implied by the Merchant constant. 

It does appear that there is a trend for the mean shear flow 
stresses as derived from cutting tests to increase with the cor- 
responding mean values of normal stress. Reference to Fig. 10 
does not indicate that any particular relationship could be 
drawn through these points. It might appear at first sight that 
the chain dotted line put in at the required slope of cot 67 deg fits, 
but further examination shows that a number of “satisfactory”’ 
lines could be drawn at different slopes. 

The largest discrepancy from the comparisons made here is 
the values of the flow stresses observed from the torsion tests and 
those derived from the cutting tests at cutting speeds above 500 
ft/min (as previously stated about 40 to 80 per cent difference, 
see Fig. 8). As the torsion tests were carried out at very slow 
rates of straining it was therefore decided to investigate the effects 
of strain rate by an independent method of impact torsion test- 
ing, and to make further comparisons between flow stresses in 
cutting. 


Impact Torsion Tests 


An impact torsion test machine (Fig. 11) was specially de- 
signed with the function of fracturing a specimen by torsion in a 
very short time at a constant strain rate. The impact energy 
was stored in a fabricated flywheel (A) which was driven by a 
d-c motor to any speed up to 950 rev/min. It was so designed 
that the energy dissipated for breaking the specimen amounted 
to only 1.6 per cent of the total energy stored in the flywheel run- 
ning at the highest speed and to 17.5 per cent at the lowest speed 
used. 

The hollow shaft (C) on which the flywheel was keyed was sup- 
ported by a pair of ball-bearings (B) at the outside diameter and 
fitted with a small roller-bearing (D), and a cast-iron bushing (G) 
in the bore, thus enabling its free rotation on top of the solid shaft 
(E). The solid shaft was held to the specimen (I) and drove it 
when the clutch was engaged. 

To achieve sudden engagement of the driving and the driven, 
a “solid drive” clutch, similar to the mechanism in a punching 
press, was developed. Its principal part was a spring-loaded 
rotating key (L) with an “almond’’ section which was held by a 
pin (F) against the spring force into the “home’’ position as 
shown when the clutch was not engaged. During the operat on 
the pin was suddenly pulled out by hand and the almond section 
rotated counter-clockwise to engage the recess at the bore of the 
hollow shaft which was running at required speed, thus achieving 
solid engagement of these two shafts. 

The angle of twist of the working section of the specimen was 
measured by the relative movement of two concentric semi- 
cylindrical condenser plates (H) fastened to the specimen (I) at 
different sides of the working section. A Fielden “proximity 
meter’’ was used to record the capacitance change. Torque was 
measured by a torque meter (J) with four strain gages cemented 
at 45 deg to the axis and forming a Wheatstone bridge. The out- 
put of the strain-gage bridge, together with the output of the 
proximity meter, were recorded by a double-beam d-c amplified 
cathode ray oscilloscope with photo-recording attachment. For 
each test the torque-time curve (the single line trace) and the 
twist angle-time curve (the envelope formed by carrier waves) 
were superimposed on the oscillogram (Fig. 12). 

The specimens (Fig. 13) were of a similar type as for the static 
torsion tests. A U-slot was cut to form the working section in the 
middle of the specimen. To avoid possible buckling during the 
twist and to obtain high strain rates, the working section was 
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Fig. 11 Impact torsion test machine 


made as short as possible. A steel mandrel was also used to in- 
crease the stability of the working section. 

Some of the oscillograms obtained showed a fluctuation of 
stress immediately after the impact as shown in Fig. 12(a). In 
measuring the stress, an approximate mean value was plotted 
through the initial cycles of the stress fluctuation. To check the 
validity of this mean plot, a special test was carried out where the 
strain gages were stuck onto the fixed side of the specimen which 
was then “built in’ as solidly as possible to the machine frame. 
Hence this section of the specimen was actually used as a torque 
meter with a very high stiffness. Consequently, a very smooth 
torque-time curve with insignificant fluctuation was recorded as 
in Fig. 12(b). The stress-strain curve derived from this test was 
compared with the mean plot of the result of another test under 
identical conditions but using the separate torque meter, as pre- 
viously described, and good agreement was found. Thus it was 
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Fig. 14 Spreading of plastic deformation in impact torsion specimens 


concluded that the periodic motion of the less stiff torque meter 
did not affect the type of torque-twist curve obtained. All the 


remaining tests were carried out using the separate torque meter. 
It was found from the specimens tested that some plastic de- 


formation had spread into the main body beyond the fillets. The 
photomicrographs of the section along the axis of the specimen 
showed that the spreading was more or less limited to a boundary 
line AB as shown in Fig. 14. It was also found from these photo- 
graphs that, in general, the spreading extended deeper in the 
lower strain-rate tests and nearly disappeared at the highest 
strain rate, although no definite relationship could be established 
between the depth of the spread and the strain rate. This is due 
to the fact that, at higher strain rates, the material exhibits flatter 
stress-strain curves approaching the ideal plastic elastic form (Fig. 
15). In other words, the difference between the initial yield and 
the ultimate stresses decreases with strain rate and therefore less 
plastic flow occurs beyond the notch. 
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The strain values were ac- 
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Fig. 15 Comparison of results from cutting and impact torsion tests 
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cordingly corrected by including the mean depth of spread CD in 
Fig. 14 to the width of the notch section. 

For a long specimen subjected to dynamic plastic deformation, 
the time taken by the stress wave to propagate along the speci- 
men may be comparable to the total loading time. In such cases 
the stress recorded at one end of the specimen is not the actual 
value existing in the other part of the specimen. However, in the 
present tests, the working section which was the only part under- 
going plastic deformation was only 0.05 in. long. The distance 
from the working section to the torque meter was 7 in. An elastic 
torsional stress wave would take about 0.06 msec to travel this 
distance. At the highest speed the whole loading time was 6 
msec. With the ratio of the latter to the former to be about 100, 
the stress and strain recorded should give a reasonable true pic- 
ture of what is happening in the working section. 


Comparison Between the Cutting Tests and the Impact 
Torsion Tests 


The cutting-test results for cutting speeds above 500 ft/min, 
together with the stress-strain curves obtained from the impact 
torsion tests at strain rates ranging from 276 to 990 per second, 
are plotted in Fig. 15. It shows that the dynamic shearing flow 
stress in cutting is about 40 to 80 per cent higher than the 
highest stress obtained from the impact-torsion tests. It also re- 
veals that this material does not exhibit any significant change in 
the ultimate strength, while the yield stress increases con- 
siderably with the increasing strain rate. When these curves are 
compared with the static stress-strain curve without compressive 
load in Fig. 8, it can be seen that the ultimate strength is about 
the same but the yield stress is lower in the static tests. Insig- 
nificant change of the ultimate strength for alpha-brass at wide 
range of strain rate was also found by another investigator [11]. 

The strain rate in metal cutting has been estimated, without 
experimental evidence, by a few investigators to be within 10* to 
106 per second. Kececioglu [7] was the first one to estimate ex- 
perimentally the strain rate in the cutting processes. By measur- 
ing the width of the “shearing zone” from chips obtained from 
abrupt stopping tests, he found the value of the strain rate in 
cutting steels to be from 2500 to 212,000 per second. To the best 
of the authors’ knowledge, no experimental determination of the 
strain rate in cutting brass has ever been attempted. The 
highest strain rate achieved in the present impact torsion tests, 
i.e., 990 per second, is lower than the lowest value determined by 
Kececioglu for steel. However, judging from the trend of change 
of the stress-strain curves shown in Fig. 15, further increase in the 
strain rate in the impact torsion test would produce flatter curves 
but any significant increase of the ultimate strength would be 
unlikely. 

Shaw, et al. [2] proposed the following relationship to account 
for the difference between the shear flow stresses in cutting and 
in material tests: 


8, = 8+ Dy +> 


= shear flow stress in cutting 
yield stress in torsion test 
= work-hardening modulus in tensile test 
shear strain in cutting 
a constant which was found to be 23 Ib/in. for some 
steel and copper 
length of shear plane extending from the tool tip to the 
free-chip surface = t/sin @ 


D was taken from tensile test presumably because no torsion 
data were available. In the present investigation the shear flow 
stress in torsion (S,’ + Dy) could be read off directly from 
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the stress-strain curve obtained for any particular value of . 
A sample calculation in the present results showed that S, — 
(S,’ + Dy) was equal to 20,500 lb/in.* when ¢, was 0.0074 in. 
Using B = 23 lb/in., as found by Shaw, the term B/t, would 
account for only 15 per cent of the total discrepancy. 

An attempt was also made to find a constant B possibly exist- 
ing in the present results by plotting S, — (S,’ + Dy) against ¢,. 
The plotting showed the points scattering at random and no con- 
sistent value of B could be determined. 


Conclusions 


1 The Merchant constant C for a-brass increases systemati- 
cally with increase of the cutting speed until a constant value 
(67 deg + 5 per cent) is attained at 500 ft/min and above. 
Photomicrographs of chips from tests abruptly stopped at about 
500 ft/min show good single shear plane characteristics. At lower 
speeds a definite shear zone can be observed which is narrowest at 
the tool tip and fans out toward the chip upper surface. 

2 The value of the Merchant constant C derived from the cut- 
ting tests suggests a high value of the internal coefficient of fric- 
tion. It was found difficult to account for this from compres- 
sion-torsion investigation. A relationship expressing the increase 
in “flow stress” at a given strain value in terms of the normal com- 
ponent of stress was not possible. Ignoring strain values, how- 
ever, a linear increase in ultimate shear stress was recorded. It is 
not at all clear whether this latter procedure is justified; even if 
it were, however, the effects do not agree with the implications 
from cutting tests. 

3 The shearing flow stress derived from the cutting tests is 40 
to 80 per cent higher than the corresponding value observed from 
the static and impact torsion tests. Neither the influence of the 
compressive stress on the shear plane nor the strain rate was found 
to be responsible for this discrepancy. The size effect in cutting, 
as proposed by Shaw, explained only 15 per cent of the total dis- 
crepancy. 

4 The cutting tests imply that shearing flow stresses do in- 
crease with normal stress but not on the scale implied by the 
Merchant constant. 

5 Shearing strains very much larger than would be expected 
were produced both from the static compression tests and the 
dynamic tests, hence these two factors could be responsible for the 
fact that continuous chips are produced in practice. 
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The Role of Friction in Metal Cutting’ 


Metal-cutting studies were made with free-cutting steel SAE 1112 and alloy steel SAE 
4135 in the as-received condition with artificially controlled tool-chip contact areas and 
flank contact areas (artificial wear lands). 
1112 at a speed range of 0.083 to 1010 fpm, reveal that friction under metal-cutting con- 
ditions on the rake face can be explained satisfactorily by a junction model with possible 


The experimental results for steel SAE 


superimposed general plastic flow above the junctions in accordance with the general 
rules of plastic deformation (von Mises instantaneous yield criterion). The expert- 
mental results also reveal that the friction mechanism at the controlled flank-wear contact 
area is essentially the same as that occurring at the tool face. The difference in behavior 
of the two steels was attributed to the role that manganese sulfide appears to play in 


free-cutting steels. 


Tax subject of friction is important in all engineer- 
ing applications wherever solid surfaces are in sliding contact 
with each other. This is particularly true in metal-working proc- 
esses where the sliding pair of surfaces are metals and where 
plastic deformation of the softer of the two metals usually takes 
place under conditions of high normal pressure. It is, therefore, 
of importance to understand the mechanics of sliding friction in 
order to reduce the resulting drag to as low a value as possible if 
it happens to be present solely as a useless energy-consuming 
mechanism. This is the case with metal cutting and it should 
not be too surprising to find that the friction process in metal 
cutting has received appreciable study. 

In orthogonal metal-cutting processes frictional drag appar- 
ently is encountered on the rake face of the tool between chip 
and tool and, as the tool wears, additional frictional drag also 
occurs between the flank of the tool and the workpiece. The size 
of the area of contact of these rubbing surfaces is determined by 
the cutting processes and, therefore, contact takes place over a 
length known as the natural length on the face of the tool for the 
particular cutting condition under investigation as well as the 
wear land on the flank of the tool. The two frictional processes 
resulting from contact at these surfaces, however, are difficult to 
study under ordinary cutting conditions, since both normal pres- 
sure and shear stress of the work material are not readily deter- 
minable. It is for this reason that recently a number of investiga- 
tors have limited the extent of these contact surfaces artificially 
in order to study the frictional processes under metal-cutting con- 
ditions. Thus Takeyama and Usui [1]* studied free-cutting 
brass and found that both normal and shear forces decreased 
linearly with decreasing contact length on the rake face of the 
tool. These observations appear to be at variance with the re- 
sults reported by Chao and Trigger [2] for steel AISI 4142 and 
electrolytic copper, and by Kobayashi, et al. [3] for free-cutting 
steel SAE 1112. Takeyama and Usui reported, as did Chao and 
Trigger, that the frictional processes on the rake face of the tool 
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involve bulk metal shearing of the chip material as it slides over 
the known contact length between chip and tool and that the 
ratio of real area of contact to apparent area of contact may ap- 
proach unity under certain cutting conditions. By real area of 
contact in this case is meant the actual contact area between 
asperities of the tool and the chip, while apparent area is equal to 
the nominal contact area determinable from the artificially 
controlled contact length. Other experimental results using con- 
trolled wear lands were reported by Olberts [4], Okoshi and Sata 
[5], and Kobayashi and Thomsen [6]. While Olberts’ principal 
aim was to study the increase in average tool temperature as 
measured by a work-tool thermocouple technique, the other in- 
vestigators [5, 6] concentrated their efforts on studying the fric- 
tional processes involved in the rubbing of these surfaces. In 
their investigations Okoshi and Sata found shearing stresses on 
the wear land approximately equal to those on the rake face 
when cutting an annealed SAE 4140 steel at approximately 490 
fpm. In contrast, Kobayashi and Thomsen found that the shear 
stresses for a free-cutting steel and an SAE 4135 steel in the as- 
received conditions were smaller than those on the rake face. 
This latter observation appears to be in accord with the effects of 
work-hardening on the shear-flow processes and will be discussed 
in a subsequent section of this paper. 


Experimental Procedure 


The experimental procedure of measuring forces and controlling 
cutting conditions has been reported in detail elsewhere (6, 7]. 
In order to provide the tools with artificially controlled contact 
areas, however, for the friction studies on the rake face and flank 
of the tool, the following procedures were used: 


1 The rake face was undercut parallel to, but at an arbitrarily 
selected distance from, the cutting edge. The tool was then ground 
at its flank and the resulting distance between the cutting edge 
and the relief cut on the face was accurately determined with a 
toolmaker’s microscope. 

2 The flanks of the cutting tools were first provided with a 
secondary clearance angle of 5 deg. The controlled contact 
length was then ground on the flanks to various desired lengths at 
clearance angles of 0; —1/2, and —1 deg. The accuracy obtained 
in these angles when the tools were finally adjusted in the dy- 
namometer was of the order of better than +5 min. It was es- 
timated that the tendency of the moments, thus produced by 
the force system at the flank, to rotate the tool and thus alter this 
angle was nil. 


All tools for the low-speed cutting tests at cutting speeds of 100 
fpm or less were high-speed steels of the 18-4-1 (Rex AA) type, 
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while those for the higher speeds were sintered-carbide tools 
(K3H). 


Controlled Tool-Chip Contact-Area Tests 


In order to study the friction process on the rake face of the 
tool, free-cutting steel SAE 1112 in the as-received condition of 
Rockwell hardness C8 was cut dry by end-cutting of tubular 
specimens at speeds ranging from 0.083 to 1010 fpm. The method 
of testing under these conditions is described in another paper [7] 
and required a special technique for the low-speed tests. The 
cutting tools were provided with true rake angles of 25 deg and 
flank clearance angles of 3 deg. The feed was held constant at 
0.0098 ipr. The results of chip ratio as a function of cutting 
speed for natural contact and restricted contact lengths are shown 
in Fig. 1. The restricted tool-chip contact area was 0.0031 sq in. 
(contact length 1, = 0.0155 in. and width of cut w = 0.200 in.), 
which was chosen to yield a contact length slightly smaller than 
the natural contact length for the whole speed range in order that 
the so-called apparent contact area be known. It is seen in the 
figure that this condition is fulfilled since the tests with natural 
tool-chip contact lengths gave chip ratios which were slightly 
lower for the whole speed range than those with restricted con- 
tact lengths. It is at once evident from the figure that speed has 
a profound effect on the magnitude of the chip ratio as the speed 
increases beyond approximately 2 fpm. Since it is known now 
that the shear process on the shear-plane is unaffected by speed 
[3, 6, 7], it must be concluded that the rising chip ratio at the 
higher speeds is principally due to a reduction in the frictional 
drag at the tool-chip interface. 

It is now of interest to compare the forces acting on the con- 
trolled tool-chip contact area of 0.0031 sq in. The results are 
given in Fig. 2 and it is seen that the normal force N drops more 
rapidly with speed than does the friction force F. As a conse- 
quence of this, the coefficient of friction u increases with speed 
except at the highest speed employed, in spite of the fact that the 
cutting condition is improving. This observation emphasizes 
again the fact that a coefficient of friction under the severe con- 
ditions of pressure, temperature, and speed as found in metal 
cutting becomes meaningless and may lead to misinterpretation. 

Before considering the nominal stresses acting in the chip at 
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the tool-chip interface which are now calculable for the known 
apparent area A,, it will be of interest to review present thought 
on sliding friction between dry metallic surfaces. In a recent 
paper Finnie and Shaw [8] reviewed the literature on dry-friction 
studies and gave credit to several investigators, namely, Holm [9], 
Ernst and Merchant [10], and Bowden and Tabor {11], for sug- 
gesting the composite mechanism which they believe it to be. 
This composite mechanism of friction consists of the following 
three factors: 


1 Mechanical interlocking of surface asperities. 

2 Plowing of asperities of the harder surface through the 
softer of the two sliding metals. 

3 Formation of metallic junctions by welding of asperities. 


It does not seem possible to say, a priori, which one of these 
factors contributes the most to the resistance to motion, when a 
ductile metal slides over a relatively hard surface. This lack of 
detailed knowledge has led Green [12] to investigate the foregoing 
effects with plasticine models. Green found that the theoretical 
junction strength depends on the type of junction, i.e., strong or 
weak, and that for strong junctions the coefficient of friction 
wu = OF /SN must be between 0.4 < wp < +1.0, where 6F and 6N 
are the shear and normal forces, respectively, for any particular 
junction. Green did not consider work-hardening, stress con- 
centration, size effect, or others in his analysis, and concluded 
that 6F/5A = 7, the maximum shear stress for any junction, can 
be somewhat greater than the instantaneous bulk shear strength 
of the metal. It also appears from Green’s work that there is no 
substantial difference between the three mechanisms just given, 
and that it may perhaps be possible to treat them as one and the 
same process in estimating frictional drag. 

Finnie and Shaw [8] take a different view in that they maintain 
that the stress to break a junction is much higher than the bulk 
yield shear strength of the metal. They consider welded junctions 
only end base the high strength of a junction on the fact that its 
area may be extremely small and hence the shear stress necessary 
to rupture this junction may not be that which can be determined 
by ordinary rules of plastic deformation. These authors assume 
that, the size of the junction may in fact be so small that in- 
sufficient dislocations are present in the soft metal of the junction 
in order to initiate plastic deformation and consequently the 
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Fig. 2. Normal force N, friction force F, and coefficient of friction u on tool face as functions of chip velocity 
for steel SAE 1112, as-received, with controlled tool-chip contact areas 


stress necessary to rupture a junction may in the limit approach 
the theoretical shear strength of the-crystal. This shear strength 
is given as T = G/2z, where G is the modulus of rigidity. The 
magnitude of this limiting shear strength depends on the elastic 
properties of the metal and is approximately 2 x 10° psi for steels 
which is of the order of 20 to 40 times as large as the bulk shear 
strength observed in cutting tests with ordinary steels [6, 7]. 
This effect has been called a “‘size effect’? and has been used by 
Shaw, et al. [13] to explain in part the role of lead in metal cutting 
and by Shaw and Finnie [14] to explain the high chip loads in 
metal cutting at small feeds. 

According to Bowden and Tabor [11], the equation, applicable 
to dry friction for each welded asperity can be written as follows: 


(1) 


where 7 and p are the shear yield strength and yield pressure for 
the softer metal, respectively, and 6A, is the area of the junction. 
Finnie and Shaw [8] rewrote this equation in the form 
KA,r* ‘ 
w=——=K 

A,p* Pp 
in which KA, is the fraction of the asperities in contact with one 
another which have welded to each other. The magnitude of K 
becomes unity, when all contacting asperities have formed welded 
junctions. The values 7* and p* have a similar meaning as 7 and 
p of equation (1), except that the yield strengths of the asperities 
are considered to be much higher than the so-called bulk yield 
strength of the softer metal. 

Let us now assume that K of equation (2) is unity and compare 
equations (1) and (2) with the experimental results of the present 
investigation. We may do this by assuming that the junctions 
are numerous enough to lock the whole surface of the sliding chip 
to the rake face of the tool. Then relative motion may not neces- 
sarily take place at all junctions, but,instead bulk flow may take 
place in a layer in the chip parallel to the tool face, but some dis- 
tance above the junctions. This hypothesis is in part supported 
by the fact that highly deformed grains can readily be observed 
in photomicrographs of sectioned chips on the tool side of the 
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Fig. 3 Correlation of metal-cutting data with compression-test data for 
steel SAE 1112, as-received, based on distortion-energy theory 
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chip. Thus we may designate the bulk flow area as A,, which 
may be much larger than the real area A, of Finnie and Shaw 
[8]. In fact, let us assume for the moment that the bulk flow area 
A, is equal to the apparent area A,. If this is the case we may 
take the data in Fig. 2 at low cutting speeds and divide the forces 
by the apparent area (A, = 0.0031) in order to obtain bulk flow 
stresses. This is possible, however, only then if all measured 
dynamometer forces are transmitted through the chip. For the 
case of free-machining steel (SAE 1112 as-received) the so-called 
tool-edge force [1, 6, 7] is small and may be neglected in com- 
parison with the chip forces, when the feed = 0.0098 ipr, as is the 
case with the forces given in Fig. 2. 

If it is assumed now that the metal in the chip is at the yield 
condition under a simple state of compression, then the in- 
stantaneous yield flow stress must be equal to the effective stress 
&. The magnitude of & is given in Fig. 3 and is approximately 
110,000 psi. The foregoing hypothesis requires the assumption 
that the metal in the chip is uniformly work-hardened to the state 
of the metal in the shear plane and is not work-hardened further 
when sliding over the tool face. This latter condition is not 
necessarily fulfilled, but the effect of further work-hardening has 
little influence on the average flow stress in view of the fact that 
the slope of the stress-strain curve at the metal-cutting strains, 
as seen in Fig. 3, is relatively small. Thus, at the low cutting 
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velocities (V < 10 fpm) where the temperature in the chip re- 
mained essentially at room temperature the instantaneous bulk- 
yield-flow stress (as seen in Fig. 4) is approximately 110,000 psi. 
Hence, 


N : 

<3 i, =p, (3) 
(see equation 1) is satisfied for the low-cutting-speed tests in Fig. 
4. If it is assumed that the plasticity condition in the chip near 
the tool interface is such that the normal force N produces a state 
of hydrostatic pressure because of the restraint induced by the 
asperities, then plastic deformation by superposed shearing will 
take place only then, whenever 


= V3 Teale (4) 


Thus the required calculated shearing stress for the low-speed 
tests should be 


a 110,000 
T. Se SS 
Tis FRCL & 


This value of Tesic checks with the shear-flow stress on the shear 
plane for this material [6], and also checks closely with the 
values of 7.x» observed on the rake face in Fig. 4. If it is assumed 
that the normal stress ¢ varies due to the combined effect of strain 
rate and temperature with increasing speed in accordance with 
the upper curve in Fig. 4, then the shearing stress can be calcu- 
lated by equation (4) for all speeds. It is seen that the experi- 
mental and theoretical values correlate well and give support to 
the hypothesis that A, = A, and the metal in the chip near the 
asperities must flow in bulk. These observations appear to be 
substantiated by the data of Chao and Trigger [2]. 

It should be noted, however, that the foregoing results in no 
way invalidate the contention of Finnie and Shaw [8], that the 
total area of welded junction A, is less than the apparent area A, 
and that the stresses to break a junction may be much higher than 
that given by the bulk flow properties. Indeed, that this mecha- 
nism correctly describes the process appears to be the only satisfac- 
tory explanation why grid marks or tool marks persist on flat 
surfaces, when the surface is deformed by an indenter, or the 
reason that it is so easy to dislodge a built-up edge from a tool by 
a relatively small load. 


= 63,500. 
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Fig. 5 Horizontal and vertical tool forces and shear angle as function 
of length of artificial flank wear land for steel SAE 1112, as-received; 
feed = 0.00275 in. 


Controlled-Flank-Area Tests 


In studying friction under high pressure, it is important to have 
a rigid setup, uncontaminated surfaces, and sliders of known 
areas. It was thought that controlled contact areas at the flank 
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Fig.6 Horizontal and vertical tool forces and shear angle as function of 
length of artificial fank wear land for steel SAE 1112 as-received; feed = 
0.00489 in. 





(artificial wear lands) of a cutting tool would serve this purpose. 
While it is a new and novel method for studying friction, it has 
been explored as a possibility by Chisholm [15], Okoshi and 
Sata [5], and Kobayashi and Thomsen [6], as noted earlier. The 
principle involved in this study is to grind a controlled area on the 
flank of the tool and let it perform as a slider in an ordinary cut- 
ting test. It was reasoned that, if the cutting forces should rise 
with increasing contact length without affecting the shear angle @, 
then the increased forces in excess of those required for metal 
cutting with sharp tools and zero flank areas would be ascribed 
to the effects of flank friction. 

The results of flank-friction studies with steel SAE 1112 as- 
received at a cutting speed of 384 fpm, using sintered-carbide 
tools with zero-degree rake angles, are shown in Figs. 5 to 7, in- 
clusive. It is seen that, for the feed of 0.00981 ipr in Fig. 7, the 
shear angle remained approximately constant for nearly the en- 
tire range of contact lengths 1, For the remaining feeds, 0.00275 
and 0.00489 ipr, the angle @ decreased after a sudden jump 
occurred in the cutting forces Fy and Fy. It may be noted that 
this point of instability depends on the feed and is nearly atl, = 0, 
when the feed is 0.00981 ipr. This point of instability was 
thought to be due to a sudden puncturing of the low-shear- 
strength films which are present at the interfave due to man- 
ganese-sulfide inclusions. This film apparently prevents the 
asperities from contacting at first, but, as rubbing due to in- 
creased contact length /, becomes more severe, the surface tem- 
perature of the workpiece increases apparently sufficiently to per- 
mit additional welding of asperities. 

A preliminary survey with an imbedded thermocouple in the 
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Fig. 7 Horizontal and vertical tool forces and shear angle as function 
of length of artificial flank wear land for steel SAE 1112, as-received; 
feed = 0.00981 in. 


workpiece surface indicated that the local surface temperature for 
a contact length of 1, = 0.017 in. and a feed of 0.00489 ipr, Fig. 5, 
was 350 F and higher. No temperature readings for large contact 
areas are presently available, but it must be assumed that the 
workpiece surface temperature must rise appreciably when the 
length /, is such that local instability is initiated, since for thin 
chips (as for example feed = 0.00275 ipr) the shear-plane angle @ 
suddenly decreases. The fact that the shear angle @ decreases for 
steel SAE 1112 as the workpiece temperature increases will be 
discussed later since it is opposite in trend to that observed with 
steel SAE 4135. It may be noteworthy to observe that the forces 
after the sudden jump rise approximately linearly with increasing 
flank contact lengths (as indicated by the solid lines), thus sug- 
gesting a similar friction mechanism for all feeds. 

We may now inquire if the friction criterion discussed earlier 
is still operative. Inasmuch as the rake angle was zero (a = 0), 
the total forces Fy and Fy can be reduced by the amount re- 
quired for chip deformation by an intercept correction. The cor- 
rected flank forces then are N, and F,, provided the shear angle 
remains constant. Thus, using the data illustrated in Fig. 7, for 
the feed of 0.00981 ipr, the normal force N, and shearing force F, 
which are operative on the flank surface will be 


F, = Fy — 485 
and (5) 


Thus the nominal flank stresses can be calculated by dividing 
the forces of Equations (5) by the flank area, assuming that the 
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straight lines drawn are fair approximations to the data. Hence 

the following results are obtained by arbitrarily choosing 1, = 
0.034 in: 

F, 695 — 485 ‘ 

71 A, ~ 00034 x 0.200 ~ 91000 Pst 


(6) 
N, 695 — 275 


"1-4, ~ 0.084 x 0.200 


= 62,000 psi 

It is seen from these results that ¢,, which is the average yield 
flow stress at the interface, is now roughly only one half of the 
magnitude of that encountered in the controlled tool-chip-contact- 
area experiments, Fig. 4. But this is as it should be because the 
chip is in a highly work-hardened state, while the workpiece sur- 
face is essentially in a virgin state. Hence the instantaneous flow 
stress required on the flank must have a magnitude in excess of the 
initial yield stress, but appreciably below that found in the chip. 
Referring to the compression properties of SAE 1112 steel as-re- 
ceived, given in Fig. 3, it is evident that the yield flow stress & at 
low strains should be of the order of 60,000 to 65,000 psi, which is 
in agreement with 3, in Equation (6). It is found, however, that 
T as calculated by Equation (4) would turn out to be &/+/3 = 
36,000 psi instead of 31,000 psi as given in Equation (6). The 
magnitude of the stresses appears to show that now the bulk area 
A, is slightly smaller than the apparent area A,. Hence the ex- 
perimental data seem to indicate that the friction processes for 
steel SAE 1112 on the tool face and on the flank area are es- 
sentially of identical nature. 

It is of interest to note that a second instability for all feeds 
occurs at all speeds at a flank wear land 1, = 0.030 in. This in- 
stability appears to affect mainly the normal force and is asso- 
ciated with sudden alternating increases and decreases of chip 
thickness as shown in Fig. 8. This phenomenon has not been ex- 
plained completely, but undoubtedly is due to a change in the 
friction mechanism at the flank, which affects the temperature 
and force system in the chip. It may be argued, for example, that 
rupturing of junctions is the primary process of friction before 
the point of instability is reached, which would result in only a 
nominal temperature rise in the workpiece surface. If suddenly 
a large number of junctions weld to the tool, due to a slight in- 
crease in temperature, it may result in a sudden shift of the shear 
mechanism from the junctions to a layer above the junctions, 
which in turn, could set off a series of events, such as inducing 
high surface temperature in the work piece, followed by a change 
in friction mechanism there, both of which would affect the shear- 
ing process and friction in the chip. 

In order to check whether or not the flat portion of the force 
versus flank contact-length relationship, shown in Fig. 5, may be 
due to some misalignment or tool distortion which could possibly 
cause the clearance angle to change a few minutes during cutting, 
the sintered-carbide tools were provided with negative wear-land- 
clearance angles x, of appreciable size, namely, —*/: and —1 deg. 
It was thought that this would insure forced contact at the 
flank. The results are given in Fig. 9 and it is seen that even the 
enforced ploughing of the metals at —*/:-deg negative clearance 
angle did not eliminate entirely the lack of abhorrence of the 
metal to frictional drag at small contact lengths. It is seen further 
that, as the angle increases to — 1 deg, the flat portion disappears, 
but that the slope of the force versus contact-length curves re- 
mains nearly the same, as indicated by the solid lines drawn at 
constant slope. This appears to indicate that, for steel SAE 1112 
under the conditions tested, ploughing, welding, and rupturing of 
asperities must be closely related to each other in friction proc 
esses of sliders at high normal pressures. 

Experiments similar to those just described were also carried 
out with alloy steel SAE 4135 in the as-received condition. The 
results are given in Figs. 10 to 13, inclusive. This material does not 
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Fig. 8 Photomicrograph of chip of steel SAE 1112, as-received, during 
instability when artificial flank wear land is longer than 0.030 in. 
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Fig.9 Horizontal and vertical tool forces and shear angle as function of 
length of artificial flank wear land for steel SAE 1112, as-received, for 
flank-wear-land clearance angles of 0, —1/2, and —1 deg 


differ too greatly from that of steel SAE 1112 in so far as the 
plastic-flow properties are concerned, but it lacks the excess of 
manganese sulfide which distinguishes the free-cutting steels from 
others in their performance during metal cutting. However, it 
is seen from the curves in Figs. 10 to 12, that this alloy exhibits a 
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Fig. 10 Horizontal and vertical tool forces and shear angle as function 
of length of artificial flank wear land for alloy steel SAE 4135, as- 
received; feed = 0.00275 in. 


number of important differences in behavior when compared with 
steel SAE 1112. These are (a) the intercept forces are higher for 
all speeds, (b) the discontinuities at low feeds seem to have dis- 
appeared, (c) the initial slopes of the Fy versus /, curves are much 
smaller, and (d) the shear angle increases rather than decreases, 
with increasing /, as was the case with steel SAE 1112. On the 
other hand, the instability in the normal force Fy at magnitudes 
of 1, = 0.030 in. still exists and the slopes of the Fy versus l, 
curves at larger values of /,; appear to be approximately the same 
although this trend is not as definite as it was with steel SAE 
1112. 

It is unfortunate that at this time not all of the foregoing ob- 
servations can be explained satisfactorily and, therefore, more 
work must be done before a clear-cut concept of the mechanism of 
flank friction will emerge. Nevertheless, some tentative ex- 
planations can be given at this time in order to attempt to clarify 
the differences in the behavior of the two steels. The fact that 
the intercept forces are higher with steel SAK 4135 than with 
steel SAE 1112 appears to be associated with the singular force at 
the cutting edge. It is seen in Fig. 14, for example, that the in- 
tercept forces for steel SAE 1112 at zero feed and 0-deg rake angle, 
which are associated with a tool-edge force, are nearly zero at a 
cutting speed of 384 fpm. In contrast to this, at a cutting speed 
of 1010 fpm, shown in Fig. 14, the forees are much larger and, 
obviously, cannot be ignored. 

It is thought that under certain conditions the flank might 
participate in giving added resistance to the tool-edge force in 
opposing tool motion, and thereby cause the intercept forces to 
be large. The magnitude of such forces would depend on the 
330 
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Fig. 11 Horizontal and vertical tool forces and shear angle as function 
of length of artificial flank wear land for alloy steel SAE 4135, as-re- 
ceived; feed = 0.00489 in. 


cutting condition and no precise estimate is available. One can 
get an order of magnitude, however, by noting the change in tool 
forces, shown in Fig. 15, when changing the flank-clearance angle 
for alloy steel SAE 4135 as-received from 3 to 1 deg. It appears 
that this increase must be due entirely to flank friction, possibly 
caused by rapid flank wear, welding of a built-up flank caused by 
wear particles, and rolling and ploughing of wear particles. In 
view of this, it appears reasonable to assume that the relatively 
small rise in Ff, with increasing |, for steel SAE 4135 as-received, 
at short artificial wear lengths, may be due to the fact that the 
flank near the tool edge already is in contact with the workpiece. 
Hence any added flank contact surface does not materially alter 
the tool forces until the contact length becomes appreciably 
longer. The fact that the slopes of the Fy versus l, curves 
at longer l, for the two steels tend to be the same gives credence 
to the hypothesis. 

The data discussed in the foregoing may also be used to inter- 
pret the role that manganese sulfide may play in the cutting 
process. It may be remembered that at all speeds with artificially 
controlled tool-face contact areas, the shear-flow stresses for free- 
cutting steel SAE 1112, shown in Fig. 4, were nearly equal to the 
theoretical values, assuming that the friction Equations (3) and 
(4) are applicable. The implication then is that the apparent area 
A, is nearly equal to the bulk area A,, and the low-shear-strength 
‘material in the inclusions of the free-cutting steel is ineffectual in 
overcoming friction. This is to say that the rubbing pair of tool 
and chip are in a range which Shaw, et al. [13] would describe as 
producing catastrophic wear. 

Inasmuch as the normal pressure in the chip must gradually 
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Fig. 12 Horizontal and vertical tool forces and shear angle as function 
of length of artificial flank wear land for alloy steel SAE 4135, as-re- 
ceived; feed = 0.00981 in. 
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Fig. 14 Cutting forces as function of feed for steel SAE 1112, as-re- 
ceived, at cutting speeds of 384 and 1010 fpm 


drop to zero downstream from the cutting edge, it must be as- 
sumed that a point will be reached where the normal pressure will 
be low enough that the manganese-sulfide film can no longer be 
ruptured. This would have the effect of decreasing the frictional 
drag to low values even though the normal pressure may still be 
of appreciable magnitude. Comparing this behavior with that of 
alloy steel SAE 4135 it could be reasoned that the chip-tool con- 
tact length for this alloy would be longer than that for free-cutting 
steel, since a natural antiwelding, low-shear-strength film is not 
present. Measurements on contact length have been made and 
seem to confirm the foregoing contention. Thus the effect 
would be that for alloy steel SAE 4135 the total contact length is 
longer, requiring that a greater normal force and a greater friction 
force be overcome. 
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Fig. 13 Horizontal and vertical tool forces and shear angle as function of 
lengths of artificial flank wear land for alloy steel SAE 4135, as-received, 
for flank wear-land clearance angles of 0, —1/2, and —1 deg 
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In the light of the foregoing argument, we might examine the 
effect of a preheated work surface as, for example, that preheating 
which is due to flank friction. For alloy steel SAE 4135 the effect 
would be that the shear-flow stress in the shear plane would be 
lowered tending to increase the shear-plane angle, while additional 
heating of the chip would possibly cause some decrease in friction 
on the tool face because of the fact that the metal in the tool-chip 
interface has a lower yield strength. It is possible that the net 
effect may be to raise the angle @ as observed in Fig. 10. When 
steel SAE 1112 enters the shear zone in a preheated condition, the 
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shear-flow stress would also tend to drop and the increased tem- 
perature would tend to soften the chip and hence lower the inter- 
facial yield point. This has the tendency to make more of the 
manganese-sulfide film ineffectual and hence allow the critical 
zone of severe friction to grow. As a consequence, the increased 
frictional resistance for reasons of equilibrium would demand a 
force system which would result in a lowering of the shear-plane 
angle. Thus the results in Fig. 5 may possibly be explained by 
the foregoing interactions. 


Conclusions 


1 Controlled tool-chip contact-area studies with free-cutting 
steels reveal that the friction process on the tool face seems to 
follow the composite rule of Holm, Bowden and Tabor, Ernst and 
Merchant, and Finnie and Shaw, namely, the normal load on the 
metal in the chip at the interface divided by bulk area of contact 
caused by seizure of asperities is equal to the mean bulk flow 
stress of the chip metal and the friction stress is approximately 
equal to the shear strength. Itwasfound further that the artificial 
area of contact approached the bulk area of contact. 

2 Controlled flank contact-area tests (artificial wear lands), 
like tool-chip contact areas, appear to be suitable for friction 
studies when the shear Angle is not affected by temperature rise 
in the workpiece surface. The foregoing composite rule also 
seemed to be applicable for steel SAE 1112 in the as-received con- 
dition. 

3 The single tool force inferred from intercept tool forces, 
named tool-edge force, as well as possible rubbing on the flank, 
made the results obtained with alloy SAE 4135 as-received in 
flank-area studies less lucid. However, the explanation that 
there is rubbing and therefore friction at the flank at small 
clearance angles appears to be confirmed by some of the experi- 
meital data. 
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A Critical Comparison of Metal-Cutting 
Theories With New Experimental Data 


The following alloys were investigated in orthogonal metal-cutting tests at varying cut- 
ting speeds, rake angles, and feeds: Steel SAE 1112 annealed and as-received; steel 
SAE 1020 as-received; steel SAE 4135, annealed, as-received, and Rockwell hard- 
nesses 27 and 35-37; aluminum alloy 2024-T4; aluminum alloy 6061 in the 0 and T6 
conditions; alpha brass. The new data obtained in the present investigation under wide 
variation of test conditions (speed for SAE 1112 annealed and as-received was varied 
from 0.083-1010 fpm) confirmed earlier observations [1, 3]* that the shearing stresses 
are independent of the test conditions investigated. These observations were supported 
by theoretical considerations. Correlation of metal-cutting data with compression data 
on the basis of the incremental or distortion-energy theory was good for the ductile metals. 
Less perfect correlation was observed with SAE steel 4135 and aluminum alloy 2024-T4. 
It was found further that none of the known theoretical angle relationships were in agree- 
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ment with all of the experimental data. 


I. SPITE of the considerable effort that research 
workers have expended in the past few years on metal-cutting 
research, the mechanics of this process are not fully understood. 
This is clearly a block in the road to improvement of the tech- 
nology of conventional metal-cutting ;rocesses or to the devel- 
opment of new methods for materials which are difficult to ma- 
chine. 

Hence, the present studies were undertaken for the purpose of 
shedding additional light on the understanding of the mechanics 
of metal cutting. In order to achieve this objective, it was 
thought advisable to concentrate the principal effort on the tests 
given here which were designed to augment previous findings 
{1, 2, 3] and to reveal the following: 


1 Effect of speed and structure on the shear stress in metal 
cutting. 

2 Correlation of shear properties in metal cutting with those 
obtained from static tests. 

3 Possible correlation of angle relationships with prevent 
theories. 


Experimental Procedure 


The tool materials employed in these orthogonal cutting tests 
consisted of only two types, in order to eliminate as much as pos- 
sible the effect of tool material on the cutting conditions. These 
materials were HSS 18-4-1 (Rex AA) high-speed-steel tools for 
the low speeds and sintered-carbide (K3H) tools for the higher 
speeds. All tools had °/;-in. square shanks and were reground 


1 This paper is taken in part from the report, ‘‘An Application of 
Plastic Flow Analysis to Orthogonal Metal Cutting,” Institute of 
Engineering Research, University of California, Series No. 117, Issue 


No. 2, May, 1959. The investigation was sponsored by the Machina-" 


bility Program located at Rock Island Arsenal under Contract 
DA-11-070-508-ORD-605 with the University of California. 

2 At present, Graduate Student in Mechanical Engineering, Uni- 
versity of California, Berkeley, Cal. 

3’ Numbers in brackets designate references at end of paper. 

Contributed by the Metal Processing Activity of the Production 
Engineering Division and presented at the Annual Meeting, Atlantic 
City, N. J., November 29-December 4, 1959, of To AMERICAN 
Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 
16,1959. Paper No. 59—A-131. 
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on their flanks on a universal tool grinder between each test run. 

The grinding wheels were cup-shaped and were selected with 
alundum and diamond abrasives for refinishing the high-speed- 
steel and sintered-carbide tools, respectively. In addition, the 
faces of these tools were also refinished between each test run by 
orienting the lay in the direction of chip flow to a roughness of 
5 microin. or better. This was accomplished by honing the faces 
of the high-speed steels with a hard synthetic Arkansas honing 
stone and those of the brazed sintered-carbide-tipped tools by 
lapping with a diamond abrasive (5000 mesh) and kerosene on a 
cast-iron lap. Each test run was of relatively short duration in 
order to reduce the effect of wear on the geometry of the cutting 
edge, but long enough to yield steady-state conditions. The 
length of these runs was of the order of from 10 to 20 revolutions 
of the workpiece. 

All chip ratios at high cutting speeds were calculated from 
weight-length measurements of selected chips. The previous 
method of calculating chip ratios by making length measure- 
ments of continuous chips and dividing these lengths into the 
undeformed original lengths when still attached to the workpiece 
no longer was suitable. This was due to the fact that it was 
inadvisable to provide the tubular test specimen with a longi- 
tudinal reference slot because of the propensity of the cutting 
edge of the sintered-carbide tools to break out. It was for this 
reason that a chip-cutting device was constructed for preparing 
fixed known lengths of chips in order to shorten the time required 
to perform weight-length determinations of chip ratios. This 
punch-and-die set was arranged in such a way that chip segments 
in the form of wedges were cut out which approximately fitted 
the tube curvature from which they were removed. It was, 
therefore, only necessary to collect 40 cut chips (a number arbi- 
trarily selected for all measurements) and to weigh these chips 
on a sensitive balance. The total center-line distance of 40 chips, 
with a die spacing of 0.2375 in., was 9.50 in. 

The low-speed tests which were made with SAE 1112 steels in 
the annealed and as-received state required a special drive and 
measuring setup. The American Pacemaker lathe, on which 
all tests were made, was provided with an auxiliary d-c drive, 
which permitted obtaining constant surface speeds as low as 
0.083 fpm. Some difficulties were encountered in obtaining con- 
tinuous feeds at the low spindle speeds, since the carriage ex- 
hibited a stick-slip action. This caused the force readings to 
fluctuate and the feed to become unsteady. After considerable 
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experimentation in attempting to eliminate this stick-slip action 
of the carriage, it was concluded that it was not possible without 
extensive modifications of the lathe. It was, therefore, decided 
to provide an event-marking system, by which the instantaneous 
chip ratios could be correlated with the corresponding dyna- 
mometer-force readings. This was accomplished by providing 
the test specimens with a number of shallow external grooves, 
which actuated a microswitch through a ball rider, without ap- 
parently affecting the metal-cutting action. A small applied 
voltage then gave a series of unequally spaced marks on the 
Sanborn recording tape together with the dynamometer-force 
readings, so that these events could be correlated. In addition, 
actual instantaneous carriage motions and tool-dynamometer 
deflections were used in order to determine the actual feeds. 
The chip ratios were then obtained by dividing the chip thick- 
nesses by the instantaneous feeds. 

The static properties of the test materials were obtained by 
compression tests of small specimens. The method consisted 
of preparing cylindrical specimens from the walls of the test 
specimens keeping the diameter-to-length ratio near one. The 
ends were provided with shallow spiral grooves in order to aid in 
lubrication. The compression tests were carried out in a die set 
having parallel polished anvils, which was mounted between 
head and platen of a hydraulic testing machine. In addition, 
microtension tests were performed for the four alloy steels, 
SAE-4135 metallurgical structures, steel SAE 1020, and alumi- 
num alloy 2024-T4, in order to compare the tension properties 
with compression properties. The tension test specimens had 
an initial diameter of approximately '/s in. All stresses were 
corrected for the combined stress effect after necking, by meas- 
uring the neck radius and applying the Bridgman [4] correction. 

The results of the present tests (these are in addition to those 
published earlier [1, 2, 3]) are given in Tables 1 to 5, inclusive. 
For reasons of economizing on space, the low-speed data obtained 
with the free-cutting steels are not given in tabular form. 


Table 1 


Work Material - Steel SAE 1112 As-Received 


Tool Material - HSS 18-4-1 (REX AA) (through 10 fpm) 


Sintered Carbide (K3H) 


Discussion of Results 


Shear Stresses. The resolved shearing forces F, for the alloys 
and test conditions reported earlier [1, 3] were found to be linear 
functions of the shear areas A, on which they acted. Fig. 1, by 
way of example, shows the results for all test conditions for steel 
SAE 1112 annealed and steel SAE 1112 as received, respectively. 
The intercept was always of finite magnitude and positive at 
zero A,. This was interpreted to mean that this intrecept force 
was not associated with shearing on the shear plane and con- 
tributed nothing to chip deformation. In the light of recent ex- 
periments, however, it seems (at least in part) that the intercept 
may be a singular force at the tool edge. This assumption was 
also made by Takeyama and Usui [5] and more recently by 
Vieregge [6]. The latter author likened the local force per unit 
area to a stagnation pressure at the edge of the tool, not unlike 
that occurring in a stream flowing past an obstacle. Assuming 
now that the intercept does not contribute to chip deformation 
on the shear plane, then the average shearing stress is given by, 


| ae 
= A, (1) 


where Fo is the shear force when A, = 0, and 7 is simply the 
slope of the straight line. It follows from this that the shearing 


Symbols used in Tables 1-5 
a = rake angle, deg 
F , = force component in direction of motion, lb 
Fy, = force component normal to direction of motion, lb 
to = feed, 1/1000 in. per revolution 
chip ratio 
wall thickness = initial width of chip, in. 
cutting speed, fpm 
flank clearance angle, deg 
shear angle, deg 


Cutting data 


Cutting Fluid - Air 


Outside Diameter of Tube 2,875" 
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Table 2 Cutting data 
Work Material - Steel SAE 1020 As-Received 


Tool Material - Sintered Carbide (K3H) 


Cutting Fluid - Air 


Outside Diameter of Tube - 2.875" 
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Table 3 Cutting date 


Work Material - Alloy Steel SAE 4135 Annealed (RB-81) 


Cutting Fluid - Air 


Tool Material - Sintered Carbide (K3H) Outside Diameter of Tube 3.947" 
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Fig. 1 Shear force as function of shear-plane area for steel SAE 1112 
references [1] and [3] 
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stresses for the test conditions investigated appear to be invariant. 

In consequence of the foregoing, it seemed of interest to ex- 
pand the range of cutting conditions in order to study further 
the behavior of the shearing stresses. This was done and the re- 
sults of the experiments are shown in Figs. 2 to 4, inclusive. For 
all alloys for which straight lines were previously established [1, 3], 
identical straight lines with the same slopes and intercepts were 
reproduced in these figures. For the additional alloys previously 
not tested, such as steel SAE 1020, Fig. 2, alloy steel SAE 4135 in 
the four metallurgical states, Fig. 3, and aluminum alloy 6061-0, 
Fig. 4, additional straight lines were drawn, which represent the 
best. curves through the experimental points. The magnitude 
of all slopes have been determined and are compiled in Table 6 as 
shear stresses. 

It appears worth while to appraise further the theoretical possi- 
bility of an invariant shear stress. This may be done profitably 
by examining possible theoretical strain rates. If it is assumed, 
for example, that the forward rate of heat flow is unable to alter 


NOVEMBER 1960 / 339 





Table 4 Cutting data 
Work Material - Aluminum Alloy 6061-0 Cutting Fluid - Air 


Tool Material - Sintered Carbide (K3H) Outside Diameter of Tube - 4.150" 
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Material - Aluminum Alloy 2024-T4 Cutting Fluid - Air 


Material - Sintered Carbide (K3H) Outside Diameter of Tube - 4.168" 
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Work Material - Aluminum Alloy 6061-T6 Cutting Fluid - Air 


Tool Material - Sintered Carbide (K3H) Outside Diameter of Tube - 4,150" 
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Work Material - Alloy Steel SAE 4135 As-Received (RC-18) Cutting Fluid - Air 


Tool Material - Sintered Carbide (K3H) Outside Diameter of Tube - 3,946" 
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Table 4 (continued) 


Material - Alloy Steel SAE 4135 (RC-26) 


Tool Material - Sintered Carbide (K3H) 


Cutting Fluid - Air 
Outside Diameter of Tube - 3.950" 





Run 
No. 


Ful Fo 


ct 
°o 


r 


c We 


& 


Vi®¢ 


Run 
No. 


Q 


Fy | Fy 


ot 
° 
eR 


V 


| We 





841 
849 
842 
850 
845 
853 
846 
854 
843 
851 
844 


0 |272 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
852/ 0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


268 
390 
382 
515 
515 
640 
630 
250 
258 
356 
370 
497 
478 
605 
625 
266 
378 
497 
615 


0.408 
0.415 
0.530 
0.531 
0.594 
0.589 
0.650 
0.650 
0.417 
0.411 
0.515 
0.511 
0.594 
0.611 
0.665 
0.655 
0.550 
0.642 
0.640 
0.885 
2.75/0.545 
4.89/0.612 
7.35/0.644 
9.81/0.686 


0.200. 
0.200 
0.200 
0.200 
0.200 
0.200 
0.200 
0,200 
0.200 
0,200 
0.200 
0.200 
0.200 
0.200 
0.200 
0.200 
0.201 
0.201 
0.201 
0.201 
0.200 
0.200 
0,200 
0.200 


334 
334 
334 
334 
334 
334 
334 
334 
334 
334 
334 
334 
334 
334 
334 
334 
540 
540 
540 
540 
540 
540 
540 
540 


22.2 
22.5 
27.9 
28.0 
30.7 
30.5 
33.0 
33.0 
22.6 
22.3 
27.2 
27.1 
30.7 
31.4 
33.6 
33.2 
28.8 
32.7 
32.6 
41.5 
28.6 
31.5 
32.8 
34.5 


218 
255 
245 
273 
272 
320 
295 
193 
203 
210 
220 
253 
238 
261 
270 
237 
250 
262 
275 
258 | 205 
378 | 226 
495 | 237 
598 | 251 


BWHWeSEDNINDBBHWHWBAQS 
moo 


COuarranoounw 


847 
855 
848 
856 
800 
802 
804 
806 
937 
938 
939 
940 


-81 
75 
.89 
7.35 
9.81 


PHWOOVNVA ENN OCONNH SHON 
































Re Ee ee eH WWWWWWWW RRR RR eee 


ol 





801 
803 
809 
805 
807 
808 
941 
942 
943 
944 
945 
946 
947 
948 
911 
915 
919 
912 
916 
920 
913 
917 
914 
918 


360 | 225 
215 
233 
220 


230 


0.586 
0.613 


540 
540 
540 
590 0.678 
0.666 
540 
540 
540 
540 


370 | 225 


244| 186 
192 
206 
226 
140 
148 


540 
540 
393 
393 
393 
393 
393 


ceoococoocoococecoeo 


587 
236 
233 
235 


317 
307 


126 
120 


393 


508/ 93 393 


93 
































OONWE BP aE HHH ONAN ONS HOON & DH 
. e 6's 

DBODOWWODONHNANDWBNDWeONBDWDWOOs) 
KK UanOOWOuUagreanurannaurrawoounw 
wee ee ee ee eH WWWWWWWWWWWWW 





Work Material - Alloy Steel SAE 4135 (RC-35-37) 
Tool Material - Sintered Carbide (K3H) 


Cutting Fluid - Air 


Outside Diameter of Tube - 3.942" 





Run 
No. 
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§32 
823 
833 
821 
834 
819A 
835 
825 
827 
824 
828 
822 
829 
830 
820 


268 
255 
395 
390 
525 
523 
655 
660 
255 
250 
378 
380 
510 
515 
515 
649 


2.75 
2.75 
4.89 
4.89 
7.35 
7.35 
9.81 
9,81 
2.75 
2.75 
4.89 
4.89 
7.35 
7.35 
7.35 
9.81 


0.618 
0.622 
0.743 
0.728 
0.760 
0.755 
0.783 
0.760 
0.606 
0.617 
0.724 
0.716 
0.789 
0.753 
0.760 
0.764 


0.200 
0.200 
0.200 
0.200 
0.200 
0.200 
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0.200 
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0.200 
0.200 
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0.200 
0.200 
0.200 
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334 
334 
334 
334 
334 
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250/162 
250/)175 
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360 | 187 
490 | 243 
228/101 
227| 98 
313| 77 
320; 82 
428) 88 
410} 56 


9.81 
2.75 
2.75 
4.89 
4.89 
2.75 
4.89 
4.89 
7.35 
2.75 
2.75 
4.89 
4.89 
7.35 
7.35 


0.771 
0.700 
0.709 
0.754 
0.756 
0.688 
0.754 
0.772 
0.796 
0.623 
0.628 
0.732 
0.732 
0.800 
0.807 
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0.200 
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33.5 
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46.1 
46.4 
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significantly the temperature of the metal flowing toward the 
shear zone, then it may be assumed that plastic deformation 
begins with a metal at or near the workpiece temperature. This 
temperature in the present case was room temperature. It must 
be admitted, then, that it is impossible for thermal fluctuations 
to assist greatly in the movement of dislocations over barriers. 
This was precisely the argument that was advanced previously 
[1, 3] which appeared to give a satisfactory explanation. Good 
support for this is given by Cottrell [7] who would estimate under 
these conditions that the applied shear stress must exceed the 
internal shear stress in order that rapid plastic deformation be 
initiated. Cottrell visualizes the internal-stress field as an 
undulating one due to such effects as work-hardening, precipi- 
tation-hardening, and grain boundaries. It appears, therefore, 
that the initiation of plastic deformation under these isothermal 
conditions depends only on the metallurgical structure of the 
alloy. 
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It may next be asked if the expected possible isothermal strain 
rate €, is high enough to exceed the actual or required shear- 
strain rate €, in metal cutting; for if this were not the case, the 
possible shear-strain rate €, would tend to lag behind the required 
rateé,. Since this condition from consideration of continuity can- 
not exist, it must be assumed that a higher applied stress is 
necessary to speed up the process. Thus an increasing stress 
would be required, whenever 

é, > €, (2) 
at the same internal state of stress and initial test condition. 
In order to test this relationship we may make comparisons 
with published data. Thus for metal cutting the strain rates 
€, appear to be estimated to vary from about 10? to 10° per 
second [1]. In order to compare this with a possible strain rate 
é, of the metal, we might again consult Cottrell [7]. This author 
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Table 5 Cutting data 
Work Material - Alpha Brass Cutting Fluid - Air 


Tool Material - Sintered Carbide (K3H) Outside Diameter of Tube - 3.486" 
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Fig. 2 Shear force as function of shear-plane area for steel SAE 1112 and steel SAE 1020. Data 
Tables 1 and 2 and Fig. 1. 
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Fig. 3 Shear force as function of shear plane area for alloy steel SAE Fig. 4 Shear force as function of shear plane area for aluminum alloys 
4135. Data from Table 3. and dlpha-brass. Data from Tables 4 and 5. 
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Table 6 Shear stresses from metal-cuiting tests 


Shear 
stress, 
Condition psi 

Annealed 60500 

As-received 63500 
(cold-finished ) 

As-received 61500 
(cold-finished ) 

Annealed 81500 

As-received RC-18 84500 

96700 

102500 


Speed 
range, 
fpm 
0 083-1010 
0.083-1010 


384-1010 


Material 
Steel SAE 1112.... 
Steel SAE 1112.... 


Steel SAE 1020.... 


Steel SAE 4135.... 
Steel SAE 4135.... 


Steel SAE 4135.... 
Steel SAE 4135... 


334-540 
334-540 


334-540 
334-540 


2200 
1350-2200 
2200 


2000 


(cold-finished ) 
C-27 


(heat-treated) 
RC-35 to 37 

(heat-treated) 
Extruded 
Extruded 
Extruded 
As-received 

( cold-drawn) 


20500 
: 34200 
Alpha-brass..... .. 50600 


estimates a strain rate for a so-called glissile dislocation by the 
following equation: 


é, = pb (3) 


where p is the number of dislocations per unit area moving at 
velocity v, and b is the unit of slip associated with the dislocation 
(usually one atomic spacing). The estimated values are 


p = 10 to 108 per sq cm 
v = 10° cm per sec 
b =3 xX 10-*cm 


hence €, = 3 X 10° to 3 X 10° per sec. Whence it is apparent 
that €, and é, are of about the same order of magnitude and that 
a rapid strain rate without a further rise in stress is possible. 
Furthermore, Cottrell estimates that after a time of 10~* to 10-* 
sec, the rate of plastic strain increases rapidly with the multiplica- 
tion of dislocations. It may be implied also from examining 
Equation (2) that supercutting speeds will affect the shear stresses 
only then when the inequality €, > €, exists. 

For the very low metal-cutting speeds employed in the present 
investigation, the deformation process also appears to be iso- 
thermal, at least when considering the bulk of the material. 
There appeared to be no noticeable rise in temperature in the 
metal-cutting zone, even though the strain rates were still of the 
order of possibly 10? per second or greater. Thus all heat energy 
was dissipated away from the shear zone and the bulk flow was 
isothermal. This does not preclude, however, that catastrophic 
plastic slip could have occurred (with a local rise in temperature) 
as has been observed by Basinski [8] in aluminum at very low 
test temperatures and low speeds, if one accepts the fact that 
deformation in metal cutting is intermittent. It appears from 
the fact, however, that the shear stresses in metal cutting at 
these low speeds (which are still of the order of impact speeds 
with ordinary test methods) remain constant, that no appreciable 
contribution from thermal fluctuations can be present in aiding 
dislocations to overcome barriers. Hence, at the low cutting 
speeds as well as those of intermediate magnitude, the internal 
stress field also appears to be the major factor in determining the 
flow condition. Thus for conventional metal-cutting speeds, 
the dynamic shear stress must be regarded as constant. A simi- 
lar conclusion was reached by Chao and Trigger [9], who regard 
the dynamic shear stress as a fundamental property of the 
material. 

Correlation With Static Properties. It was shown previously [1, 3] 
that the correlation of metal-cutting data with static properties was 
good. Hence, a similar comparison will be made in this section 
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for the additional data now available. However, it will be of 
benefit at this point to review the theories of plastic deformation 
which make a comparison of results possible for data obtained 
with different test methods. 

Apparently the most logical theory for relating plastic strains 
to stresses is the incremental theory, also referred to as the dis- 
tortion-energy theory. This theory asserts that incremental 
plastic strains are proportional to deviator stresses. Hence, let 
the equations to follow be the accepted plasticity equations: 


dé dé 
de, = ‘Ane (o, + P); dy zy =3 7 Tey 


a 


dz 
de, - hh (a, + p); dV ys =3 3 Ty: (4) 


dé dé 
de, = As (o, +p); dy, =3 ~ Pe 


where the symbols have the following meaning: 


de,, de,, dé, = incremental normal strain com- 
ponents in the z, y, z-co-ordinate 
directions, associated with the 
normal stress components 
o,, T,, ¢, = normal stress components, psi 
dy, TV ys, TY. = incremental shear-strain compo- 
nents in plane normal to first sub- 
script and in direction of second 
Tzy) Ty) Tez = Shear-stress components, psi 
p = —'/(o, + o, + o,) = mean hydrostatic pressure, psi 


v [‘“: si o,)? + (a, a g,)? + (¢, a o,)? 
2 





V/s 
+ 3(rey? + Ty,? + ra] 


= effective stress; it is proportional 
to the invariant of the deviatorial 
stress tensor; it is also the root- 
mean-square of shearing stresses, 
psi 
Panag |“ — de,)? + (de, — de,)? + (de, — de,)* 
2 





/a 
+ */(dy2,? i dy,,° 2 1.) | 


= effective incremental strain 


The quantity dé/é is also known as the plasticity modulus and 
relates stresses to strains not unlike Young’s modulus in Hooke’s 
law, except for the fact that the strains are strain increments and 
not small strains. The plasticity modulus dé/é is not a constant 
and depends on the state of work-hardening. Furthermore, 
total or finite strains can be constructed from the incremental 
strains of Equations (4) by the process of integration only as long 
as the strain or stress path is known. In the case of a simple 
stress path, as for instance in a simple tension test, when all 
stresses are equal to zero except one, Equations (4) can readily 
be evaluated. Let x be the axial direction in a tension test, then 
o, is the tension stress itself. Hence & reduces to o, and the 
deviatorial stress o, + p reduces to */;0,. Substituting these 
into the first one of Equations (4) yields, 


de, = dé, or €, = ~ 
and similarly for second and third 
de, = —'/.dé, or €, = —1/28 
de, = — /2dé, or €, = —"/28 


while the remaining are zero. 
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Thus in a tension test, the effective stress-effective strain curve 
is the same as the true stress-true strain or natural-strain curve in 
tension. A diagrammatic & versus é curve is shown in Fig. 5. 
The effective strain is assumed to be only the plastic strain, 
thereby ignoring the elastic contribution as being negligible ex- 
cept when spring-back determinations become important. 
Hence, in the region of uniform stressing below the maximum 
load (up to tensile strength) the axial finite strain €, or é is cal- 
culated by the natural logarithm of the ratio of final gage length 
l to initial gage length h; ie., € = In (l/lo). After necking, uni- 
form deformation ceases to exist and € can no longer be calculated 
by In (l/l). However, the ratio of initial and final diameters can 
now be used because of the constant volume relationship 1/l) = 
(D,/D)*. Thus, € = 2 In (Do/D) after necking. When yielding 
first begins, € = 0 and & = gp is equal to the yield strength in 
tension. As loading continues the & versus é curve is traced as 
given in Fig. 5. Each point on this curve is then associated 
with a definite value of & and é. 
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FRACTURE 


| 
| 
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| 
| 
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| 
| 
| 
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OEFORMATION DEFORMATION 
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| | 





€ 
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Fig. 5 Schematic sketch of a typical tensile effective stress-effective 
strain curve 


It is important to realize that, at the instant when the maxi- 
mum load is exceeded, the specimen begins to neck and a com- 
bined state of stress is initiated in the minimum section of the 
bar. Asa matter of fact, continued straining will now only affect 
the necked region since the remainder of the test bar will no 
longer deform plastically. In order to calculate a true stress 
& beyond the maximum load, it will not be possible to obtain it 
simply by dividing the load by the instantaneous minimum area 
in the neck. Bridgman [4] has shown, however, that a simple 
correction may be made in order to calculate the stress at the 
surface, providing the radius R of the neck contour is known. 
Thus, if Z is the axial load, then 


e-— : , (6) 


mr? R r 
ee tS Pee 
TAS n( +z) 
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in which it is assumed that the stress gradient will not affect the 
flow condition and that continued yielding will only take place 
when the surface stress & is at the yield condition. 

The amount of plastic work per unit volume at any particular 
strain é is given by the area under the curve, or 


w= f, adi, (7) 


which is also called the specific energy. It is easy to see that 
the & versus é curve is the trace of loci of instantaneous yield 
conditions and that at each locus &, é, and w have a definite 
value. The important assumption in the theory is that, no 
matter in what manner a given state point is reached, the amount 
of specific energy required is always the same. Hence, the state 
of work-hardening is the same. This, of course, presupposes 
that the material is isotropic at all times. It is, however, well 
known that actual metals are not perfect in this respect and that 
they do actually exhibit various degrees of anisotropy depending 
on the deformation path and extent. It was found, for example, 
by Thomsen, et al. [10] that the correspondence among data 
obtained with compression, corrected tension, and torsion was 
fair for ductile aluminum alloys but poor for harder aluminum 
alloys. Hence any comparison that is to be made with metal- 
cutting data will be subject to these nonideal variations. 

In order to relate the metal-cutting data to the & versus é 
curve, it is necessary to assume a reasonable state of stress in the 
shear zone. The most likely one is that a maximum shearing 
stress exists on the shear plane and that the normal stresses 
are of equal magnitude; ie.,-—o, = —o, = —o, = p. Hence 
a state of hydrostatic pressure exists on the shear plane and the 
deviator stresses 0, + p = o, +p =o, +p = 0. Conse- 
quently, the three increments of the normal strain components 
of Equations (4) reduce to zero. Inasmuch as the z-direction 
may be assumed to coincide with the width direction and is a 
principal direction, therefore, 7,, = 7,, = 0 and only the shearing 
stress T,, Temains as a nonzero shear stress. Hence, Equations 
(4) reduce to 


dé 
dV zy = 3 6. Tey 


If the effective stress is now evaluated under the foregoing con- 
ditions, then ¢ = +/3 7,, and substituting and integrating results 
in 
¢= 1%, when & = V3 (8) 
é V3? when Tas 
It is clear now that ideally the specific energy in a tension test 
(or compression test) would yield the same state of work-harden- 


ing in a static metal-cutting test (carried out infinitely slowly), 
whenever 


€ e ‘Yev dy, Yu 
oa f. ode = f, Vir ee = i tele, (9) 


where the strains and stresses are related by Equations (4). 
In view of the fact that anisotropy may develop during deforma- 
tion and because of the fact that the state of stress is simplified 
and does not hold at the intersection of the shear plane with the 
surfaces of the workpiece being machined, perfect agreement 
cannot be expected. 

The foregoing theory was first applied to metal-cutting data 
by Lapsley, Grassi, and Thomsen [11]. These authors found 
that their correlation with tensile data was moderately successful, 
in spite of the fact that an intercept correction, as discussed earlier, 
was not applied. Marshall and Shaw [12] recognizing defi- 
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ciency in the correlation proposed that, on the basis of repre- 
senting the state of stress and of small strain by Mohr’s circle, 
a better correlation could be achieved. This artifice, however, 
is not necessary, for the relationship used by Marshall and 
Shaw can be obtained directly from the plasticity Equations (4) 
by merely assuming that the effective stress under certain cir- 
cumstances may have a different value. It is well known that 
for certain materials the maximum shear stress is a better cri- 
terion than the effective stress obtained from the distortion- 
energy theory. It is generally believed, for example, that the 
distortion-energy theory fits better for ductile metals, while the 
maximum-shear-stress theory tends to give better agreement 
with brittle materials. Thus substituting ¢ = 2r7,, in the fourth 
equation and integrating yields y,, = */:%. Hence the two 
criteria become: 


1 Distortion-energy theory ) 


a Y 
= V3 Ts, €= V3 


2 Maximum-shear-stress theory 





¢= 2T ey) j= */3 Yay J 


It is to be noted that hypothesis 2 for the same shearing 
stress and strain would yield an increased specific energy over 
that of hypothesis 1. 

Fig. 6 shows, superimposed on the compression stress-strain 
curves for steel SAE 4135, the data points of tension tests to which 
the Bridgman correction, after the initiation of necking, was 
applied. During the tests the instantaneous neck-contour 
diameters were obtained together with the neck diameter by 
fitting a cone to the neck surface in a manner similar to that 
reported by Marshall and Shaw [12]. It is at once evident that 
agreement is good but not perfect. However, inasmuch as the 
deviation occurs at small strains, the choice of one test over the 
other would result in little or no error. Fig. 7 shows comparison 
of tension with compression data for mild steel and an aircraft 
aluminum alloy. 

Before discussing the experimental metal-cutting data points 
in the light of the plastic-flow theory, we may examine the several 
possibilities for correlation. On account of what has been said 


earlier about the possible mechanism at high rates of strain in 
metal cutting, it is not likely that the stress rises during straining 
in accordance with the assumed stress-strain curve fg of Fig. 
&(a). In fact it is much more likely that the path ag would repre- 
sent the actual sequence of events and hence the specific energy 
would be A: + Az = 7,72, rather than 


Ye" 
A= fi TaylVey 


Thus, if the point g represents a metal-cutting data point which 
correlates with the property test, then the work of deformation 
between metal cutting and the static tension test are not the 
same. Bastien and Weisz (13] suggest that correlation is 
achieved by comparing specific energies, which would demand 
in the present case that point g fall above the static-test curve 
for the same strain. It also may be noted that if the correlation 
were based on the maximum-shear-stress theory, the metal- 
cutting data point would be at h. If correlation is to be achieved, 
therefore, it will be necessary that the stress-strain curve be that 
given by th. In the sketch of Fig. 8(b) is given a comparison of 
the dynamic energy based on areas equivalent to A, + A:forevery 
&, while the static curve is the area under the stress-strain curve. 
A similar comparison is made in Fig. 8(c) in terms of stresses, 
and it is to be noted that there is essentially no difference in the 
representation of these two energies in Figs. 8(b) and 8(c). 

The experimental data points for all test conditions investi- 
gated, Tables 1 to 5, are plotted on the & and é logarithmic co- 
ordinates based on hypothesis 1; i.e., the distortion-energy 
principle 


¢=</3r,, and é= 


Yey 
V3 


in Figs. 9 to 11, inclusive. All experimental data were corrected 
by subtracting the intercept values from the F, versus A, curves 
for the particular alloy in question. It is seen that the correla- 
tion with & for approximately the same strain é is good for the 
free-cutting steel SAE 1112, annealed, as-received, and steel 
SAE 1020 as-received, Fig. 9, and for aluminum alloy 6061-0, 
6061-T6, and alpha-brass, Fig. 11. It is to be noted that the 
materials which were tested previously at intermediate speeds 
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Fig. 6 Compression and corrected tension effective siress-effective strain data for steel SAE 4135. 


Bridgman correction applied to tension test data. 


Journal of Engineering for Industry 


NOVEMBER 1960 / 34] 





METAL CUTTING COMPRESSION & TENSION TESTS 
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Fig. 7 Compression and corrected tension effective stress-effective strain data for steel SAE 1020 
as-received and aluminum alloy 2024-T4 
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Correlation of metal-cutting data with compression test data for aluminum alloys and alpha- 


brass based on the distortion-energy theory. Data from Tables 4 and 5. 


[1, 3] show the same good correlation as those presently under 
discussion. All four metallurgical structures of alloy steel SAE 
4135, however, yield data points which fall below the & versus é 
curve in varying degrees, Fig. 10. It is seen that the correla- 
tion becomes increasingly poorer as the hardness of the alloy 
increases. Similar imperfect correlation is found with 2024-T4 
aluminum alloy shown in Fig. 11. 

The imperfect correlation, however, does not imply that the 
maximum-shear-stress theory is now applicable. Referring to 
Fig. 12, it is seen that using the maximum-shear-stress criterion 
for plastic flow, ie., ¢ = 27,, and @ = */y7,,, does not completely 
cure all evils. As a matter of fact, fora reasonably ductile metal, 
as for example steel SAE 1112 as-received, shown in the same 
figure, the correlation is definitely poorer when the maximum- 
shear-stress criterion is applied. It is also of interest to note 
that a graphical representation, in terms of energies suggested 
by Bastien and Weisz [13], Fig. 8(b), gives no different correla- 
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tion than that by comparing @ in tension with +/3 7,, in metal 
cutting for the same strain. An example of this type of pres- 
entation is shown in Fig. 13 for steel SAE 1112 as-received for 
the several test conditions investigated. It is seen that correla- 
tion is with the dynamic curve rather than the static curve 
which simply means that @ in tension correlates with 1/3 Tz, in 
metal cutting. 

Angle Relationships. The functional angle relationship between 
a (rake angle), 8 (friction angle) and @ (shear-plane angle) were 
critically reviewed previously [1, 2] and it was found that none 
of the proposed solutions found in the literature was in agreement 
with all of the experimental data. With the additional data now 
available, it will be of interest to make further comparisons and 
if possible to eliminate solutions which fail to yield reasonable 
correlation. 

It was pointed out by Bishop and McDougall [14] that the 
Ernst and Merchant [15] and the Lee and Shaffer [16] solutions 
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were theoretically not entirely acceptable and that the minimum- 
force principle may not be valid under all conditions. It was 
pointed out further by Hill [17] that these investigators did not 
examine the entire state of stress in all of the metal-cutting region 
and, in trying to derive a unique solution, indeed obtained only 
a partial solution. This in itself, however, is insufficient to in- 
validate these solutions since partial solutions are used in other 
metal-working problems and often give good approximations 
to practice. 

In using Hill’s [18] limit theorem applicable to an ideal plastic 
metal [14, 17], it was shown that the partial solutions which were 
obtained were only the so-called upper-bound solutions for a 
nonwork-hardening body. The upper-bound solution here 
means that the state of stress in any portion of the metal is such 
that the yield-point load is not exceeded. Inasmuch as both the 
Ernst and Merchant and the Lee and Shaffer solutions are 
upper-bound solutions, the limit theorem states that the one 
which gives the greater yield-point load must be rejected. If 
the two solutions are compared by superposition for a particular 
rake angle and friction angle, as given in Fig. 14, it is seen that 
two different configurations are obtained. Bishop and Mc- 
Dougall [14] and Pugh [19] have discussed this situation and 
state that neither one of the solutions can be rejected on the 
basis of yield-point load, since neither one has been found to be 
applicable from the inception of cutting. Thus, in spite of the 
fact that the Ernst and Merchant solution would give a better 
upper-bound solution, the Lee and Shaffer solution cannot be 
rejected by the limit theorem alone. 

Now the solution which examines the whole state of stress in 
the chip and workpiece, assuming that the metal outside of the 
plastic zone is perfectly rigid while in the plastic zone nowhere 
the yield criterion is violated, would be called a lower-bound 
solution. Bishop and McDougall [14] obtained such a solution, 
which must agree with the upper-bound solution for a possible 
steady-state solution. Inasmuch as the range of initial condi- 
tions from which this steady-state solution was constructed is 
not known, however, the final steady-state solution cannot be 
determined precisely. Thus all that can be said now is that a 
lower-bound solution of the type of Bishop and McDougall [14] 
is a possible one, but the actual mode of deformation cannot be 
determined by theory alone. 

Inasmuch as the range of permissible steady-state solutions 
encloses areas on a graph of ¢ as function of B — «a, it appears 
that the applicability of the ideal-plastic-solid solutions can be 
tested. Thus, if the experimental data points fall outside of this 
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permissible area, then the yield condition is violated and it must 
be assumed that either the actual metal does not behave like the 
ideal metal or the model used for analyzing the mechanics of 
metal cutting is incorrect. This examination was made re- 
cently [1, 2, 20] and it was found that some data points fell out- 
side of the permissible area. Also Pugh [19] has examined this 
and finds that the agreement of experiment with theory is poor 
when all of the limiting conditions are considered. Hence it will 
be of benefit to examine the present data also with the permissible 
area, 

Fig. 15 shows the permissible area in which all data points 
must lie in order that the metal at the singularities given by the 
apex of the angles 6, y, @ at the end of the shear plane are not 


overstressed. This permissible area is bounded by the Lee 
and Shaffer solution in the range of 0 Z B — a Z 45 deg, while 
in the range of 8 — a < 0 it is very closely bounded by the Ernst 
and Merchant solution. The other boundaries are given by the 
magnitudes of 8 and a and the extent of the area reduces as 8 and 
a increase. 

The low-speed data points for steel SAE 1112 in the annealed 
and as-received condition for a = 40 and 25 deg are given in 
Fig. 16. It is seen that many of the data points fall below the 
limit line given by the overstressing of angle y. As the cutting 
speed increases and the rake angle decreases, the data points 
tend to fall outside the limiting line given by the condition of 
overstressing angle 0. ~- This tendency is shown in Fig. 17 for 
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several alloys. It is seen that all data points of all metallurgical 
structures of steel SAE 4135 examined in this investigation fall 
beyond the permissible range. Hence it must be concluded, as 
stated before, that either the ideal-plastic solid or the model 
representing the metal-cutting process (or both) are perhaps 
not valid assumptions. 


Conclusions 


1 For all alloys and test conditions, shearing forces F, were 
linear functions of the shear-plane areas A, on which they acted 
All experimental points for each alloy fell on a single line, whose 
slope was expressed as the shear strength. Hence the shear 
stresses were constant for the following materials: Steel SAE 
1112 annealed and as-received, steel SAE 1020 as-received, steel 
SAE 4135 in four structural states, aluminum alloy 2024-T4, 
aluminum alloy 6061-0 and 6061-T6, and alpha-brass. 

2 It was shown that it is theoretically possible to have the 
same constant shear stress at high as well as at low speeds. The 
speed range for steel SAE 1112 was from 0.083 to 1010 fpm; for 
the other alloys a somewhat smaller speed range was employed. 

3 All previously determined shear stresses which were re- 
ported to Rock Island Arsenal [1] were found to be identical to 
those found in this investigation using extended test ranges 
The only exception is steel SAE 1112 annealed, where an in- 
significant change of slope of F, versus A, was made in order to 
improve correlation. 

4 Correlation of plastic-flow properties with metal-cutting 
data was good for the ductile alloys, similar to the results re- 
ported earlier [1]. Steel SAE 4135 in the four metallurgical 
states as well as aluminum alloy 2024-T4, however, showed a 
less perfect correlation. 

5 The three important theoretical angle relationships of 
Ernst and Merchant, Lee and Shaffer, and Hill, were found to 
be in incomplete agreement with the data presented in this 
paper. 
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Introduction 


New Developments in the Theory of the 
Metal-Cutting Process 


Part |. The Ploughing Process in 
Metal Cutting 


Revelation of the significance of ‘ploughing’ in the metal-cutting process, which 
occurs because of the finite sharpness of the cutting edge, leads to a better understanding 
of the mechanics of the metal-cutting process. The concept of the ploughing force on the 
extreme cutting edge allows the development of a more complete force diagram which 
separates the ploughing force from the chip-tool interface force. Components of this 
more detailed force diagram have been verified experimentally. In terms of the new 
force diagram the real value of the coefficient of friction on the chip-tool interface has 
been found and the paradox of variation of the coefficient of friction with variation of 
rake angle explained. f 

The paper also contributes to a better understanding of such events as the effect of 


cutting velocity upon tool forces, built-up edge, chip curling, and residual stresses in the 
work surfaces. 


clarifies to a great extent the mechanics of the metal-cutting 
process, unexplained dark corners remain. 


Theory of Metal-Cutting Process. The theory of the metal-cutting 
process has been considerably developed since the end of the last 
century. The principal mechanism in chip formation has been 
recognized to be a shearing process taking place along a shear 
plane in the work material. By the shearing action the work 
material is plastically deformed and separated from the work- 
piece. Usually the thickness of the chip is more than the ‘‘thick- 
ness of bite.’’ In order to produce such plastic deformation of the 
metal considerable forces are required. These forces acting be- 
tween the cutting tool and work material are shown in the force 
diagram, Fig. 1. Although the theory, as it is presently known, 
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Nomenclature— 


To name a few such instances, we may note here that the co- 
efficient of friction on the chip-tool interface has usually been 
found to be rather high compared with values found by direct 
experiment on surfaces having contaminating films. Further, this 
coefficient of friction, as given by the theory, has a peculiar prop- 
erty, i.e., to vary with changing tool geometry. The chip-tool 
coefficient of friction increases, namely, with increasing rake 
angle of the cutter. These and other unexplained results have 
expressed the need for research and further development of the 
theory of the metal-cutting process. 

Because it was felt by the author that the theory of the metal- 
cutting process based on the analytical description of the shear- 
ing process alone had reached its maximum development, it was 
hoped that further progress could be achieved by introducing into 
the theory some other mechanisms which may be present in the 
metal-cutting process and which, together with shearing, affect its 
behavior. Generally, the metal-cutting process, as well as any 





Variables of tool shape (for the orthogonal w = 

cutting process) 
r = sharpness radius, which gives mag- 
nitude of sharpness rounding of 
cutting edge A= 

effective sharpness radius, which 
accounts for change of sharpness 
rounding due to presence of the 
built-up edge 

rake angle 

included angle of cutting edge 


n= 


Tool Forces 
a= 
6 = 

Dimensions of Cut 
t; = thickness of uncut chip 


tz = thickness of chip after its separation 
from the work 


force) 


motion) 
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width of cut in orthogonal cutting 


Ratios of Cutting Process 

t,/t2 = chip thickness ratio 

r/t, or r.,/t, = ploughing ratio, for 
cutting process without or with 
built-up edge 


resultant tool force (or briefly tool 


cutting force (component of R in 
direction of tool motion) 

thrust force (component of R per- 
pendicular to direction of tool 


main ploughing force or chip 
ploughing force at extreme cut- 
ting edge 
component of force P in direction 
of tool motion 
component of force P perpendicu- 
lar to direction of tool motion 
= normal component of force P 
friction component of force P 
= component of ploughing force 
polygon which takes part in 
shearing 
tool face force 
(Continued on next page) 
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a a ~/--—-—- a | 
Fig. 1 Conventional force diagram of orthogonal cutting processes 


other physical event, can be expected to depend on a number of 
factors which will affect it to different degrees, as is symbolically 
shown in Fig. 2. The main factor in the metal-cutting process 
has been recognized as the shearing process in chip formation. 
Now, as a second mechanism taking place in metal cutting, the 
ploughing process is suggested here, the description of which and 
introduction into the theory of metal cutting is the purpose of 
this paper. 

It will be shown in this paper that, by taking into account 
ploughing, metal-cutting theory is given more power to explain 
experimental results which are virtually impossible to interpret 
when the influence of this factor is omitted. For this reason 
ploughing is believed to be the number two mechanism in metal 
cutting and introduction of it into the theory makes the analytical 
model of the metal-cutting process more dependable in prediction 
and more powerful in explanation of experimental results. 

Sharpness of Metal-Cutting Tools. The sharpness of metal-cutting 
tools should be discussed briefly at this point because it will be an 
essential ingredient of the theory developed in the main part of 
this paper. Often tool sharpness in metal cutting is associated 
with tool wear. Thus if the flank or crater wear of a cutting tool 
is in an advanced stage the tool is often described as blunt or dull. 
In this paper, the term sharpness will be understood to define 
the very small rounding of the extreme cutting edge, the tiny 
approximately cylindrical surface connecting tool-flank and tool- 
face surfaces. 

This small cylindrical surface is developed on the cutting edge 
during the grinding process of the cutting tool. The way in which 
it happens is illustrated in Fig. 3(a). As the grinding wheel works 
along the tool face or tool flank, the tiny particles of tool material 
will break off at the extreme edge where the edge is so thin that 


Nomenclature 
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Fig. 2 Significance of various factors to a physical event 


EXTREME EDGE OF THE TOOL 


CROSS SECTION THROUGH 
THE CUTTING EDGE 


it] 


Fig. 3(a) In grinding of a cutter the wheel breaks off small particles at 
the extreme edge. This results in a rounded surface between the flank 
and face of a tool. (b) The radius r of the circle approximating the cross 
section of the rounded extreme edge is a measure of the sharpness of the 
cutting edge. The included angle 6 of the cutting edge is also shown. 


the material cannot stand the impact of grinding-wheel grains. 
This leads to a rounded surface as shown in Fig. 3. It should be 
noted here that the grinding wheel does not generate the rounded 
surface and its surface finish can be expected to be much rougher 
than those of the surfaces which were produced by the grinding 
wheel directly. 

The cross section of this rounding would be a curve which can 
be very well approximated by a segment of a circle as shown in 
Fig. 3(b). The radius r of such a circle gives the magnitude of 
the rounding and thus can be adopted as a measure of the sharp- 
ness of the tool. The magnitude of the radius characterizing the 
tool sharpness depends on a number of factors such as tool ma- 
terial, method of grinding, and some others. 





= component of force Q in direction 
of tool motion 
component of force Q perpendicu- 
lar to direction of tool motion 
normal component of force Q 
frictional component of force Q 
component of Q in direction of 
shear force S, 8 
= work ploughing force. This force S, 
can be resolved into compo- 
nents in a way similar to force P 
yielding the components P,’, 
Py’, P,', and P,’ 
land force; force on the wear land 
of the tool flank 


force L 


Shear Plane Position 
@ = shear angle 
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component of force L in direction 
of tool motion, or frictional com- 
ponent of force L 

component of force L perpendicu- 
lar to direction of tool motion, 
or normal component of the 


total force on shear plane 
component of S in direction of 
shearing at shear plane 


Workpiece Material Properties 
T, = mean shear stress on shear plane 


Coefficients of Friction and Friction Angles 
Be = Q,/Q, = tan Tg = coefficient of 
friction on chip-tool interface 
Tq = friction angle corresponding to co- 
efficient of friction ug 
= P,/P, = tan t, = coefficient of 
friction on sharpness rounding of 
cutting edge 
friction angle corresponding to co- 
efficient of friction 4 
L,/I, = tan tT, = coefficient of 
friction on wear land of tool 
flank 
friction angle corresponding to co- 
efficient u, 
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Without going into all the details of the properties of tool 
sharpness, it should be mentioned that the radius r depends on 
the included angle 6 shown in Fig. 3(b). In order to describe 
the way in which r depends on 6 certain points of the func- 
tion r = r(6) are defined as follows: Taking the first extreme 
when the included angle 6 = 0 we see that for such an imaginary 
situation the only possible value of radius r will also be zero. 
Thus we have one point of the function r = r(6) which is at (0, 0) 
in Fig. 4. Taking the other extreme of included angle, 6 = 180 
deg, we see that the radius r will be infinity in this case, so that 
the second point would be (180 deg, ~). We can extend in a 
_ similar way this discussion of the function r = r(6) into the region 
of negative sharpness, that is for values of included angle greater 
than 180 deg. Results of the whole discussion are given in Fig. 4. 
The character of the graph indicates that the function r = r(6) 
may be approximated by the analytical expression r = a tan” (6/2) 
where a and n are parameters which determine the position of the 
curve on the diagram in the vertical direction. These parameters 
include also the effects of all other variables which affect the 
sharpness radius apart from the included angle 6. Having in- 
dicated a few properties of the sharpness radius the method of 
measurement of the sharpness should be mentioned briefly. 

Method of Sharpness Measurement. The measurement of sharp- 
ness radius r has been attempted several times on different occa- 
sions for scientific and engineering purposes since the end of the 
last century. 
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Fig. 4 General character of the relation between the sharpness radius 
rand included angle of the cutting edge 
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Fig.5 Sharpness measurement by the method of optical cross sections 
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Only a few methods of an optical or mechanical nature have 
been conceived for this purpose. Some of these methods were 
tried by the author and found to be rather cumbersome and un- 
suitable for the construction of a practical sharpness-measuring 
instrument. This situation inspired the author to devise a new 
method in 1953, and a model of a sharpness measuring instrument 
based on this method was built. A similar instrument with 
further refinements was built for use in the research presented in 
this paper. This method is a nondestructive optical technique, 
and permits observation or photography of magnified cross 
sections of the cutting edge. Examples of such photographs 
may be seen in Fig. 5. A detailed description of the author’s 
method of sharpness measurement will be the subject of a sepa- 
rate paper. 

After having seen that the problem of measurement of tool 
sharpness has been solved in a practical way we proceed to the 
main part of this paper where use will be made of the notion of 
the tool sharpness as well as of sharpness measurement. 


Theoretical Considerations 


Ploughing in the Metal-Cutting Process. It has been the principal 
purpose of this work to take into account explicitly the process of 
ploughing which occurs in every metal-cutting process due to the 
finite sharpness of the cutting tool. This should be described 
now in greater detail. 

The usual picture of the metal-cutting process is shown at the 
left in Fig. 6. Here the tool is considered as being infinitely sharp 
by disregarding the small rounding on the extreme cutting edge. 
Due to that simplification, the whole chip-tool pressure has a 
constant direction, provided the coefficient of friction does not 
vary along the tool face, and can be summed up in one resultant 
force of the same direction. This has been the usual assumption 
for the development of the theory of the metal-cutting process. 
If it is decided to take into account the fact that the tool has a 
finite sharpness, it is necessary to add to the foregoing concept a 
rounding on the extreme cutting edge as shown at the right in Fig. 
6. Just as on the tool face, pressure will occur along the rounded 
portion, but the direction of this pressure is different from that 
on the tool face and varies from point to point. Also, the co- 
efficient of friction on the rounded surface of the extreme edge 
may be expected to have a different value from that on the tool 
face, especially if a built-up edge covers this portion of the tool as is 
usually the case. Because of this rounding on the extreme cutting 
edge it will be much more enlightening if the entire system of chip- 
tool pressures, including those on the rounded cutting edge, are 
not summed up into one resultant force. Rather, this paper will 
sum up the pressures along the straight portion of the tool face 
into one resultant Q, and the pressures on the rounded portion 
of the extreme edge into another resultant P, which will be des- 
ignated the ploughing force. Later it will be seen that these two 
forces should be kept separate in development of the theory be- 
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Fig. 6 The resolving of the resultant tool force R into two components; 
ploughing force P and tool face force Q 
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cause they react differently to changes in the metal-cutting 
variables. 

In order to describe the term ‘‘ploughing’’ in the cutting process 
16 is necessary to understand what happens to the small portion 
of workpiece material in front of the rounded portion of the 
extreme edge, shown in Fig. 7. As the tool progresses in the cut, 
this metal in front of the cutting edge should move out one way 
or another. If this metal were to be pressed into the workpiece 
the tool would be constantly moved up and progress along some 
inclined line by the virtue of the fact that more material would be 
beneath the tool. Because experience shows that the tool does 
not move out of the cut, but keeps a constant depth, it may be 
concluded that essentially all material above the horizontal 
dashed line in Fig. 7 must be removed in the form of a chip. 
This includes the small portion of the metal in front of the cutting 
edge, which is pressed into and becomes part of the chip. This 
whole action will be termed here as ploughing. 

Briefly, as the chip slides along the tool face, the metal in front 
of the rounded portion of the extreme cutting edge will be 
ploughed and pressed into the chip surface, as illustrated in Fig. 7. 
The plastic deformation of the metal in ploughing appears to be 
even more severe than that occurring on the shear plane. Also, 
ploughing usually occurs on a smaller scale. Generally, all the 
metal separated in the form of a chip has been sheared but only 
part of it along the chip surface has been ploughed. 

The amount of material sheared depends essentially on the un- 
cut chip thickness é, and the amount of ploughed metal depends 
on the magnitude of the sharpness radius r of the cutting tool, or 
on the radius of the built-up edge r, (effective radius). Thus the 
ratio of these two dimensions, \ = (r/t,), will indicate in which 
proportion the shearing and ploughing take place in the cutting 
process. 

In Fig. 7 it is shown that a small portion of the ploughed metal 
will be pressed into the work surface. Accommodating more 
material in the surface layer will cause compressive stresses, 
known as residual stresses in machined surfaces. These residual 
stresses may cause the workpiece to bend a little if its rigidity is 
not extremely high. As an analog to this event we can see that 
the metal pressed into the chip surface will cause similar compres- 
sive stresses in its surface and make the chip bend (so-called curl- 
ing of the chip). Because much more of the ploughed metal will 
be pressed into the chip than into the workpiece, since the chip 
is usually much less rigid than the work piece, we have much more 
bending (curling) of the chip than of the workpiece. Alternately, 
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Fig. 7 Ploughing process. The shadowed area of metal in front of the 
sharpness rounding is displaced mainly into the chip; this flow of metal 
is indicated by arrows. The metal being pressed into the chip tends to 
expand the layer adjacent to the tool face, contributing in this way, to 
chip curling. A minor portion of the meta! will be pressed into the newly 
produced work surface causing residual compressive stresses usually 
found after a machining operation. 


Journal of Engineering for Industry 


it may be said, in describing these events, that the chip being 
flexible can more easily yield to accommodate more additional 
material in its surface. 

New Force Diagram. By taking the ploughing process into ac- 
count the tool force diagram will be significantly changed. If 
only the shearing process is accounted for, the tool-force diagram 
has a familiar look, Fig. 1, Ref. [1],! where only one resultant force 
R on the tool face can be resolved in the direction of the tool face 
and perpendicular to it, yielding the components F and N, or the 
resultant R can be resolved in the direction of the shear plane and 
perpendicular to its yielding the components F, and F,. Finally, 
another pair of components is of interest, that is the cutting force 
F,, and the thrust force F,, which will be obtained by resolving 
the same resultant R in the direction of motion of the tool and 
perpendicular to it. This force diagram was derived by Merchant 
[1] and is used for the derivation of expressions for such quan- 
tities as coefficient of friction on the tool face, the shear angle re- 
lationship and others. 

Referring now to Fig. 8, where rounding of the cutting edge of 
the tool is introduced, the summing up of forces along the straight 
portion of tool face between the points O and A give the force Q, 
inclined to the normal to the tool face by the friction angle rg. 
The force Q also can be seen in the force diagram in the right part 
of Fig. 8. Proceeding further in summing up the infinitesimal 
forces from point A along the rounded portion of the edge toward 
point B it may be seen that each infinitesimal component changes 
its direction on account of the curved nature of the surface. 
Thus the resultant in the force diagram would be a polygon of in- 
finitesimal forces in the form of an are which ends at point B. 
We see that instead of the resultant 2 we have obtained the force 
Q plus an are-shaped polygon. 

It can be seen readily that in order to express the coefficient of 
friction on the tool face analytically one would not resolve into 
components the resultant R but only the force Q which would be 
resolved into the component Q, along the tool face and com- 
ponent Q, perpendicular to it. 

The following derivation of the analytical expressions for the 
familiar quantities of the metal-cutting process will be presented 
on the basis of the more developed force diagram given in this 
section. The mathematical expressions thus obtained present a 
part of the improved analytical model of the metal-cutting proc- 
ess which will be tested against experiment, as described later in 
the paper. 

A shear-angle relationship derived on the basis of the improved 
initial assumptions is presently under development and will be 
presented later in a subsequent paper. 


1 Numbers in brackets designate References at end of paper. 
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Fig. 8 New force diagram containing the force P which is due to the 
ploughing process 
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Components of the Forces P and Q. As was already mentioned, 
the are polygon has the resultant P which can now be resolved into 
the normal force P, and frictional force P,, finding the direction 
for P,, by bisecting the angle between the direction of tool motion 
and direction of chip motion along the tool face. The point of 
location for P,, is the center of the circular segment representing 
the sharpness rounding. The direction of P, is perpendicular to 
P,. The angle between P, and P can be designated as a friction 
anglez,. Denoting the direction of the tool motion by the index 1 
and the direction perpendicular to it by the index 2 the other 
components of force P are described as P; and P3. 

Force Q can be resolved in a very similar manner into two com- 
ponents Q,, and Q, which are the normal and frictional forces on 
the tool face, respectively, or it can be resolved into Q, and Q:, 
components in the direction of the tool motion and perpendicular 
to it, respectively. The friction angle between the force Q,, and Q 
is denoted by 7g. For all these components the circle diagram 
representation as shown in Ref. [1] can be used, the only difference 
being that instead of one circle for R [1] there would be two 
circles, one for the force P and another for Q. 

It can be seen from Fig. 8 that the cutting force F, can be 
written in terms of components of P and Q as follows: 


F,= Pi +Q (1) 
and similarly the thrust force F,: 
Fp = P2+Q (2) 


Coefficient of Friction on Tool Face. ‘The considerations about the 
force components of Fig. 8 are sufficient for the derivation of an 
expression for the coefficient of friction on the tool face. Accord- 
ing to the definition of the coefficient of friction: 


Q 
Hg = tantg = —4 


Q, 
and expressing Q, and Q,, in terms of Q; and Q:, Fig. 8, we obtain 


ua Q, sin a + Q. cos @ ie Q. + Q; tan a 
Q; cos a — Q, sina Q, — Q: tan a 





Ma 
Finally, using equations (1) and (2) we arrive at the expression 
for Ug: 


_ (F, — Ps) + (F, — Pi) tan a 
 (F, — Pi) — (F, — P2) tana 





Ha (3) 


It can be seen that if the ploughing force P is neglected expression 
(3) reduces to the well-known expression for the coefficient of 
friction: 


which is given in Reference [1]. 


Experimental Studies 


Measurement of the Forces Pand @. Understanding of the plough- 
ing mechanism and introduction of the ploughing force will be 
significant in the study of the cutting process only if it can be 
shown by experimental measurement that the magnitude of the 
ploughing force is comparable to the other forces of the cut- 
ting process. 

In what follows it will be shown how the ploughing force has 
been separated experimentally from the other forces of the cutting 
process and measured, thus making possible the construction and 
confirmation of the new force diagram of Fig. 8 on the basis of 
experimental data. 
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If the cutting force F, and the thrust force F, are measured in 
the usual way the position of the points O and B of the force 
diagram Fig. 8 are established experimentally. Now instead of 
connecting these two points and obtaining the resultant R, as 
has usually been done, it is necessary to determine experimentally 
the directions of the forces P and Q and construct the lines in 
these directions through points B and O, respectively, completing 
the force diagram of Fig. 8. 

In order to be able to find the directions of the forces P and Q 
it is necessary to study the behavior of these forces with increas- 
ing undeformed chip thickness 4;. For this purpose the cutting 
force F, and the thrust force F, have been measured in orthogonal 
cutting on a lathe for increasing t;. The results of these measur- 
ments are shown in Fig. 9 where F, and F, are plotted against t, 
for different rake angles. Here it may be seen that the plots of 
forces are curved in the region of the smaller ¢, and at a certain 
value of 4, or more precisely at a certain ratio of r/t,, the plots 
become practically straight lines. In the present case this 
straightening out occurs at the uncut chip thickness of about 4, = 
0.010 — 0.012 in. 
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Fig. 9 Tool forces, dependent upon the uncut chip thickness f,, illustrate 
the development of components P, and P, of the ploughing force P with 
increasing f; up to a certain stage when P remains practically constant 
with further increase of #; 


If we look now at the analytical expressions for the forces F, 
and F,, equations (1) and (2), which, by making use of the force 
diagram of Fig..8, may be written in the form: 


F, = P, + Q cos (Tg — @) 


(4) 
F, = P: + Q sin (tg — a) 
We can see that equation (4) will express the experimental plots 
of F, and F, in Fig. 9, in their straight portions, if we make the 
logical assumptions that (a) force Q is proportional to the uncut 
chip thickness t,, (b) force P remains constant with changing h, 
and (c) the friction angle 7g is also independent of t,. Under these 
conditions Equations (4) are linear with respect to ¢,, and the lines 
are offset from zero by the amount of the ploughing force com- 
ponents P; and Ps, respectively, The curved portion of the plots 
of Fig. 9 then indicate, again logically, that the components P; 
and P: undergo a development in the lower range of t,, where the 
ploughing force P depends on t;. Only when a certain value of t; 
(or more specifically a certain ratio \ = r/t,) is reached does the 
ploughing force P become practically constant with further in- 
crease of t. 
Further conclusions which can be drawn from the results of the 
measurements of Fig. 9 are as follows: The curves for the cutting 
forces F, increase monotonously with increasing t, but only one 
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thrust curve, for a = 0 deg, is of thesamecharacter. The thrust 
force for a = +30 deg increases with increasing ¢; only up to a 
certain maximum and then decreases and straightens out in a 
line having a negative slope, so that the thrust force decreases 
with increasing t, and finally becomes negative. The negative 
slope, as the expression for F’,, equation (4), shows, can occur if 
sin (Tg — @) is negative because of the friction angle ry, being 
smaller than the rake angle a. Since the rake angle was a = 
+30 deg and the F, curve has a negative slope in its straight 
portion we see that the friction angle on the tool face should be 
less than 30 deg. In fact these experiments show that if the 
rake angle is reduced from 30 deg, the negative slope of the F, 
curve will decrease until it becomes parallel to the é, axis when a 
is of the order of 10 to 11 deg, as may be seen in Fig. 9. The zero 
slope of the F, curve means that the friction angle in the experi- 
ments conducted was of the order of 10 to 11 deg. Decreasing the 
rake angle further we obtain a positive slope of the F, plot, as 
may also be seen in Fig. 9 for a = 0 deg. 

Considering the force Q, represented by its components Q,; and 
Q:, we find that this force increases constantly with increasing 
undeformed chip thickness ¢,, and never reaches a state of ma- 
turity where further development may be considered insignificant, 
as was the case for the ploughing force P. Such steady increase of 
Q with increasing ¢, is obviously due to the fact that the force Q 
is a reaction on the tool face due to the shearing forces and will 
therefore constantly increase with increasing ¢; as does S,. 

Keeping in mind all these considerations about the behavior of 
the forces P and Q one can proceed to the discussion of a special 
diagram which has been developed to permit the separation of the 
forces P and Q, or more precisely for the determination of direc- 
tions of these forces. This diagram is shown in Figs. 10 and 11. 
Starting with Fig. 10 where the direction of the force Q has been 
determined, we see that this vector diagram relates the thrust 
force F, to the cutting force F,. The zero point of this diagram 
corresponds to the zero point of the force diagram of Fig. 8 and 
the point B of the same force diagram traces the curves shown 
in Fig. 10 when the uncut chip thickness ¢, is changed for a certain 
rake angle a. 

It can be seen that these plots of F, versus F, are curved up 
to a certain uncut chip thickness ¢,; and then become very nearly 
a straight line. The curved portions of the plots correspond to 
the phase where both forces Q and P are affected by the change 
in uncut chip thickness ¢,. But as soon as the ploughing force P 
is fully developed and remains practically constant with increase 
in ¢; only the magnitude of Q increases further with increasing 4. 
This means that with increasing ¢, the end point B of the force 
diagram will trace the direction of the force Q as may be seen in 
the lower part of the diagram Fig. 10. In this way the directions 
of the Q forces were found experimentally for the four values of 
the rake angie a = —10, 0, +10 and +30 deg. It can be seen 
that Q can point ‘‘down” as for a = —10 deg or can run parallel 
to F,, or even point “up” (a = +30 deg) depending on whether 
Tq 2 a. The linear parts of the plots of Fig. 10 indicate that 
the friction angle tg on the tool face remains constant with 
changing t,, because the direction of Q remains the same for in- 
creasing values of t;. The magnitude of the force Q increases 
linearly with increasing t, as the spacing of points for é, on the 
straight portions of the plots shows, Thus by finding the direc- 
tions of the force Q the problem is half solved because the 
direction of the force Q can be traced through the point O, Fig. 
10; however the direction of the force P which is needed for 
completion of the new force diagram remains unknown. 

Results of the experimental determination of the direction of 
force P are shown in Fig. 11. The direction of the ploughing force 
P can be determined by using the same vector diagram as used 
for the determination of the direction of the force Q. The only 
difference is that instead of ¢; another variable must be chosen, 
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the variation of which leaves the force Q practically unaffected 
but changes the magnitude of the ploughing force P. Point B of 
the vector diagram, Figs. 10 and 11, will then trace the direction 
of force P. The variable which serves this purpose is the sharp- 
ness radius r. A change in r produces a change in the area of the 
surface of the rounded cutting edge, but since the character of 
the pressure distribution remains essentially the same, a change 
of magnitude of force P is obtained without significantly dis- 
turbing its direction. 

The second requirement for the variable r, namely, that it 
should not significantly affect the force Q, can be seen to be 
realized to a high degree from the following considerations. 
For an idealized cutting process where ploughing would be elimi- 
nated only shearing remains and only the force Q will be present. 
Both forces being essentially due to different processes they may 
be varied practically independently by a suitable variable of each 
process. The small amount of interaction beweeen both forces, 
which occurs because the arc-shaped polygon has a small com- 
ponent P, in the direction of the shear force: S, = P, + Q,, can 
be neglected for our purposes, especially at the higher values of 
uncut chip thickness 4. For these reasons the variable r has 
been used for the determination of the direction of the force P in 
the vector diagram, Fig. 11. Increasing the sharpness radius r 
by making use of a diamond lap, a set of four tools was prepared 
with size of radii as follows: ro (natural sharpness) = 0.0003 in., 
r,; = 0.0015 in., re = 0.0032 in., rs = 0.0048 in. Forces F, and F, 
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Fig. 10 Plot of F; versus F. which serves for experimental determination 
of the new force diagram. In this particular diagrom the direction of the 
force Q on tool face has been determined for different rake angles by 
varying the uncut chip thickness #, in the range from 0.001 to 0.0202 in. 
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Fig. 11 This figure illustrates the determination of the new force diagram 
by means of an F; versus F, plot. The direction of the ploughing force P 
has been determined by the variation of the sharpness radius r, at a 
constant f, and the direction of tool face force Q has been determined by 
varying of t, keeping the sharpness radius r constant. 
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were measured on these four tools over a range of values of uncut 
chip thickness 4; and plotted in the diagram, Fig. 11. By con- 
necting the points for the same r and different t, the direction of 
force Q was obtained, and by connecting the points for the dif- 
ferent values of radius r and the same 4, the direction of force P 
was then found. In this way a family of new force diagrams, Fig. 
11, has been obtained experimentally for various sharpness radii 
r and uncut chip thicknesses ¢;. One of these new force diagrams 
is shown separately in the lower part of Fig. 11. 

Determination of Coefficient of Friction on Tool Face. Having ex- 
perimentally determined the force diagram in Fig. 11, it is possi- 
ble to use these data for the calculation of the coefficient of 
friction on the tool face for a rake angle of a = +15deg. Similar 
force diagrams have been constructed from experimental data for 
the values of a = —15, 0, +30 deg. The data from those dia- 
grams used for computation of the coefficient of friction ug ac- 
cording to equation (3) are shown in Table 1. The coefficients 
of friction fg obtained are plotted against the rake angle @ in 


Table 1 Coefficient of friction on tool face when varying the rake angle 
a in the range of 45 deg 
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Fig. 12. This diagram indicates that there is no appreciable 
variation of the coefficient of friction on the straight portion of the 
tool face with changing rake angle. This is the solution of an old 
paradox in metal cutting, and it can be seen now that the paradox 
of the apparent variation of the coefficient of friction on the tool 
face with changing rake angle a was due to the fact that the 
forces P and Q react differently to the changes in a. The force Q 
changes its direction as much as the rake angle a. The direction 
of the force P is affected by the changes in a@ in a different and 
more complicated manner. Actually only the direction of the 
force Q in relation to the direction of tool face determines the co- 
efficient of friction 4g Combining the force Q with another force 
P, of different properties, will distort the real value of the co- 
efficient of friction and endow it with peculiar properties such as 
dependence on the value of the rake angle. 

The following section describes a mechanism by which the tool 

force is affected by the variation of cutting velocity. This effect 
appears also in a different light when P and Q are considered as 
two separate forces in the cutting process. 
It is a well-known fact 
The effect has 
been observed to be more pronounced in the lower range of the 
cutting speeds used in practice and almost to fade out in the 
higher range. 

Having separated the resultant force R into the two compo- 
nents P and Q in the new force diagram, it would be interesting to 
investigate how these two forces react to variations in cutting 
speed. Using for this purpose again our F’, versus F, plot, we first 
vary the sharpness radius r in order to establish the direction of 
the ploughing force in our experiment. Using again a set of four 
tools with controlled sharpness, the direction of the ploughing 
force P is obtained at four cutting speeds; 200, 400, 600, and 800 
sfpm. The results are shown in the experimental plot of Fig. 
13(a) where it can be seen that the points obtained by the varia- 
tion of the sharpness radius r (four points of the same marking 
represent different sharpness radii), for each of the various cutting 
speeds, fall along the same line with the points obtained by varia- 
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Effect of Cutting Velocity on Tool Force. 
that the tool force depends on cutting velocity. 
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tion of cutting speed. The result points out that only the plough- 
ing force P is affected by the variation of cutting velocity. If the 
tool-life force Q had also been affected significantly by the change 
in cutting velocity, the end point B of the force diagram would 
trace a direction different from the direction of the force P on 
account of the changing force Q. Thus it can be seen that the 
effect of the cutting velocity upon the tool force occurred through 
its effect on the ploughing force P alone. 

Now let’s consider the mechanism which makes the ploughing 
forceP react to the changes in velocity. Having in mind that force 
P occurs on the very point of the cutter which moves through 
metal being plastically deformed at a very high rate of strain, it 
may be expected that the force P would increase with increasing 
velocity in much the same manner as would the force on the front 
portion of a body moving through a viseous fluid in hydrody- 
namics. But from experience it is known that the forces in metal 
cutting increase with velocity only in the very low range 
of cutting speeds. Reaching a maximum at a certain velocity 
(usually not very high) the forces start to decrease and, finally, 
practically level off with further increases in velocity. 

This velocity characteristic of the cutting forces differs greatly 
from the characteristics known in hydrodynamics, where the 
force increases monotonously through a range of velocities. This 
difference in behavior points to the fact that there is in metal 
cutting some additional mechanism present which does not occur 
in hydrodynamic experiments. The additional mechanism 
present in the metal-cutting process is the formation of the built- 
up edge. The built-up edge formation changes the dimension 
of that portion of the tool where the ploughing force P occurs. 
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Fig. 12 Results of the experimental determination of the coefficient of 
friction on tool face for a wide range of rake angles 
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Fig. 13 The effect of the cutting velocity upon the tool force has been 


found to occur due to the development of the built-up edge. The four 
points of the same marking correspond to different sharpness radii. 
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Development of the built-up edge increases the rounding of the 
extreme cutting edge and hence the sharpness radius r. This 
causes the ploughing force P to change in much the same way 
as when the sharpness radius r is changed artificially. The 
occurrence of the built-up edge explains the fact that the direc- 
tion traced by the points in Fig. 13(a) obtained by controlled 
sharpness coincides with the direction defined by points at vary- 
ing cutting speeds, which also amounts to the changing of the 
radius r by variation in the size of the built-up edge. From the 
foregoing it may be seen that the decrease of cutting force with 
increasing cutting speed is due to the decrease of the ploughing 
force with diminishing of the size of the built-up edge in the region 
of higher cutting speed. 

The foregoing considerations describe briefly the mechanism by 
which the cutting velocity affects the tool force. If we would like 
to represent this mechanism in terms of mathematical expressions 
or, in other words, to develop the mathematical model of the 
physical phenomena, we may start as follows: An effective 
sharpness radius r,, Fig. 13(b), should be introduced which in- 
cludes an increase of the sharpness radius r due to the presence of 
a built-up edge. The radius r, consists of two components, r, = 
r + Ar, one of which, the sharpness radius r of the cutting edge 
itself, is independent of cutting velocity v, and the other com- 
ponent Ar expresses the increase of r due to the presence of a 
built-up edge. Component Ar would depend on the cutting 
velocity and on some other variables. The significance of these 
are presently being investigated experimentally. It is intended 
that results of this investigation be presented in a future paper. 

Results of Sharpness Measurement. All sharpness measurements 
in this research have been made by the author’s method which 
was mentioned previously. Results of these measurements were 
used to provide the experimental points to establish the relation 
between sharpness radius r and included angle 6 of the cutting 
edge. This relation, r = r(5), has been discussed generally and 
was found to be of the type shown in Fig. 4 which is expressible by 
the formula r = a tan*(6/2). As can be seen in the plot Fig. 14, 
the experimental points follow the trend of the curve suggested 
in general discussion of this relation. Because sharpness radius r 
for the edges of cutting tools has been found to be normally less 
than one thousandth of an inch, and often less than half a 
thousandth of an inch, it was found convenient, by the author, to 
express the sharpness in sharpness units instead of giving the 
length of the sharpness radius in inches. The sharpness unit 
(abbreviated “‘shu’’) has been defined here simply as one ten 
thousandth of an inch of the length of the sharpness radius r. 

Accordin, *> the experimental points of the plot, Fig. 14, the 
parameters a and n of the formula r = a tan” (6/2), may be 
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Fig. 14 Experimental results indicate the nature of the dependence of 
tool sharpness on the included angle of the cutting edge 
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chosen to have values a = 5.2 and n = 2, so that the formula will 
ber = 5.2 tan? (6/2) for the experimental conditions used. 

It can be seen that there is no simple answer to the question, 
“How big is the sharpness radius of a cutting edge?’ This ques- 
tion cannot be answered by giving a single value for the sharp- 
ness radius. The author’s measurements show that it can be ex- 
pected that the natural sharpness radius of a cutting tool will 
range between 0.0001 and 0.0010 in. 

A study of the relation between the magnitude of the sharp- 
ness radius r and included angle 6 is presented in this paper but 
there are, naturally, many more variables which can affect the 
natural magnitude of the sharpness radius. 

About the artificial changes of sharpness radius it can be said 
that there are several means to increase the sharpness radius 
(controlled sharpness). Perhaps the simplest way of all is hand 
stoning. 

Experiments Relating the Ploughing Process to Chip Curling. 
As was discussed earlier, there is a simple relation between the 
ploughing process and chip curling. This leads to the idea that 
by controlling the amount of ploughed metal the curling of the 
chip can be changed. In order to evaluate this effect, one might 
attempt to eliminate ploughing from the cutting process and ob- 
serve how the curling of the chip will react to this change. 
This could be accomplished by decreasing the sharpness radius to 
such a small value that it becomes practically insignificant. 
However, because experimentally this would be rather difficult, 
we might consider what would happen if we turn to the other 
extreme. Increasing the sharpness radius greatly and keeping the 
uncut chip thickness 4; small, X = r/t; > 1, conditions may be 
obtained under which the tool face will be out of the range of 
chip-tool contact. Under these conditions chip-tool contact will 
end in the rounded portion of the cutter so that this rounded 
portion will serve as a tool face under such conditions. 

This rounded “tool face’’ will blend smoothly into the tool 
flank without having any “‘small’’ sharpness rounding between 
the tool face and flank. There would be no ploughing involved 
under such conditions. Experiments conducted under these 
conditions, \ = r/t; > 1, showed that the chip obtained was per- 
fectly straight without any curl at all. Of course, it should be 
noted that in this case the rounded tool face has curvature in the 
opposite direction from the usual curl of the chip and this may 
have had some straightening effect upon the chip. However, con- 
tinuing this experiment for increasing uncut chip thickness 4, i.e., 
for decreasing \, the curling started to appear again at a value of 
uncut chip thickness such that the rounded part of the surface 
ceased to function as a rounded tool face and started to act as a 
sharpness rounding producing a ploughing effect, or, in other 
words, when the uncut chip thickness was sufficient to provide 
chip-tool contact on the flat portion of the tool face. 

Further experiments on chip curling were carried out with con- 
tinuously varying 4;, i.e., the ratio \ was decreased continuously 
for one chip during a single cut. Because the amount of metal 
ploughed remains essentially constant, due to comparatively little 
change of the effective sharpness radius r,, chip curling can be ex- 
pected to become less and less pronounced with increasing thick- 
ness of the chip because of its higher rigidity. In fact, this 
phenomenon was observed in the experiment. A spiral shaped 
chip was obtained with curl of a greater curvature for the thinner 
chip followed by a chip of continuously decreasing radius of 
curvature with increasing t;. In additional experiments the rate 
of change of ¢, was altered and this was reflected in the rate of 
change of the spiral curvature in the way expected. For the low 
rate of change of ¢; a tighter spiral resulted, and for a high rate of 
change of ¢; a loose spiral was obtained. 

All of these preliminary experiments have shown quantitative 
agreement with the described relation between the ploughing 
process and chip curling. Further, the experimentation points to 
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the fact that the ratio \ = r,/t; should have a pronounced role 
among the variables affecting chip curling in the analytical (quan- 
titative) description of this event. 

Complete Force Diagram of Orthogonal Cutting Process. It should 
be noted that, apart from the ploughing force P which occurs be- 
cause of the ploughing process, there is still another force in the 
cutting process, that which acts on the wear land of the tool flank. 
We denote this force by the letter L (land force). 

Furthermore, a small part of the ploughed metal adjacent to 
wear land is pressed into the workpiece, Fig. 6, contrary to the 
main part of the ploughed metal which is pressed into the chip. 
It might be appropriate to denote the small force performing this 
action differently, say by P’, because of the different direction of 
its frictional component P,’ as compared with the direction of the 
frictional component P, of the main ploughing force P. 

The complete force diagram, which includes forces L and P’, is 
shown in Fig. 15. Unlike the ploughing force P which has a 
considerable magnitude even for a freshly ground tool, the force L 
is small when there is no appreciable wear land on the tool flank. 
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Fig. 15 The complete force diagram of the orthogonal cutting process 


The numbering of Fig. 15 relates the forces shown in the force 
diagram to the portions of the engaged part of the tool where 
these forces occur. Thus between the points 0 and 1 of the tool 
face force Q is acting on the chip-tool contact area. Between the 
points 1 and 2 is the main part of the sharpness rounding (or 
front portion of the built-up edge if it is present). The pressures 
along this part of the engaged surface yields the arc-shaped por- 
tion of the force polygon between 1 and 2. This results in the 
ploughing force P. At point 2 the actual separation of the metal 
from the workpiece occurs. The motion of the separated metal oc- 
curs in the direction 2-1-0 along the engaged part of the cutter, 
and the metal of the workpiece slides in the direction of 2-3-4 
along the tool flank. For this reason the friction forces P, and 
P,,’ oppose each other on opposite sides of point 2. The different 
direction of the friction forces results in a discontinuity of the 
force polygon at point 2. The angle formed by the two tangents 
to the force polygon at this point is equal to double the friction 
angle T,. 

At points 1 and 3 discontinuity can occur if the coefficient of 
friction on the tool face and on the wear land differs from that on 
the sharpness rounding. If the coefficient of friction can be con- 
sidered as constant along the whole tool surface over which metal 
slides, the portions of the force polygon from 0 to 2 and from 2 
to 4 will be without discontinuities, as is shown in Fig. 15. 

This complete force diagram was abbreviated in Fig. 8 where 
the force L was considered small enough to be neglected for the 
freshly ground tools with which the experiments were conducted. 
The force P’ was also considered to be small and of much the same 
direction as the main ploughing force P. Thus in the force dia- 
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gram of Fig. 8 the ploughing force P contains two small forces P’ 
and L which, as we have seen, do not affect significantly the ex- 
perimental results. 


Conclusions 


In this paper some of the results of recent research into the 
theory of the metal-cutting process have been presented. 

Progress has been made mainly by recognizing the presence of 
the ploughing process in metal cutting. The mechanism of 
ploughing has been conceived and introduced into metal-cutting 
theory. This has made possible the construction of a more de- 
tailed force diagram which should serve as a basis for develop- 
ing a more complete analytical model of the cutting process. 

A method has been established for the experimental separation 
of the ploughing force P from other major cutting forces. Its 
magnitude has been found considerable as compared to the force 
due to shearing. The assessment of the tool-face force Q has 
allowed the determination of a real value of the coefficient of fric- 
tion on the tool face 4g and has shown that the value of ug does 
not vary with varying rake angle a. In this way the old paradox 
of the varying of the coefficient of friction on the tool face with 
rake angle a has been solved. 

Relation of the ploughing process to the curling of the chip and 
to the residual stresses in the work surface has been established. 
Both events have been found to be essentially of the same nature, 
the difference being only a matter of degree, because of the dif- 
ference in rigidity of the chip and of the workpiece. Bending of 
the workpiece due to the additional metal pressed into the 
machined surface due to ploughing is essentially the same event 
as bending of the chip (chip curling) due to the additional metal 
pressed into the chip surface by the ploughing process. 

A study of the sharpness of cutting tools has been presented. 
The sharpness radius of cutting tools has been specifically meas- 
ured and its influence on the metal-cutting process studied for 
the first time in metal-cutting research. These measurements 
have been carried out by the method of sharpness measurement 
which was devised by the author. 

The magnitude of the sharpness radius was found to depend on 
several variables and usually to fall into the range between 0.0001 
and 0.001 in. The higher values of this range were found to 
correspond to the negative range of rake angies and the smallest 
values, of a few tenths of a thousandth of an inch, were found to 
correspond to high positive rake angles. 

Further, a complete new force diagram has been presented 
which contains, apart from newly found ploughing forces, the 
forces on the wear land of the tool flank, which have long been 
thought to be present there, because of the development of flank 
wear, but have never been separated and measured. 

The forces on the flank wear land have been found to be small 
compared to either the shearing or ploughing forces for a freshly 
g’ und tool. Further research in this direction is presently in 
preparation. 

The new findings about the nature of the metal-cutting process, 
presented in this paper, have pointed to a number of avenues for 
further research into the theory of the metal-cutting process. 

The author is presently working in these areas with the hope 
that further accomplishments will be forthcoming in the near 
future. 
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DISCUSSION 
Milton C. Shaw? and Nam P. Suh? 


The idea that ploughing force components may be associated 
with the usual chip forming force components is not new as sug- 
gested by the authors’ title. In 1953, Dr. Masami Masuko* put 
forth this thesis and developed it fully, including a discussion of 
shear plane implications. The treatment presented by Dr. 
Masuko is practically identical to that of the present author. 
Both analyses are based upon the following assumptions: 


1 A rounded nose exists at the tool tip that is of significant 
size relative to the undeformed chip thickness 4). 

2 That the chip forming force Q is proportional to 4. 

3 That the coefficient of tool face friction is constant with h. 

4 That the ploughing force P is independent of ¢, except at 
very small values. 

5 That the normal component of ploughing force P bisects 
the included tool angle. 


While the analyses of Dr. Masuko and the present author are 
consistent with the underlying assumptions, certain of these as- 
sumptions are questionable for the usual case. 

First of all, practically all research work involving the analysis 
of cutting forces and stresses is conducted with sharp tools and 
values of undeformed chip thickness, that are 0.005 in. or greater. 
Since it is not difficult to obtain and maintain a cutting edge 
having a radius of 0.0002 in. or less at low cutting speeds, the 
size of the round nose represents an insignificant percentage of 
the depth of layer removed. While a rounded nose of the relative 
size shown in the author’s Fig. 7 would undoubtedly have a sig- 
nificant influence on cutting force results, this would represent 
poor practice and would not be used in any serious research 
study. 

It may be readily demonstrated that assumptions 2 and 3 are 
incorrect. As the author indicates the degree of chip curl will be 
observed to decrease as the undeformed chip thickness is in- 
creased and this in turn will cause a disproportionately greater 
contact length between chip and tool for large values of h. This 
disproportionately greater contact length for larger values of 
will influence both the coefficient of friction and force Q. This 
may be shown to be true by a very simple test. A sharp tool is 
used to remove a layer of depth 0.005 in. and the forces noted. 
Without disturbing the tool tip, material is now ground from the 
tool face to a depth of about 0.03 in. starting at a point about 0.01 
in. from the tool tip. The tool-chip contact is thus caused to be 
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less than the natural value by removing metal from the tool 
face. If the same cut is now repeated, the resultant cutting 
force and the coefficient of tool-face friction will be significantly 
altered. Yet, we have not altered either the tool-tip radius or 
the value of ¢t. This can only mean that tocl-chip contact has a 
significant influence on force Q. Thus when é is varied and 
the tool-chip contact varies disproportionately due to the non- 
linear increase in chip rigidity with increased thickness, we should 
not assume that Q varies linearly with t. 

It would thus appear that the concept of a ploughing com- 
ponent is a valid one when cutting with a large built-up edge 
or very dull tool (relative to the undeformed chip thickness). 
However, in the usual research investigation the radius of the tool 
tip will be small relative to tf, and hence the ploughing effect will 
be negligible as a photomicrograph of a partially formed chip 
will clearly show. Furthermore, it does not appear that the pro- 
posed method of finding the ploughing force P, when it is sig- 
nificant, is valid, since the method is based upon a questionable 
assumption that force Q is proportional to t. 


Author’s Closure 


The author wishes to thank Prof. M. C. Shaw and his associates 
for their interest in this paper. Thanks are due also for the in- 
formation regarding the work of Dr. Masami Masuko who seems 
to have followed the same direction in developing further the 
metal-cutting theory. We, here, were unaware of this work and 
are now obtaining a translation of Dr. Masuko’s paper so that 
it may be compared with the recent research of this laboratory. 

Starting with the over-all impression of the discussion, we can 
see that the discussers missed a very important point, namely, that 
the developments presented in the paper are based on an analysis 
confirmed by experimental evidence and not on mere assumptions. 

For instance, under item number 1 of their discussion the dis- 
cussers say that the author made an assumption about the size 
of the natural sharpness rounding relative to the magnitude of 
the uncut chip thickness 4;. No such assumption was made. 
Instead, the natural sharpness radius was measured by the author 
and its magnitude in inches stated, permitting direct comparison 
with the magnitude of the uncut chip thickness. Thus it can 
be seen that there was no need of any assumption regarding the 
magnitude of the natural sharpness rounding because its magni- 
tude was already known from the author’s measurements. Re- 
garding Fig. 7 and other illustrations it should be mentioned here 
that the magnitude of the sharpness radii shown in these dia- 
grams was increased for the sake of clarity of illustration. 

More specifically, with regard to the size of the natural sharp- 
ness rounding (as presented in the paper), it may be found by 
measurement that the natural sharpness radius is of a magnitude 
between 0.0002 and 0.0006 in. The lower values of this range 
usually occur on tools with a higher rake angle (such as +20 deg) 
and values of the order of 0.0006 in. may occur in the range of 
negative rake angles. These higher natural values of sharpness 
radius can be artificially altered to smaller ones by applying such 
techniques as fine polishing or lapping of the tool face and flank. 
This may be done for the sake of experiment and the author 
agrees that such a value as 0.0002 in. can thus be obtained on 
tools of low rake angle. However, it should be borne in mind 
that this will be an artificially obtained situation which takes one 
away from the ordinary conditions of a usual cutting operation. 

It is interesting to note that the discussers seem to approve 
an artificial decrease of the sharpness radius (apparently in an 
attempt to make it very small and insignificant as compared with 
t,) but an increase of the sharpness radius for experimentation 
the discussers proclaim immediately as “poor practice.’”’ The 
author wishes simply to state here that either increasing or de- 
creasing the natural value of the sharpness radius are equally 
useful and sound techniques for research on the ploughing process. 
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Actually, the decreased and increased values of the sharpness 
radius are two branches of one range of controlled sharpness and 
there is no reason whatsoever to accept one side of the range and 
reject the other side of the same range for experimentation. 

Now let us consider what might cause the discussers to be in- 
clined to such a one-sided preference. As early authors began 
development of the present theory of metal cutting, certain 
simplifying assumptions were made, as is usually the case when 
starting a study of a complex problem. Among these initial 
simplifications was one about the size and effect of the sharpness 
radius being small and insignificant compared to the dimensions 
of the cutting mechanism. Since that time probably every one 
who raised the question avout the significance of the sharpness 
rounding to the cutting process has heard the phrase ‘‘small and 
insignificant.” This is not surprising, because there was prac- 
tically nothing known. about this very point of the cutting edge. 
Unfortunately, for many years no study was undertaken to con- 
firm or replace this simplifying assumption made by the early 
investigators. Thus this initial assumption has, with the years, 
become a customary way of thinking. 

Backed by experimental evidence, the developments presented 
by the author in this paper break the customary way of thinking 
about the significance of the sharpness rounding to the cutting 
process. 

Now, let us look at the statement “‘small and insignificant’’ in 
the light of research presented in the paper. First of all, ‘“‘small’’ 
was replaced by the results of measurements. The sharpness 
rounding has been assessed quantitatively and it can be seen that 
its magnitude is not very great as compared with & or other 
dimensions of the metal-cutting mechanism. However, how 
about its “insignificance?” We can see again from the experi- 
mental results presented in the paper that the force due to plough- 
ing is significant. Its value may attain hundreds of pounds, 
equalling in magnitude the other forces of the metal cutting 
process, in the range of smaller values of t;. Thus we have arrived 
at the picture of a comparatively small dimension of the cutting 
edge with a significant force on it. Is this a controversial result? 
The answer is that this is not the final picture of what has been 
found. At this stage the author would like to give a preview of 
some points which will be discussed in Part II of the paper. One 
point will be the occurrence of fast initial wear at the tool edge, 
which happens because of the engagement of the cutting edge in 
the cut. This wear usually produces a slight increase in the 
initial sharpness rounding of the cutting edge, so that the edge 
actually cuts with a slightly larger rounding than that which 
initially resulted from grinding. Usually, however, this increase 
of the sharpness rounding is small and does not change the picture 
very much. 

Another factor of greater significance is the presence of a small 
built-up edge which is still present under conditions which are 
usually termed as “cutting without the built-up edge.’’ When 
cutting steel at speeds as high as 600 fpm, or even higher, this 
small built-up edge was observed under the microscope. The 
occurrence of even a small built-up edge increases the effective 
sharpness radius significantly and thus the ploughing effect and 
ploughing force. As a matter of fact, the observed development 
of the ploughing force with increasing ¢,, as shown in Fig. 9 in 
the paper, has been found to be largely due to the development 
of this small built-up edge with increasing t,. These are a few 
of the further steps made since Part I of the paper was written. 
It appears at this stage that the whole study of the ploughing 
process is intimately connected with the study of the behavior of 
the built-up edge. The study of the built-up edge should be ex- 
tended to include not only the large built-up edge occurring at 
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lower cutting speeds, where it may be observed with the naked 
eye, but also in the region of higher speeds, where it can be ob- 
served only through a microscope. 

Summarizing, we can see that the size of the natural sharpness 
rounding itself is comparatively small (as demonstrated in the 
paper by the results of its measurement), but its effect upon the 
cutting forces is significant, mainly due to the fact that the effec- 
tive sharpness radius is increased by the presence of a small 
built-up edge. The size of the effective sharpness radius, which 
includes the effect of the small built-up edge, depends only slightly 
on the cutting speed (in the region of higher cutting speeds) and 
depends more on the uncut chip thickness 4, up to a certain 
value of t;. Finally, the magnitude of the effective sharpness 
radius depends also on the sharpness radius of the cutting edge 
itself. This may be expressed by the formula r, = r + Ar (given 
in the paper) where Ar is the effect of the built-up edge. The 
magnitude of Ar is affected greatly by the cutting speed in the 
region of low cutting speeds. This effect almost fades out in 
the region of the higher cutting speeds where only a small built- 
up edge occurs and where Ar depends more on ¢; in the region of 
development of the ploughing force. Finally, it may be said 
that as soon as the small built-up edge is taken into consideration 
there will be practically no region of cutting conditions under 
which a trace of a built-up edge cannot be found. This means 
that cutting with a built-up edge seems to be the usual condi- 
tion, at least when cutting steel. 

Let us return now to the objections of the discussers regarding 
points 2 and 3 (of the discussion), that is, regarding the force Q 
being proportional to ¢; and the coefficient of friction on the chip- 
tool interface being constant with t. 

Actually, the discussers’ experiment (involving artificial re- 
duction of the length of contact of the chip on the tool face), in- 
stead of tending to disprove these two points, tends to confirm 
the validity of the author’s entire approach. If, as the discussers 
assume, there is no ploughing force or ploughing effect acting at 
the cutting edge, then the cutting force and chip friction will be 
determined entirely by the simple contact between the chip and 
the flat tool face only. One cannot conceive how, in such a sym- 
metrical situation, artificially decreasing the contact length on 
the tool face could have any effect on the direction of the single 
resultant force generated by the pressure of the chip against the 
flat tool face—and thus any effect on the observed coefficient of 
friction. However, the discussers (as have other people before 
them), observed a change in the magnitude and direction of the 
resultant force on the tool when they artificially decreased 
the chip-tool contact length. This can only mean, then, that the 
picture of the entire resultant force being associated with the con- 
tact on the flat tool face is too simple; that there must be a 
second force system contributing to the resultant force. in addi- 
tion to the tool face foree—namely. a force system at the cutting 
edge—a ploughing force. Then, artificially decreasing the contact 
length on the tool face will change the relative magnitude of 
these two force systems—that on the tool face and that at the 
cutting edge—thus changing the observed magnitude and direc- 
tion of the over-all resultant force, even though the direction of 
the tool face force and the ploughing force do not change. 
This change in magnitude and direction of the resultant force—i.e., 
change in cutting force and apparent coefficient of friction— 
predictable only when two force systems are postulated, is exactly 
what the discussers observed. Thus, this simple experiment con- 
firms the existence of a ploughing force and is consistent with 
the picture of a tool face force Q which is proportional to 4, but 
constant in direction (coefficient of tool face frietion independent 
of t 1). 
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Structural Weight Approximation 
for a Bell-Nozzle Divergent Section 


In the preliminary design of missile systems il is necessary to consider the weight of the 
individual components which comprise the missile. The usual procedure in weight 
approximation is to consider that an article is composed of small regular-shaped 
biis, each of whose weights is easily found and whose sum approximates the weight of the 


total article. When the component is such an irregular shape that a simple approxima- 
tion cannot be made, or where the number of digital operations is excessive, the estimation 
of its weight becomes a tedious procedure. In this report, a method is derived for ap- 
proximating the structural weight of such an article, namely, the divergent section of a 
bell-shaped nozzle for a rocket motor. 


Tax WEIGHT OF THE STRUCTURE of the bell-shaped 
divergent section of a rocket-motor nozzle can be approximated 
by use of the equation 


3 
W = pV = pms Voy, M, a) 
t 


where values for Vo(y, M¢, a) may be obtained from the universal 
curves presented in this report. 


Discussion 


Rocket-motor nozzles having bell-shaped divergent sections 
have been demonstrated to be more efficient than those having 
straight conical expansion shapes, particularly when large ex- 
pansion ratios are employed. This report presents a method of 
approximating the structural weight of bell-nozzle divergent sec- 
tions. 

The theoretically-ideal expansion shape expands the gas to the 
ambient pressure and turns the gas flow so that at the exit it is 
parallel to the nozzle axis. Thus there is no divergent flow aft 
of the nozzle and all the available momentum is axially directed. 
However, the exit-end portion of a theoretically-ideal design ap- 
proaches a cylindrical shape asymptotically and, as a result, is 
very long. Further, the nearly cylindrical exit end contributes 
very little to the thrust output. An appreciable length and weight 
saving can be realized at very little sacrifice in efficiency by 
cutting the exit section short. However, when the theoretically 
ideal nozzle shape is cut short, it is no longer necessarily an opti- 
mum design. Other configurations for the same length and ex- 
pansion ratio may provide more thrust. Consequently, several 
methods of designing bell nozzles for practical application have 
been developed. These include the Foelsch method, the Rocket- 
dyne “overexpansion and overcompression’’ concept, and the 
Guderley method. Unfortunately, none of these provides a 
simple analytical expression for the nozzle configuration. 

For purposes of approximating the weight of the structure of 
proposed bell-nozzle designs, use of a parabolic equation to repre- 
sent the geometric shape of the divergent section was sug- 


1 Formerly, Member of Technical Staff, Space Technology Labora- 
tories. 

Contributed by the Aviation Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society or MECHANICAL ENGINEERS. 

Notes: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
15, 1958. Paper No. 59—A-69. 
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gested.? The parabola passes through the nozzle throat, diverges 
at an angle of 35 deg and gives the required area ratio at a length 
which is 75 per cent of the length of the divergent section of a 15- 
deg conical nozzle of the same expansion ratio, Fig. 1. The ex- 
pression is 

2 
x. + B+ Cr, (1) 


rs 


L-—z 


C + ctn 35 
—2C — ctn 35 


€ ctn 35 — (2 + ctn 35) + 
tan 15 
(é@/ — 1) 


0.75 
tan 15 





‘ : exit area 
expansion ratio = ———— 
throat area 


0.7 
and L is assumed to be Si: (e/* — 1) 
tan 15 


It is emphasized that the parabolic approximation to the bell- 
shape divergent section used herein was originated solely for the 
purpose of weight approximation and should not be used for 
hardware-design purposes. 

The following equations were provided’ for calculating the 
metal wall thickness required for structural purposes. 

? Personal communication from Dr. C. J. Wang, Space Technology 
Laboratories, Aeronautics Laboratory. 


? Personal communication from Dr. Abner Kaplan, Space Tech- 
nology Laboratories, Aeronautics Laboratory. 














Fig. 1 Nozzle divergent section 
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dr \2\'/2 
:) ) (for axial stress) 


ar 
dx? 


hy] 


(for circumferential stress) 


P, 


Ta — Te 
t=—-~ 


_<—— - (for shear stress) 
o 
at) 


oO; 


= thickness measured normal to the wall 
allowable tensile yield stress 
allowable shear yield stress 
= radius to the nozzle wall measured normal to the axial 
center line 
= axial distance measured from the exit end of the nozzle 
= summation of the pressure forces in the z-direction 


elt, 
acting over aradius = ff prdr 


p = ‘ccal static gage pressure 


The axial and circumferential stresses are principal stresses. 
In general, over the divergent section of the nozzle, an element 
will be subjected to axial compression and circumferential tension. 
(The exception to this will occur near the exit end of an overex- 
panded nozzle.) In any case, it is easy to show that these princi- 
pal stresses will be of opposite sign; hence it is necessary to con- 
sider shear. Naturally, the stress which requires the maximum 
thickness will design the structure at any given point. 


The maximum-shear-stress theory of failure provides a con- 


servative estimate. Taking the allowable shear yield stress a, 
to be one half the allowable tensile yield stress a also results in 
a conservative estimate. The thickness of material required for 
structural purposes is computed from 


7 = max{|r,|, |r|, [re — Tel} 


Since the axial and circumferential stresses are of opposite sign, 
the governing stress will in all cases be the shear stress; therefore 
the thickness required due to stress considerations is 


~~ Ir, is Tl. 


From a practical engineering viewpoint, the allowable thickness 
T is not entirely determined by the stresses. Considerations such 
as fabrication and handling may place a limitation on the mini- 
mum thickness 7,, which may be tolerated. The expression for 
7 is therefore taken to be 


T = max {7,, Tm}: 


This implies that the wall thickness can vary along the length of 
the nozzle. Consideration of this possible variation is included 
in the computations which follow. 

A reasonably simple expression for computation of the weight 
of the structure of a bell-nozzle divergent section using these con- 
siderations of configuration and selection of wall thickness will 
be derived later. 

Static pressure at any point in the divergent section of the 
nozzle can be found using the one-dimensional relations 


p= = (5) 


be eey 
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y+1 


bee 2 y1-! 4-1) 
r, rit ewe tes 2 m*) 


= stagnation pressure 


Se 


Oy 
M = local Mach number 
rT, nozzle throat radius 





where 


These relationships involve the basic assumptions of ideal gas, 
reversible adiabatic flow, and frozen equilibrium. 
The volume of the structure of the nozzle-divergent section is 


given by expression 
L 
V =28 f =’ (7) 
9 cos 8 


max [T,, Tm] 


d 
arc tan (<) (see Fig. 1) 


It is convenient to express the integrand in terms of Mach 
number M. From Equations (5) and (6), 


yt+1 
2 2(y—1) 1 
2.) viilamaa 
re M [: + (7+) m | 
2 


dr (M? — 1)dM 


eee [: rf (~>+) m| 








(9) 


Therefore 








From Equation (1) 
dr 











bs ae 
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Me 


Fig. 2 Voly, Mz, a) (y = 1.20) 
2Az 2 
nodl+aes aa 


por, (G? + 1)'7 (- 
20 ,Gz 


eet 
2 2(7—1) 
ay 





G = 2Az+B 


2° ]Me 
a = [t™) 
MF Jy 


The volume can now be written 


M? — 1 


Me 
V = xr)? f 2X1 + G?)'/tr | came 


| dM. (13) 
The computation of V depends on six parameters: ‘y, r,, 4, Pa, 

Tm, M,, where M, = Mach number at the exit end of the nozzle. 

For any given set of values for these parameters, the volume can 

be computed from Equation (13). However, in order to obtain 

universal curves, it is convenient to introduce the dimensionless 

parameter 

OT m 

Por; ; 
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aS 


3.0 3.5 40 
Me ' 


Fig. 3 Vol-y, Me, a) (y = 1.22) 
The volume can now be computed from 


3 
v= Vly, My a), (14) 
t 


where Vo(, M,, a) is the value of V for p =r, = o, = 1. The 
quantity Vo was obtained by numerical integration on the ERA 
1103 computer for representative values of 
y = 1.20, 1.22, 1.24,..., 1.30 
M, = 2.5, 2.6, 2.7,..., 4.5 
a = 0.0, 0.1, 0.2, 0.3, ..., 1.0, 2.0, 4.0, ..., 10.0, 15.0, 20.0 


The results are presented as a set of universal curves in Figs. 2 
through 7. . 


Sample Calculation 


As an example of the use of this procedure, let it be required to 
determine the approximate weight of the structure of a nozzle- 
divergent section having the following characteristics: 


Y 1.22\ (this corresponds to an expansion area ratio of 
M, 3.5 } about 12.5) 

oO; 20,000 psi 

Tr, 10 in. 

Po 500 psi 


If the minimum tolerable thickness 7,, = 0.05 in., 


20,000 x 0.05 


~~ 500 X 10 


0.2 


Vo = 25.5. 
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ttt tt +H 
+ pi titi 444. 
| 


+ 


| 
444 4.4 


LL 
ae 


3.0 35 40 
35 40 Me 


Fig. 6 Voly, M., o) (y = 1.28) 


Me 


Fig. 4 Vo(y,Me, a) (y = 1.24) 


30 35 40 
Me Me 


Fig. 5 Voly, Me, a) (y = 1.26) Fig. 7 Voly, Me, a) (y = 1.30) 
Hence, from Equation (13), If the structural material is steel with density p = 0.283 lb/in ', 
500 X 108 the nozzle-divergent-section weight is 


V = ——~— (25.5) & 640 in.? 
ma W = Vp = 640 X 0.283 & 180 lb. 
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Optimum Tolerances of Sheet Materials 
for Flight Vehicles 


A method is derived for specifying economically optimum tolerances for a variety of 
sheet materials for use in flight vehicles. The results indicate a significant disparity be- 
tween present industry practices and the apparent optimum tolerances. These tolerances 
are listed as possible target requirements for rolling programs of new and future metals. 


Introduction: The Problem 


HEET DESIGN in flight-vehicle structures is governed 
by two factors—proper choice of a material with certain minimum 
properties, and specification of the configurations and gage 
thickness, 

Designers usually assume, conservatively, that most portions 
of the sheet possess the minimum properties guaranteed by the 
mill producer. Likewise, they are apt to specify tolerances! on 
the sheet gage in such a manner that the least thick sheet used 
equals or exceeds the nominal design thickness. While both 
practices result in small additional margins of safety, both add 
extraneous weight to the structure. 

In specifying tolerances of sheets for use in aircraft and missiles, 
one is confronted with conflicting alternatives: (a) A liberal 
tolerance reduces purchasing costs and speeds delivery of the de- 
sired sheets, (b) a tight tolerance raises costs but helps to reduce 
extraneous weight. 

The present study develops a criterion by which the problem of 
tolerance specification can be solved. The method is based upon 
measuring both the extraneous weight and the additional cost as 
functions of the tolerance, in this way permitting a direct relation 
between the increased manufacturer’s cost and the weight reduc- 
tion from tightened tolerances. Identifying the manufacturer’s 
cost with the worth to the vehicle operator of the weight saved 
determines a range of “most economical tolerances” for most ma- 
terials and gages. 

Another problem—not studied here, but bound to arise in von- 
nection with tightened tolerances—is selling this higher-priced 
product to the vehicle operator, that is, the problem of passing 
costs on to the consumer. 


Extraneous Weight Imposed by Tolerances 


The method of calculation used is applicable to most sizes, 
gages, and types of flight-vehicle sheet materials. For the sake of 
simplicity and as an illustration of possible applications within the 
titanium sheet-rolling program [1],? calculations are shown in this 
section only for titanium sheets with dimensions of 0.063 X 36 X 
96 in. Results for aluminum, steel, and beryllium in a variety of 
gages are tabulated in a later section. 

The extraneous material (i.e., the material beyond the thick- 
ness required by the design) in a manufactured sheet results from 


1 Tolerances may be defined as the largest deviations from the 
nominal thickness of the sheet within some prescribed confidence 
level, usually between 0.90 and 0.95. 

2? Numbers in brackets designate References at end of paper. 

Contributed by the Aviation Division and presented at the An- 
nual Meeting, Atlantic City, N. J., November 29—December 4, 1959, 
of Tae American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, April 17, 
1959. Paper No. 59—A-70. 
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two types of deviation from the “perfectly” dimensioned flat 
sheet: (a) Variation in the thickness of the sheet along the rolling 
direction—experienced from sheet to sheet and, to a lesser extent, 
within a sheet; variations in the material properties at the rolling 
temperature and imperfections of the rolling machines are re- 
sponsible; (b) variation in the thickness of the sheet perpendicular 
to the rolling direction—sometimes resulting in thin edges and a 
high center, called a ‘“‘crown’’; this variation is directly attributa- 
ble to the design of the rolling mill; lately, improved sheet- 
fabricating methods have eliminated much of the crown, although 
random variations which are comparable to those along the rolling 
direction may occur across the width of the sheet. 

The additional overweight resulting from using standard stock 
gages instead of the design-required thickness is not considered 
here, although it may represent a penalty as high as 7 per cent of 
primary structural weight. Also not considered is the weight 
penalty paid when the unavailability of wider and longer sheets 
requires the use of small sheets. 

The overweight per square foot of sheet can be obtained from 
the formula 


(0.5)? X (total magnitude of tolerance, in.) X (144) X (density) 


0.5 = factor accounting for randomness of actual 
gages within the permissible tolerance of 
sheets used in fabrication and above the 
minimum design thickness. The factor is 
squared to account for randomness parallel 
and perpendicular to the rolling direction. 


total magnitude = maximum-minus-minimum thicknesses, meas- 
of tolerance ured in inches 

So 

sq ft 
0.067 lb per cu in. for beryllium 
0.101 lb per cu in. for aluminum (7178) 
0.162 lb per cu in. for titanium (6A1-4V) 
0.276 lb per cu in. for steel (17-7 PH) 


This formula was used for plotting Fig. 1. 


Additional Cost Involved in Tightened Tolerances 


Deviations from the required thickness of sheet can be held to 
a minimum by a number of methods. A few of these are listed in 
order of successively higher cost increments over commercial 
tolerance sheets: 


144 


density 


1 Inspecting “‘all-over’’ sheets rolled to commercial tolerances 
(+0.006 for 0.063 gage), retaining, say, one half of the sheets with 
the best tolerances and reprocessing the remaining worse half. 
This procedure finds many a precedent in the large-scale scrapping 
for special reasons in aircraft production involving aluminum and 
titanium. By judicious inventory of these gaged-all-over sheets, 
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tolerance may be reduced to +0.002 for 0.063 gage by selecting 
the best-dimensioned half of the sheets. 

2 Rolling in special high-precision mills specifically designed 
to produce very accurate thicknesses. Such mills might yield 
0.063-gage sheets with +0.001 tolerance. 

3 Sheet and plate skin grinding down to +0.0005 in special 
mills (still in the design stage). 


Approximate cost increments will be calculated for these three 
processes applied to a 0.063 X 36 X 96-in. titanium sheet. 
Costs are purposefully estimated on the high side and in 1959 
dollars, and are to be interpreted only as an illustration of the 
method. 

Reprocessing Sheets Above =0.002 Tolerance. The incremental 
cost in dollars per square foot will be of the order of 


(8.5 — 4.0) X 0.063 K 144 X 0.162 = $6.50 per sq ft 
where 


8.5 cost in dollars per lb of rolled sheet, Reference [2]; 1 lb 
is discarded as too thick for each lb used 

4.0 reuse value of discarded sheets = original value minus 
reprocessing costs such as gaging, grinding, polishing, 
and similar factors. 


144 X 0.162 = 1.47 
= weight in pounds of 1 sq ft of 0.063-in. titanium 
sheet 


The cost of inspection, gaging, and handling should be well 
under $1.00 per sq ft; it was assumed to be negligible in com- 
parison with the $6.50 per sq ft. 

The cost of obtaining +0.002 by reprocessing sheets happens 
to be about the same as the cost of skin rough-grinding down to 
+0.002: 

0.30 


0.001 x (0.012 — 0.004 + 0.010) = $5.50 per sq ft 


where 

















( ib/sq ft) 





Overweight 











0 006 
(inches ) 


0008 
2 Tolerance 
Fig. 1 Sheet overweights due to thickness tolerance 
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0.30 = cost of grinding 0.001 in. from 1 sq ft of 
titanium 
0.012 — 0.004 = average thickness to be ground off = 2 x 
(tolerance before, minus tolerance after 
grinding) 
0.010 = average thickness of available sheets minus 
desired average thickness 
High-Precision Rolling to +0.0010 Tolerance. A special mill— 
presently in use for other metals—would have to be utilized to roll 
titanium sheet to +0.0010 tolerance. Such a mill, estimated to 
cost $6 million might be in use only half the time for titanium. 
The incremental cost in dollars per sq ft will be of the order of 
6,000,000 X 1.2 1.47 
( 12 + 100,00) X 0.5 X 30,000 = $17 per sq ft 
where 
$6,000,000 
1.2 


installed cost of mill, building, and so forth 
factor for upkeep, repair, replacement, utilities, 
and the like 
12 time period (years) of linear depreciation with 
zero resale value 
cost to operate mill, per yr 
utilization factor for titanium 
conversion factor for sheet, lb per sq ft 
= weight of titanium sheet that might be rolled in 
peak year, with industry pooling use of one 
mill. 30,000 Ib per yr = '/; to '/2 of total 
pounds in Table 2, Reference [1]. 


0.5 
1.47 


This cost of $17 per sq ft is high compared to the prospects of 
finish-grinding to +0.001 as-delivered sheets. There are indica- 
tions from present experiments that production grinding te such 
accuracy is feasible and might tentatively cost about $12 rier sq ft 
for 0.063 sheet titanium. 

Skin Grinding and Polishing to 0.0005 Tolerance. Polish- 
ing mills capable of +0.0005 production accuracy on titanium 
are yet to be designed. Teatative estimates have been made 
that the cost of achieving +0.0005 may be double that of ob- 
taining +0.001. 

These various costs are shown graphically in Fig. 2. The 
curves for aluminum and steel were obtained by similar calcula- 
tions and from actual industrial experience. 





30 ——- > 








n 
°o 











a 





Titanium | 


re) 





Additional cost (dollars /sq ft) 


Stee! 





Aluminum 

















| == _ 





000! 0.002 0.003 0004 0.006 


+ Tolerance (inches) 


Fig.2 The additional cost involved in tolerance control of 0.063 X 36 X 
96-in. sheets 
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Criterion for Choosing Sheet Tolerances in Structural 
Materials 


It has been shown, Figs. 1 and 2, that both cost and overweight 
can be functionally related by cost analysis to the same variable 
tolerance. It is now possible to relate the additional purchasing 
cost to the tolerance overweight in sheets, as in Fig. 3. 

If an index or figure of merit were somehow devised for the 
value to an aircraft or missile operator of eliminating one pound 
of overweight, then it would be possible to read off directly from 
Fig. 3 the “optimum” tolerances on any thickness and type of 
sheet material. 
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Fig.3 The relation between additional purchasing costs and overweight 
iin sheets 
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There is a great range of opinion as to the worth or value to the 
aircraft operator of a pound of weight saved. A list of some of 
these estimates and their sources may indicate the width of these 
divergent opinions: (a) The figure of $2065/lb has been men- 
tioned for a commercial piston-engine transport [3]; (b) the 
figure of $600 to $800/lb has been derived for an American jet 
transport [4]; (c) correspondingly, figures of $560 to 840/lb have 
been used for a British jet transport [5], $220/lb for a fighter- 
interceptor [6], and $98/lb for a British propjet transport [5]; 
(d) space vehicles are most sensitive to extraneous weight—in 
actual experience it cost about $30,000 to place 1 lb of pay load in- 
to orbit in Explorer I, and about $15,000/lb for Explorer IV [7]. 

Because of this spread in estimated values, rays from $50 to 
$1000/lb are plotted in Fig. 4 for the worth of weight reduction in 
flight structures. 

A criterion can therefore be formulated. For a wide range in 
the worth of a pound, there is only a narrow spread in the eco- 
nomically optimum tolerance. As an example, in the ‘‘worth”’ 
range of $200 to $500/lb saved, Fig. 4, aluminum and steel 
tolerances on 0.063 sheet can be specified to be +0.001 in., while 
titanium tolerances appear to be between +0.0015 and +0.002. 
The accuracy of these economically optimum specifications is 
within +50 per cent of their mean value in the range from $200 
to $500/Ib. 


Discussion and Conclusions 


It should be remembered that the plots in Fig. 4 and the de- 
sirable tolerances for steel and aluminum (0.001) and titanium 
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0.063 sheet {+0.002) are sensitive to the annual production 
quantities of each material. This sensitivity becomes more ap- 
parent when one notices that the incremental cost of high-pre- 
cision titanium sheet is inversely proportional to the lb/yr pro- 
duced. Therefore, if the planned yearly poundages of titanium 
are revised significantly upward or downward, target tolerances 
should accordingly be revised, but in the opposite sense. 
The result is that, if the 30,000 lb per year used in figuring the 
additional cost involved in tightened tolerances is raised, for 
example, to 100,000 lb/yr, the optimum tolerance would be re- 
duced to +0.001. On the other hand, if the 30,000 lb/yr is 
lowered to 10,000 lb/yr, then the tolerance would go up to 
+0.003. 

One should also notice the trend for incremental cost to vary 
with gage thickness, all other factors remaining constant. The 
result is that, if the major portion of the titanium sheet produced 
is not in the 0.063-in. gage in Fig. 4, but is in the 0.032-in. gage, 
for example, then the optimum tolerance would be reduced to 
+0.0015. There is a growing demand for sheet in increasingly 
thinner gages. In sandwich-type panels, the face sheets will be 
much less than half the gage of equivalent sheet-stringer designs; 
furthermore, thin titanium foil will be needed for the honeycomb 
or corrugated core. 

To summarize these various possibilities, Table 1, the following 
assumptions were made: (a) The value to the vehicle operator of 
reducing 1 lb of overweight is $100/lb; (b) aluminum and steel 
sheet production is measured at approximately present-day levels; 
(c) titanium sheet may be produced at anywhere from 30,000 
to 100,000 lb/yr; (d) production of beryllium sheet may be hy- 
pothesized at from 10,000 to 50,000 lb/yr; (e) tabular entries are 
shown for 36-in-wide sheets and are on the low side for much 
wider sheets. 

The main conclusion of this study is apparent from Table 1; 
namely, that the economically optimum tolerances of all sheets 
of all materials are consistently smaller than those readily availa- 
ble at present in the aircraft and missile industry. It should be 
of major concern to realize that, in all instances, sheets used in 
flight vehicles today are overweighted by excessively loose 
tolerances. 

Finally, this analysis serves to point out that expenditures con- 
stitute a design factor influencing structural weight in the manner 
of the more commonly studied factors, such as the configuration of 
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Fig. 4 Plots for choosing economically optimum sheet tolerances 
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Table 1 
Beryllium 
10,000 50,000 
Ib/yr lb/yr 
(assumed ) (assumed ) 





Titanium 
30,000 
Ib/yr 
(assumed ) 


Sheet 
thickness 


0.002 
0.020 
0.063 
0.125 
0.250 


0.0003 
0.0015 
0.0050 
0.008 
0.012 


0.0002 
0.0012 
0.0030 
0.005 
0.008 


0.0002 
0.0015 
0.0030 
0.006 
0.009 


structural elements and the material used [4]. For example, a 
sufficient expenditure increase when purchasing sheets could re- 
duce structural weight by 3.6 to 5.3 per cent in a titanium-sheet 
structural component. (If the design thickness were 0.056 in., 
commercial sheet would have to be procured at 0.063-in. gage, 
+0.006 in. The percentage of reducible overweight would then 
be 100 X pn wt a = 3.6 per cent, where 0.004 in. is a 
0.056 
tolerance purchasable at some reasonable cost: while 100 xX 
0.006 — 0.003 
0.056 

chasable at some moderately high cost.) 

Structural weight reductions of this order merit much attention. 
They are accomplished without the least alteration in structural 
manufacturing practice, but are rather achieved by rearranging 
purchasing practices and convincing the vehicle operator of the 
advantages of such additional expenditures. 


APPENDIX 


Additional Examples of the Worth of a Pound of Material 
Saved 


Consider the aluminum structure of a modern jet-transport 
aircraft such as the one described in Reference [8]. According to 
Table 1, tolerances between +0.0020 and +0.0007 in. should be 
specified, at additional costs up to $2/sq ft of surface. If this cost 
at first seems unduly high, the economics of the weight reduc- 
tion may be illuminating. There are upward of 10,000 sq ft of 
sheet and plate in such a transport, with a weighted commercial 
(average) tolerance of +0.006 in. Reduction to, say, +0.0015 
would save 


= 5.3 per cent, where 0.003 is a tolerance pur- 


(0.006 — 0.0015) X 144 X 10,000 X 0.101 = 650 Ib 


This 650 lb saved permits passenger capacity to be increased in 
one model from 88 to 90 by simply.installing two more seats in 
the already designed transport. But the worth to the operator 
now has increased from the initial cost of $4.5 million per airplane 
to 


90 
88 X 4,500,000 = $4,600,000* 


The $100,000 increment in value, divided by the 10,000 sq ft from 
which it is derived, gives a worth of $10 per sq ft, or well above 
the $2/sq ft worth originally paid out to increase the value. The 
worth of a pound saved in this instance is $100,000/650 lb, or about 
$154/ib. 

Another way of looking at the increment in value, to the opera- 
tor, of an aircraft made of very-close-tolerance sheets and plates 
is by considering the reduction in operating costs. Assume, con- 


* The linearization of airplane worth with passenger capacity is 
approximate if, among other variables, the procured number of ve- 
hicles is large and flexible, and if the aircraft is operated mostly at 
full passenger capacity. Otherwise, the $100,000 increment should 
be multiplied by some integrated future-utilization factor, possibly 
as low as 40 per cent. 
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100,000 
lb/yr 
(assumed ) 


Optimum tolerances of sheet for various thicknesses and production levels 


-—— Aluminum at present——. 
production _ levels 
Optimum Commercial Op 


—Steel at present— 
production levels 
timum Com- 
mercial 
0.0002 
0.0007 
0.0020 .004 
0.003 .005 
0.005 .013 


0.0003 
0.001 


0.0002 
0.0008 
0.0020 
0.004 
0.005 


servatively, that the 650 lb saved is used by the operator only to 
reduce fuel-consumption expenditures. Over the life of the trans- 
port, fuel cost savings will amount to: 


650 0.15 
12 —_ 1.2 —_ = 
X 3650 X 18 x x 65 $44,000 
where 


12 years in use by operator before resale of craft 
ad , 
3650 (sos, os) X (10 hours in daily use) 
years 


650 Ib of weight saved by reducing tolerances from 
+0.006 to +0.0015 


lift 
18 average —— ratio for this aircraft 
drag 


Ib of fuel/hr 
Ib of thrust 
cost of JP-4 fuel ‘‘in the plane,” dollars/gallon 
lb of fuel per gallon, lb/gallon 


1.2 thrust specific fuel consumption, 


0.15 
6.5 


The $44,000 figure gives a worth for the tightened tolerances of 
$4.4/sq ft, while the worth of a pound saved in this case is 
$44,000 


———— t Ib : 
650 Ib’ or about $68/lb, from reduced fuel costs alone 
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DISCUSSION 
Lewis H. Abraham‘ 


The author has pointed out a long neglected area for weight 
saving. Perhaps this inefficiency was tolerable in the past but 
with modern high performance aircraft, extreme range missiles, 
and spacecraft the argument becomes not one of can we afford 
to reduce tolerances but rather of can we afford not to reduce 
these weight penalties. When one considers the tremendous all 
out effort required to put just a few pounds out into space it is 


4 Chief, Strength Section, Douglas Aircraft Company, Inc., Santa 
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interesting to note that this total payload may be commensurate 
with the tolerance penalty contained in the boosting vehicles. 

Fig. 1 does not include such materials as molybdenum, niobium, 
tungsten, or tantalum. If these materials were included this 
figure would be even more frightening. 

The absolute value of the costs set forth in this paper may be 
debatable but the conclusions are none-the-less clear, perhaps even 
ominous. Rather@han debate the costs I would be inclined to 
debate the time scale of feasibility. 

While the paper bas made an excellent presentation of the dol- 
lars and cents aspect of optimum tolerances there are many 
intangibles associated with the problem that indirectly can cause 
weight as well as additional costs that are difficult to tie down. 

For example, in Table 1 the tolerance on 0.063 steel is given as 
+0.006. When joining such sheets together this represents a 
possible mismatch of almost 20 pex cent. If this joint is in a 
welded high-strength pressure vessel the resulting stress con- 
centration can cause a weight penalty perhaps as great as the 
tolerance over again. 

For the moment let us look at some of the other side factors. 
For 0.063 steel, Fig. 1 indicates that we will be carrying 0.12 lb/ 
ft? overweight due to tolerances. For a growth factor of 100, 
and considering JP-4 fuel, this would mean approximately 12 
pounds of fuel for each square foot of sheet area or approximately 
425 cubic inches of volume for every square foot of this material 
used. Considering the additional missile power-plant require- 
ments, increased size and capacity of ground support and han- 
dling equipment, the evaluation of these tolerances becomes even 
more complex. Similarly, if the missile is highly maneuverable 
or experiences high accelerations due to thrust, the additional 
structural material to support these excess tolerances can be 
important. 

One phase of this paper, aside from its technical soundness 
that is noteworthy, is its succinctness. The author has presented 
a timely and important concept in less than four printed pages. 
It is likewise refreshing in these days of giant electronic com- 
puters to see a job done with simple arithmetic laced with sound 
engineering judgment. 


Paul J. Queyrel? 


The precision grinding of sheet materials for use in hyper- 


sonic vehicles is no longer in the development stage. It is availa- 
ble today and is being offered as a service by several firms. 
Consequently, precision grinding of sheet materials to gain pre- 
cision tolerance is today’s answer to today’s problem. 

The author has well stated the reason for precision grinding 
or acquiring precision sheet through other means and I will 
not take time to further prove that precision tolerances are nec- 
essary to gain weight reduction in high speed vehicles. I will, 
however, endeavor to show that precision grinding is the means 
by which close tolerance sheet should be developed. 

Nearly all materials have been ground at one time or another. 
In our plant, we have ground magnesium, aluminum, all of the 
stainless alloys, many of the H-11 die steels, Invar, Inconel, 
molybdenum, and most of the titanium alloys. We have also 
worked on many of the chrome-molys used in rockets. 

Precision sheet grinders are available that will handle work 
up to 7 ft wide by 40 ft long. The thickness of materials have 
ranged from 0.003 in. to several inches. Tolerances that have 
been achieved have been related to the gauge to which the ma- 
terial was ground, sheet size and type of material being ground. 
The tolerances to be anticipated should be in the neighborhood 
of plus or minus 0.0005 in. for materials up to 0.012 in. thick. 
From 0.012 to 0.140 in., tolerances of plus or minus 0.001 in. 
can be achieved. From 0.140 to 0.187 in., tolerances of plus or 


5 President, Mill Polishing Corporation, Huntington Park, Calif. 
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minus 0.0015 in. Above 0.187 in., wider tolerances should be 
expected. If weight is critical, tolerances of plus or minus 0.002 
in. could be achieved on the heavier materia!. 

The cost of obtaining close tolerance sheet is related to the 
hardness of the alloy, gauge to which it is to be ground, size, and 
quantity. The cost of grinding will run from 0.05 to 0.50 cents 
per square foot per thousandth of material to be removed. To use 
the same illustration that the author used, the cost of obtaining 
plus or minus 0.002 in. on 0.063 in. titanium sheet 36 < 120 in. 
was calculated by the author at 0.30 cents per square foot per thou- 
sandth, multiplied by the difference in the as-rolled condition of 
plus or minus 0.006 in. less the finished tolerance of plus or minus 
0.002 in. plus 0.010 in. which is $5.50 per square foot. I would 
like to correct his formula by eliminating the plus 0.010 in. which 
apparently was used to eliminate surface defects which may be 
involved but which is not to be considered as part of this problem. 
The author explained the 0.010 in. as being the average thickness 
of available sheets minus the desired average thickness. This 
certainly is not part of the cost of gaining precision material. 
It is the cost of reducing material an additional 0.010 in. beyond 
the available rolling of material. This is another problem and 
should not be considered in this formula. Consequently, my 
calculations show that the cost of precision grinding titanium 
sheet using the worst conditions would be a maximum of $2.40 
per square foot.’ This price could again be reduced by high 
level production to approximately $1.68 per square foot. By 
high level production I am only referring to 25 sheets per day. 
Within a few months, the cost of obtaining plus or minus 0.001 in. 
will be very little more than achieving plus or minus 0.002 in. 
today. The cost of grinding aluminum or magnesium is less 
than that of grinding titanium. The mild steels, 4130, 4340, 
H-11, ete., are ground for less than titanium. I wish to point 
out, however, that some of the stainless steels and high nickel 
content sheets will range in price close to, and in some instances 
above, that of titanium. 

In many instances tapering, either simple or compound, can 
be accomplished while precision grinding the sheet material. 
The cost of developing tapers in sheet materials by grinding will 
run considerably less than any other method such as milling, 
either chemically or machine. 

The use of precision sheet to the tolerances of plus or minus 
0.001 in. as now being specified on many current pieces of hard- 
ware, is a custom requirement. It is difficult to imagine $400, 
000,000.00 being spent, as requested by one of the major steel 
mills, to convert rolling equipment to,do this very same job. 
The per pound cost would be fantastically high. 

Precision grinding to close tolerance also gains improved sur- 
face conditions. Surfaces can be ground as low as 6 microinch 
and can be finished by subsequent buffing operations to 3 micro- 
inch. Many tests have proved that this will improve the forma- 
bility of the material. Proper grinding of sheet materials will 
not leave notch-sensitive areas but instead will remove the origi- 
nal imperfections from the sheet. 

One final argument in favor of precision grinding of sheet ma- 
terials is that it offers to the designer a means of acquiring opti- 
mum strength material with minimum weight loss, at the lowest 
possible cost. 


* 0.30 


0.001 X (0.012 in. —0.004 in, + 0.010 in.) = $5.50 sq ft. 


0.30 = Cost of grinding 0.001 in. from 1 sq ft of titanium. 
0.012 in. —0.004 in. = Average thickness to be ground off 
= 2 X tolerance before, minus tolerance after grinding. 


0.010 in. = Average thickness of available sheets minus desired 
average thickness, 
7 0.30 


0.001 X (0.012 in. — 0.004 in.) = $2.40 sq ft. 
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Author's Closure 


The author wishes to thank Messrs. Abraham and Queyrel 
for their constructive comments. As Mr. Abraham points out, 
the picture is indeed ‘‘more frightening”’ for the dense refractory 
metals. Using Mr. Queyrel’s realistic and lesser costs shows 
that optimum tolerances of molybdenum sheet may be of the 
Mr. Abraham 


correctly points out that including other dollar-measurable ‘ac- 


order of one tenth of the conventional tolerances. 


tors (besides primary weight reduction) affects the results, lead- 
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ing to even more stringent economic tolerances than those listed 
in Table 1. 

The author welcomes Mr. Queyrel’s contribution emphasizing 
the well-developed techniques for achieving very tight sheet 
tolerances. It is encouraging to note how costs (stated in the 
paper to be purposefully high and, by now, outdated) have been 
reduced. This trend further lowers the optimum tolerances be- 
yond the valuesin Table 1. For example, théeilownward revision 
of precision-grinding costs causes the optimum tolerance of 
0.063 titanium sheet to be halved to +0.0010 to +0.0015, a 
still more ominous conclusion, to paraphrase Mr. Abraham. 
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Nonlinear Characteristics 


The behavior of a single degree of freedom system consisting of a single mass mounted 


on a spring and damper attached to an oscillating base is investigated. Steady-state and 
transient sinusoidal oscillations are applied to the base to which the suspension ts 
attached. The response of the mass is recorded for various combinations of linear and 
nonlinear springs and dampers. Solutions are obtained with a differential analyzer. 


Introduction 


tn STEADY-STATE and transient solutions for the mo- 
tion of a mass coupled through a linear spring and viscous damper 
to a vibrating base are well known. To determine whether a non- 
linear spring and a nonlinear damper will improve the isolation 
characteristics of a suspension for steady state as well as for 
transient vibrations is the subject of this paper. 

A linear spring and a spring having a hyperbolic tangent load- 
deflection characteristic were used in the analysis. The hyper- 
bolic tangent spring characteristic has been studied by Mindlin 
{1}! in connection with package cushioning. The hyperbolic 
tangent spring characteristic yields the “‘softening’”’ type load- 
deflection behavior shown in Fig. 1. 

The various types of damping were expressed in terms of the 
velocity of the mass relative to the velocity of the vibrating base. 
The general form of the expression for the damping force was 
c|z|"—1z. The specific values of n were 0.5, 1, 2, and 3 wheren = 1 
indicates viscous damping while n = 3 would indicate a damping 
force which is proportional to the cube of the relative velocity. 
The force-relative velocity characteristic for various values of n 
appears in Fig. 2. Two other conditions, n = 0.5 for ¢ negative 
and n = 2 for z positive as well asm = 2 for ¢ negative andn = 
0.5 for z positive were also used. 

Rosenberg and Wang [2] investigated the steady-state solution 
for n = 2 when used with a linear spring. They found good 
agreement with the “equivalent viscous damping’’ concept pro- 
posed by Jacobsen [3]. This concept was used in the present 
paper to determine the equivalent coefficients for the various 
types of nonlinear damping. 


Equation and Conditions Investigated 


Consider a body which is mounted on a vibrating base sub- 
jected to sinusoidal oscillationsof amplitude 7». The spring force- 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Decem- 
ber 24, 1958. Paper No. 59—A-42., 


Nomenclature 


deflection characteristic is assumed to be Po tanh (koz/Po) while 
the damper force-velocity characteristic is assumed to be c|z|*~*2. 
Further it is assumed that the system oscillates in the gravita- 
tional field. This leads to the following equation of motion in 
terms of the displacement, velocity, and acceleration of the body 
with respect to the oscillating base: 


++ (S)iee+ (8) ma (Sf) = rare 





Linear and hyperbolic tangent spring characteristics 


. 3/ /e 
#00 








Fig. 2 Linear and nonlinear damping characteristics 





= mass, lb sec?/in. 
= acceleration of gravity, in./sec* 
= damping coefficient, Ib sec"/in.* 
= maximum hyperbolic tangent 
spring force, lb 
hyperbolic tangent spring constant 
at z = 0, lb/in. 


rad/sec 
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circular frequency of excitation, 


natural frequency for linear spring- 
mass system, rad/sec in. 


excitation amplitude, in. 


excitation displacement, in. 


2a, = absolute displacement of the mass, 
in. 


z = relative displacement of the mass, 


n = exponent defining damping force, 
dimensionless 
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Since this equation was solved by ineans of a mechanical-elec- 
trival differential equation analyzer [4], it was necessary to assign 
specific constants to the system. These constants were ko = 12, 
m = 1/12, (weight 32.2 Ib), Py = 48, and a = 0.4, 0.8, 1.6, 2.0, 
2.4, and 3.2. The damping coefficients c were selected for each 
value of n such that they would yield equivalent viscous damping 
at a frequency of w = 12 and a = 0.8, corresponding to a damp- 
ing ratio of 0.2 for the viscous damper. For n = 2, Jacobsen’s 
procedure leads to c = (*/s)(mc;/wao) where c, is the coefficient for 
linear damping and ay is the amplitude of excitation of the base. 
The value of c, was 0.4. Forn = 0.5, 2, and 3, the damping de- 
pended on both the amplitude and frequency of the relative dis- 
placement or since wX represents the amplitude of z, it could be 
stated that c depends on the amplitude of the relative velocity 
which in turn varies with w and X. The particular choice of 
mass, with the given nonlinear spring characteristic resulted in 
the static mean position shown in Fig. 1, of —3.24 in. 

Solutions at frequencies corresponding to (w/w,) = 0.5, 1.0, 
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and 2.0 were obtained in the form of relative displacement and 
relative velocity as a function of time. 

Before proceeding to the discussion of the results it should be 
noted that Equation (1) may be expressed in dimensionless form 
as 


r? 


m : 1 
# +H |aba +% tann (2) = -- +—cost (2) 


where 


2 3 Fo ma)? 

me see C= H T = wi, fo a —— 
aor? Ag, ® 

mg 


CAp” ly 3n-2 
Im = \ ome’ ~ diokor® 
Figs. 3 through 10 are expressed in both dimensional and in di- 
mensionless units. The dimensionless values appear at the top 
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Fig. 3. Steady-state relative displacement-time curves for linear spring and various damper characteristics 
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Fig. 4 Steady-state relative velocity-time curves for !!near spring and various damper characteristics 
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and at the right for each figure. 
position is —1.0125 for r = 1.0. 


In terms of g, the static mean 


Discussion of Results 
A General Comments 


Only a small portion of the data collected appear in Fig. 3 
through 10 because of publication space limitations. These 
curves present data corresponding to w/w, = 1 for an excitation 
amplitude of a9 = 3.2, or a = 1. 

Relative displacement-time and relative velocity-time curves 
were used for the presentation of the steady-state data. The 
negative of the excitation displacement appears in Figs. 3 and 5. 
Since the absolute displacement is given by z; = 2 — (—zo), the 
difference between the relative displacement curves and the 
negative of the excitation displacement represents the absolute 
motion. The same procedure yields absolute velocities from 
Figs. 4 and 6. 

The transient data were presented as absolute displacement- 


ie} 6 12 


time and absolute velocity-time curves in Fig. 7 through 10. In 
this case at the end of one full cycle of the cosine wave, the excita- 
tion displacement was discontinued. Hence the curves beyond 
that time were absolute displacement and absolute velocity 
curves. The solutions for time less than one cycle were re- 
drawn as absolute displacement and absolute velocity curves. 
Reversing the procedure of the foregoing paragraph, the relative 
displacement during the first cycle results from taking the dif- 
ference between the positive excitation displacement and the 
absolute displacement curves. 

Although only representative curves for w/w, = 1.0 are pre- 
sented, the results obtained for w/w, = 0.5, 1.0, and 2.0 will be 
discussed. Before initiating this discussion, the criteria for one 
set of characteristics being superior to another set should be 
established. 

For the condition being considered there are two possible 
means of comparison, one involves displacements and velocities, 
while the other involves forces. The force analysis in effect can 
be a comparison of the accelerations of the suspended body. Ina 
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Steady-state relative displacement-time curves for nonlinear spring and various damper characteristics 
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Fig. 6 Steady-state relative velocity-time curves for nonlinear spring and various damping characteristics 
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suspension system, such as a truck, tractor, or automobile seat, 
any or all of these quantities in addition to the rate of change of 
acceleration may be significant in establishing suitable vibration 
filter characteristics. Most of the analysis presented here is 
based on displacement and velocity considerations. Some atten- 
tion is given to force considerations. 

Because of the nature of the differential analyzer which was 
used, it was not possible to obtain accurate acceleration data nor 
was it possible to obtain accurate absolute displacement and 
absolute velocity data. 


B Steady-State Vibration 


1 Relative Displacement and Relative Velocity Data, w/w, = 0.5. 
Using the linear spring the smallest amplitudes of relative dis- 
placement and relative velocity resultea when n = 0.5. Forn = 
2(—), 0.5(+) they were practically the same as for viscous 
damping. The largest relative values resulted for n = 3. The 


Displacement, in. 


n=3 


various types of damping exhibited little difference in the time 
phase relation. 

With the hyperbolic tangent spring characteristic the smallest 
amplitudes again resulted from n = 0.5 except for the largest 
excitation amplitude for which n = 0.5(—), 2(+) gave the small- 
est value. The largest values were again obtained with n = 3. 
The major effect of using the nonlinear spring was the asym- 
metrical nature of the relative displacement and relative velocity- 
time diagrams. This effect was much more significant for w/w, = 
0.5 than at 1.0 or at 2.0. 

Under these conditions the nonlinear spring resulted in relative 
displacement amplitudes approximately twice as large as those 
for the linear spring with the same damping characteristic. 

2 Relative Displacement and Relative Velocity Data, w/w, = 1.0. 
For the linear spring the double amplitudes of relative displace- 
ment were nearly identical for all types of nonlinear damping 
with a) = 0.8 which is the amplitude at which all dampers have 
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Fig. 7 Transient absolute displacement-time curves for linear spring and various damper characteristics 
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Fig. 8 Transient absolute velocity-time curves for linear spring and various damper characteristics 
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the same equivalent damping. This indicated that the concept 
proposed by Jacobsen [3] was reliable. Since the damping varies 
as some power of the relative motion amplitude and some power 
of the frequency for the various nonlinear dampers, there is only 
one frequency and one amplitude of motion for which the damp- 
ing can be equivalent to that for the viscous damper. 

With n = 0.5 the relative displacement amplitudes were small 
for small excitation amplitudes but became excessively large as ao 
was increased. This was because the damping was relatively 
large for small amplitudes and relatively small for large ampli- 
tudes. The reverse was true for n = 2 and n = 3 where the 
smallest a» yielded comparatively large relative displacements 
while the largest value of a» gave values only one half as large as 
for the viscous damper for n = 2 and two fifths as large forn = 3. 
When n = 2(—), 0.5(+) the relative displacement amplitudes 
were smaller than for x = 1 but larger forn = 2 for a given value 
of a. Unsymmetrical damping of this type lead to an unsym- 
metrical relative displacement-time curve, see Fig. 3. The 
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negative excursions of the mass relative to the base were less 
than the positive excursions for the two lowest values of a) but 
above this point the magnitudes reversed. Thus there was a shift 
in the mean position about which the body oscillated. For small 
d the mean position shifted toward the base while for large a» it 
shifted away from the base. 

A shift in the time at which peak relative displacement ampli- 
tudes occurred was also observed. Forn = 0.5 the shift was to 
the left as a) was increased. For n = 2 and 3 the shift was to the 
right. For n = 2(—), 0.5(+) the shift was self compensating 
and was essentially zero. 

The relative velocity patterns were almost symmetrical ampli- 
tude wise but were unsymmetrical in shape for positive and nega- 
tive values. 

The nonlinear spring resulted in unsymmetrical relative dis- 
placement-time behavior for n = 0.5, 1, 2, and 3 but forn = 
2(—), 0.5(+) the pattern was almost symmetrical. This be- 
havior was due to the compensating effect brought about by the 
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Fig.9 Transient absolute displacement-time curves for nonlinear spring and various damper characteristics 
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Fig. 10 Transient absolute velocity-time curves for nonlinear spring and various damper characteristics 
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nonlinear damping shifting the curves upward and the nonlinear 
spring shifting the curves downward. 

Comparison of Figs. 3 and 5 shows the favorable decrease in 
relative displacement amplitudes which also were apparent at 
lower values of a. A comparison of Figs. 4 and 6, where the rela- 
tive velocity curves appear, yields similar results. Part of the 
apparent effectiveness of the hyperbolic tangent spring in 
limiting the amplitude of relative displacement was due to the 
fact that the frequency ratio w/w, = 1.0 was not the resonant 
frequency for the nonlinear spring when operating about the 
indicated static mean position. The frequency for maximum 
amplitude for this spring when used with viscous damping and 
with an excitation amplitude a) = 2.0 was found to be near 
w/w, = 0.7. The maximum amplitude of z in this case was only 
12 per cent higher than for w/w, = 1.0 with a, = 2.0. 

There is a favorable time shift of the wave shapes indicated in 
Fig. 6 as compared with those in Fig. 3, that is, a shift which 
makes the curves more nearly coincide with the —a plot. The 
same behavior appears when comparing the relative velocities of 
Figs. 4 and 6 as would be expected. 

3 Relative Displacement and Relative Velocity Data, w/w, = 2.0. 
With the linear spring, n = 0.5 and n = 1.0 gave virtually the 
same double amplitudes of relative displacement while n = 3 
resulted in the lowest values. Whenn = 2(—), 0.5(+), there was 
a significant shift in the mean position about which the body 
oscillates relative to the base. The positive and negative values 
of relative displacement for a@ = 2 were 3.5 and 1.33 com- 
pared with 4.71 and 3.30 for w/w, = 1.0. This mean displace- 
ment would play an important role in the stability of any body 
mounted on such a suspension since the mean position of the 
center of gravity would move away from the vibrating base with 
increasing values of a. With n = 0.5(—), 2(+) the mean 
position of the center of gravity shifted toward the base for in- 
creasing values of a. Such a shift would require the ability of 
the suspension to accommodate large downward excursions of the 
suspended body without causing complete compression of 
the springs. 

The results for the hyperbolic tangent spring were similar to 
those for the linear spring for a given value of nin terms of double 
amplitude comparisons. The static mean position shift was more 
pronounced. Of all conditions studied, n = 2 yielded values 
most nearly equal to the amplitudes of the —2» curve. 

In all cases the relative displacement amplitudes were less for 
the nonlinear spring. 

The relative velocity patterns for the linear and nonlinear 
springs were similar in form but in every case the nonlinear spring 
resulted in smaller values. 


C Transient Vibrations 


1 General Comments. As shown in the 2» plot of Figs. 7 and 9, 
the transient was generated by one complete cosine cycle after 
which the excitation function was disconnected. These plots 
represent absolute displacements, while Figs. 8 and 10 represent 
absolute velocities of the mass. 

The criteria for superior transient vibration isolation would be 
indicated by motion which exhibited the least absolute displace- 
ment and velocity. Theoretically, if the suspended body remained 
at rest in space when a transient input pulse was applied, isola- 
tion would be complete and no damping would be required. How- 
ever, for vehicles the suspended body must respond to the low 
frequency excitation and must move upward when an upward 
wave shape is encountered to prevent the springs from being 
compressed completely. As the frequency of excitation is in- 
creased, the excitations are generally of smaller amplitude in a 
practical case and are not sufficient to result in completely com- 
pressed springs. 
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Although a vehicle suspension has been used as an example 
here to illustrate a few points concerning transient vibration iso- 
lation, it is not intended to imply that these data can be applied 
to a system with two or more degrees of freedom. 

Long continued oscillations following the transient pulse are 
usually undesirable, thus a damper is sought which will not 
contribute greatly to the absolute displacement during the 
transient pulse and which will attenuate the resulting oscillations 
following the transient pulse in a relatively short period of time. 

2 Absolute Displacement and Velocity Data, w/w, = 0.5. An 
analysis of tabulated values revealed that there were no large 
differences in the initial transient response for various types of 
damping when used with the linear spring. For n = 0.5 the free 
oscillations decayed rapidly but for n = 2 or 3 they decayed very 
slowly. Both types of unsymmetrical damping gave inter- 
mediate rates of decay. The two types of unsymmetrical damp- 
ing were not considered for the steady-state condition since a re- 
versal of sign merely inverted the wave shape. This was not the 
case with the transient vibration, however, since there was a single 
input wave and the type of damping existing in various portions 
of the cycle influenced the wave shape markedly. This effect 
was more pronounced for w/w, = 1.0 and 2.0. 

The hyperbolic tangent spring permitted relatively large oscil- 
lations to continue after the transient had been experienced when 
n = 2or3. Forn = 0.5 the rate of decay was very high. 

The first maximum displacement amplitude was approximately 
one and one half times as large for the nonlinear spring for all val- 
ues of n. The first minimum was as much as four times as large 
for the nonlinear spring. The largest value being recorded for 
n= 3. 

Since the nonlinear spring had a larger period of free vibration 
the slope of the displacement-time diagrams was smaller in pro- 
portion to the amplitude as compared with the linear spring. 
This effect was more than offset by the larger amplitudes for the 
nonlinear spring, thus the velocities recorded were larger for 
the nonlinear spring for all values of n except n = 1.0. 

3 Absolute Displacement and Velocity Data, w/w, = 1.0. For the 
linear spring, n = 3 gave the lowest absolute displacement and 
velocity as shown in Figs. 7 and 8. While the rate of decay for the 
first cycle was high the rate for subsequent cycles was lower than 
for other values of n. For n = 2(—), 0.5(+) the free oscillations 
were nearly zero after two and one half cycles 

For the nonlinear spring, n = 3 again yielded the lowest abso- 
lute displacement and velocity shown in Figs. 9 and 10. This 
trend did not carry through to the lower excitation amplitudes, 
however, since the damping was equivalent at this frequency for 
ad = 0.8. Since the maximum amplitude was smaller for n = 3 
with a = 3.2, and equal for a) = 0.8, the net effect was a much 
smaller range of variation in response amplitudes with variation 
in ad for n = 3. The greatest displacement amplitude varia- 
tion occurred for the first minimum with n = 0.5. 

A comparison of Figs. 7 with 9 and Figs. 8 with 10 shows that 
the hyperbolic tangent spring characteristic yields more favorable 
displacement and velocity-time behavior. Tabulated values re- 
vealed that this trend applied only for the two largest values of 
a. Thus the major advantage of the nonlinear spring lies in its 
greater period of vibration. 

The velocity-time curves showed the following for both the 
linear and nonlinear spring. When n = 0.5 the velocities became 
excessive and when n = 2 or 3 the transient vibration was not 
attenuated adequately. Of the three remaining types, n = 
2(—), 0.5(+) gave the most desirable result since it combined the 
lower amplitude features of the damping indicated by n = 2 with 
the high rate of decay of the transient oscillation associated with 
n = 0.5. 


4 Absolute Displacement and Velocity Data, w/w, = 2.0. The 
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trends observed for w/w, = 1.0 in general apply here for the 
linear spring. The rate of decay of the transient displacement- 
time curves for n = 0.5 is more rapid. The velocity-time curves 
are nearly twice as large for the first positive maximum. 


D_ Force Transmitted to the Mass 


A limited study of the force transmitted to the mass indicated 
that the nonlinear spring when used with nonlinear damping 
with n = 3 resulted in the least maximum force transmitted to the 
mass for dp = 3.2 with w/w, = 1.0. For a = 2.0, with w/w, = 
1.0 the maximum force transmitted to the mass was equal for 
n= 3andn = 2—),0.5(+). For a = 2.0 with w/w, = 2.0 
the force transmitted was nearly equal for the cases given. 


Conclusions 


In evaluating the conclusions drawn from this investigation it 
is necessary to remember that a limited frequency range has been 
investigated. Further, the various combinations of springs and 
dampers have been studied for one coefficient of damping only. 
The particular coefficient selected may not be the best choice for 
the range of conditions studied. The damping coefficients which 
were used were those which gave equivalent viscous damping for 
a frequency corresponding to the natural frequency of a system 
containing a linear spring. These coefficients depended on both 
the frequency and the amplitude of the motion of the body rela- 
tive to the motion of the base. Recall that the best compromise 
is sought for isolation from both steady-state and transient vibra- 
tions. 


Steady-State Conditions 


1 For steady-state vibration, the equivalent viscous damp- 
ing concept proposed by Jacobsen [3] is reliable for all types of 
damping considered. 

2 The hyperbolic tangent spring displays a desirable shift in 
the time at which the maximum amplitude develops for w/w, = 
1.0 for all types of damping considered. 

3 Nonlinear unsymmetrical damping results in an unsym- 
metrical relative displacement-time wave form for both the linear 
and nonlinear springs. This asymmetry amounts to a shift in 
the mean position about which the body oscillates. The shift 
varies in sense according to the amplitude and frequency of ex- 
citation. 


Transient Conditions 


4 The nonlinear unsymmetrically loaded spring increases the 
period of the free oscillations and thus reduces the relative veloci- 
ties for excitation frequencies equal to or greater than the 
resonant frequency for the equivalent linear spring-mass system. 
Below resonance the increased velocity amplitude, which this 
spring permits, more than offset the velocity reduction due to the 
increased period of free vibration. 


Steady-State and Transient Conditions 


5 For all combinations of steady-state and transient vibra- 
tions, damping designated by n = 3 or n = 2(—), 0.5(+) 
offered the best compromise. 
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DISCUSSION 
W. J. Cunningham? 


The problem considered in this paper is similar to many other 
nonlinear problems in that, while the system being studied appears 
superficially to be simple, a considerable number of parameters 
are needed to describe it. Because of this large number, it is 
difficult to obtain a simple presentation of the operation of the 
system and of the effects of the various parameters. In Equation 
(1), for example, there appears the independent variable ¢, the 
dependent variable z, and the eight parameters m, c, n, Po, ko, g, Go, 
andw. By normalizing the quantities, as is done in Equation (2), 
a simplification is obtained with the independent variable 7, the 
dependent variable ¢, and now only five parameters, 7, ,, ", U, 
and h. The effects of these five parameters need to be known. 

A completely linear system would be described by Equation 
(2) if parameter n becomes unity and P, becomes infinite. The 
resulting equation is 


ré¢+q+oa= —h+ cost 


The steady-state solution for this linear equation consists of the 
superposition of two parts. One part is the steady deflection, ¢, 
= —h. The other part is an oscillation, a = A cos(t — 9), 
where’ amplitude A is given by the relation A = [g? + (1 — 
r*)*]~'/* and angle ¢ is given by tan @ = q/(1 — r?). Itisasimple 
matter to plot a family of curves of A and ¢ as functions of r with 
qasaparameter. These are the well-known resonance curves for 
a linear system with damping as a parameter. These curves pre- 
sent in an easily visualized manner all that is significant about the 
operation of the linear system. What is needed is some analogous 
procedure for the nonlinear system. 

Representation of the behavior of the nonlinear system is made 
difficult because of the extra parameters needed beyond those of 
the linear system, and because simple superposition cannot be 
used. It ought to be possible, however, to plot resonance curves 
somewhat like those applying to the linear system. These 
curves should be skewed along the frequency (i.e., r) axis, because 
of the nonlinear spring, and should show the possibility of jumps 
in amplitude characteristic of the Duffing equation. Several 
families of curves would be needed to account for the effects of 
the several parameters. Curves of this kind would present in- 
formation in a more concise and readily understandable manner 
than do the curves in the paper showing instantaneous values of 
the deflections and velocities. It would be worth while to devote 
considerable effort to arrange a concise presentation of the large 
amount of data produced by the computing machine. 

As a minor point, it appears tiat the type of spring described by 
the hyperbolic tangent function of the paper is rather uncommon. 
Mindlin (reference [1] of the paper) observes that a strut sub- 
jected to a longitudinal force does, indeed, approximate this 
characteristic. Most common springs, however, are likely to be 
of the hard rather than the soft type. 





? Professor of Electrical Engineering, Yale University, New Haven, 
Conn. 


NOVEMBER 1960 / 315 





Author's Closure 


The first two paragraphs of the discussion state only that Eqs. 
(1) and (2) are sufficiently versatile to include the linear condi- 
tion. Indeed, the linear conditions appear in Figs, 1 and 2 of the 
paper. The linear damper condition, n = 1, was used to check 
the validity of the analog computer solution as well as to obtain 
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a reference index in Figs. 3, 4, 7, and 8 for the linear spring and in 
Figs. 5, 6, 9, and 10 for the nonlinear spring. 

The statements of the third paragraph anticipate the contents 
of an Air Force contract under the direction of the writer which 
was initiated in June, 1959, and for which a final report will ap- 
pear in the summer of 1960. 
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equation. 
discussed. 


Introduction 


HE METHOD OF FINITE DIFFERENCES, which has long 
been used to find numerical solutions to differential equations, 
has only very recently been applied to problems in kinematics. 
The advantages that this method has over analytical and graphi- 
cal methods were discussed in some of the previous papers [1, 2, 3]. 
However, it also has the disadvantage of providing numerical re- 
sults which deviate somewhat from exact values. Most kinema- 
ticians realize that the deviation may be diminished by reducing 
the space or time interval used in a specific analysis. Few realize, 
however, that, when the afore-mentioned method of error reduc- 
tion is not practical, other more advanced methods may be used. 
Some of these methods will be discussed in the present paper. 

It has also been observed that kinematicians have restricted 
their analyses of mechanisms by the use of finite difference expres- 
sions solely to the first and second derivatives with respect to 
time. The third derivative, which is of particular importance in 
cam design, may also be evaluated in a similar manner. It, too, 
will be discussed in the present paper. 


Finally, the finite difference expressions will be applied to the 
analysis of a cam and follower mechanism in order to demonstrate 
the use of the procedures described in the paper. Since the 
method is very general, it may also be applied to the analysis of 
other more complicated mechanisms. 

The mathematical technique to be discussed is not original. 
Nevertheless, it is worth while to discuss the technique because 


its application to problems in kinematics has not been fully ap- 
preciated. 


The Finite-Difference Expressions 


The Cartesian co-ordinates (z, y) of any point in a mechanism 
may be expressed in terms of the angular co-ordinate 6 of the 
driving link, or directly in terms of the time co-ordinate ¢, fur a 
prescribed angular velocity of the driving link. The functions 
a(t) and y(t) are continuous and so are its derivatives. One may, 
therefore, write Taylor’s series for y as a function of time y(t)? 
either in the form 


1 Numbers in brackets designate References at end of paper. 

2 Analogous expressions may be written for x(t). The resulting 
finite difference expressions are identical except that z and y are 
interchanged. 

Contributed by the Machine Design Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Socitety or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 6, 
1959. Paper No. 59—A-53. 
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Refinement of Finite Difference 
Calculations in Kinematic Analysis 


First and second finite-difference expressions are derived for the first three derivatives of 
displacement with respect to time. The numerical results obtained by applying these 
difference expressions to a specific cam-follower mechanism are found to be in good 
agreement with the values obtained by successive differentiation of the displacement-time 
Procedures for evaluating and improving the numerical results are also 


Poh pire nthe irs het 
| | 


a a So 


Tes Tj Tiss Ti42 
Time - ¢ 
A displacement-time curve 


dui), (AD? By) 
7] 2! dt? 
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T\-2 
Fig. 1 


y(t + At) = y(t) + (Ad 


or in the form 


dy(t) 


2 2 
yt — At) = y(t) — (Ad) ve (A? dy(t) 
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_ (An? aye) 


3! di? 2) 


for the purposes of comparing the values of the function at ¢ and 
(t + At), or t and (t — Ad), respectively. 

For a given mechanism, the function y(t) is known either al- 
gebraically or numerically. In either case, numerical values of the 
function may be determined at uniform time intervals, h time 
units apart, as indicated in Fig. 1. 

It is convenient, in the analysis to follow, to study the displace- 
ment-time curve one point ata time. The procedure is facilitated 
by denoting the particular time to be investigated by ¢; and by 
denoting the corresponding space co-ordinate by y;. Similarly, 
the time “stations’’ to the left of ¢; are labeled ¢;-. t;-2, . . . and 
those to the right of ¢; are labeled ¢;41, ti42,... The corresponding 
space co-ordinates are denoted by yi-1, yi-2, -. . and Yi+i, Ysa, - 
respectively. 

With this notation, and with the time interval At set equal to 
h, Equation (1) may be written 


h? 
Yin = yy + hy,’ + a ys", (3) 
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while Equation (2) may be written 


h2 
Yu = y; — hy! + or y.”, (4) 


where the higher-order terms have been neglected and the 
primes indicate differentiation with respect to time. Subtraction 
of Equation (4) from Equation (3) leads to 


, _ Yin = Yea 


Yi re (5) 
whereas their addition leads to 


” Yi — 2y, + Yin 
1" 3 (6) 
h 


In view of the basic definition for the velocity component v, = 
dy/dt, Equation (5) is called the first central difference expression 
for the velocity at the time ¢ = ¢t;. From a geometric point of 
view, y;’ is equal to the slope of a line drawn from y;- to yj in 
Fig. 1. Similarly, in view of the basic definition for the accelera- 
tion component, a, = d*y/dt?, Equation (6) is called the first 
central difference expression for acceleraton at the instant under 
investigation. These two equations permit the evaluation of 
velocity and acceleration of a point in terms of its positions h 
time units before, h time units after, and at the instant ¢,. 

The previous equations were derived by neglecting all terms in 
Taylor’s series that contain derivatives that are higher than the 
second order. If some of these higher derivative terms are re- 
tained, one may develop expressions for velocity and acceleration 
which are more accurate than those previously derived. For ex- 
ample, by including the third and fourth derivative terms in 
Equations (1) and (2), the Taylor’s series, when written in terms 
of the current notation, with At replaced by h, become 


h2 
2! 


Yin = Ys + hy,’ + 


2 


h 
Yin = ys — hy! + a! 


From these, it is to be noted that 


9 , 2h* av 
Yin — Yiu = 2hy,’ + ree 


If the original Taylor’s series are rewritten in terms of the cur- 
rent notation, but with At now replaced by 2h, Equations (1) 
and (2) become 


(2h)? (2h)8 2h)4 
ys" + Mee odd 


isk = ys + (2h)y,’ + 3! 4! 


y;* (10) 


and 


et ae 
yi-w = ys — (2h)y,’ + Z- 


s (2h) 
pag "a 


ees 4! 


(2h)* 

Wr 4 Saye (11) 

where, in keeping with the current notation, y(t + 2h) = yi. 

and y(t — 2h) = y;». The difference between Equations (10) 
and (11) is 

2h)3 

2 (2m 


Vise — Yi-g = Shy,’ + 2 “3 es (12) 


From Equations (9) and (12), it may be established that 


PPE. 8yia + 8yitt — Yite 
12h : 





Yi 
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Also, from the sum of Equations (7) and (8), and the sum of 
Equations (10) and (11), it is found that 





» Yi + 16y-1 — 30y; + 16yi4 — Yire 
fe 4 oe 
12h? 

In view of the physical meaning of dy/dt and d*y/dt?, the last 
two equations describe the velocity and acceleration of a point 
in a mechanism. They were obtained by including terms in 
Taylor’s series that are of higher order than those retained in the 
earlier derivations. Thus Equation (13) is called the second 
central difference expression for velocity, and Equation (14) is 
called the second central difference expression for acceleration at 
the instant t = ¢;. These finite difference expressions require 
information concerning the position of the point up to 2h time 
units from the instant under consideration. 

It is also possible to derive a finite difference expression for the ‘ 
third derivative of displacement with respect to time. If Equa- 
tions (9) and (12) are solved simultaneously for y;’’’, it is found 
that 


von, — — Vir + 2yinw — Zyitr + Yise 
2h : 





i 


(15) 


Equation (15) is the first central difference approximation for 
d*y/dt®, which is sometimes called the pulse or jerk. 

If the fifth and sixth derivative terms are included in Equations 
(1), (2), (7), (8), (10), and (11), and Equations (1) and (2) are 
rewritten in terms of the current notation with At replaced by 3h, 
then the second difference approximation for the third derivative 
may be derived. When these six equations are solved for y,’’’ 
one finds that 


7 , oe 8yi-2 + 18yin — 13yin + Byite — Yiss 
= Bh? : 





Yi (16) 


If the same six equations were used to solve for y,’ and y,", the 
resulting expressions would be the third central difference ap- 
proximations of velocity and acceleration. 

Finite difference expressions may be derived more concisely if 
operator notation is used for the derivatives and the difference 
expressions [4, 5]. Use of operator notation also reduces greatly 
the tedious work inherent in the progressive improvement of 
numerical approximations. However, because this paper is 
directed toward design engineers who are more interested in 
underlying principles than matheinatical neatness, it is the auth- 
ors’ feeling that the use of operation notation would tend to com- 
plicate rather than simplify. 


Application of Finite Difference Expressions 


In the present section, a specific problem is analyzed kine- 
matically by using the first and second central difference expres- 
sions. The results are then compared with those obtained from 
an exact solution. This approach is used to demonstrate the ap- 
plication of the finite difference expressions and to observe the 
accuracy that is obtained. 

Consider the circular plate cam and follower shown in Fig. 2. 
The cam, of radius r, is rotated about the axis O which is a dis- 
tance e from the geometric center C. 

The y-axis is chosen so that it originates at the center of rotation 
of the cam and is parallel to the direction of motion of the follower. 
The angular position of the cam, represented by @, is measured 
clockwise from the y-axis to the line OC. From geometric con- 
siderations, one may describe the position of the tip of the follower 
in terms of the physical dimensions of the cam and its angular 
position 6 as 
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y= ecco +rqt — (£ sind). 


The velocity of the follower is the first derivative of Equation 
(17) with respect to time. Since the angular velocity, w = d6/dt, 


in 20 
dy —ew | sin 0 + Pe)» XA my 


yy = 4 5 
2r \: - (< sino) 
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The acceleration of the follower is the second derivative of 
Equation (17) with respect to time. If w is specified as constant, 
dw/dt = 0 and 


(17) 


(18) 


d’y 


” dt 


[: - (<)'] cos 20 + (<) cos 6 
r r r 
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E - (: sin 6)'| 
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The third derivative of the follower displacement with respect 
to time is, in view of Equation (17), 


d*y 2A sin 20 | 
3 ’ 


- = ews Jsin 0 + 


— ew? 





cos 8 + 





(20) 
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™ 
is 
es) b- Gee) 
2r r 
For purposes of a specific analysis, the cam shown in Fig. 2 is 
assumed to have an eccentricity e equal to 0.6 in., a radius r 
equal to 1.6 in., and an angular velocity w equal to 100 rad/sec. 
The displacement of the follower and its first three derivatives 
with respect to time may be found by substituting the appro- 
priate dimensions into Equations (17), (18), (19), and (20), re- 
spectively. 
This: was done for every 15 deg of rotation and the results ap- 
pear in Table 1. The results are tabulated only for the first 180 
deg of rotation because of the symmetry of the problem. 


FOLLOWER 


Fig. 2 The cam and follower 


One may also calculate the first three derivatives of the dis- 
placement by substituting the displacement-time date of Table 1 
into appropriate finite-difference expressions derived earlier in 
the paper. For example, the derivatives at 9 = 15 deg may be 
calculated by designating y, as the position of the follower at 0 = 
15 deg; while y;-s, yi-2, yi, Yi, Yea, aNd Yi+s3 correspond to its 
position at 9 = —30,0 = —15, @ = 0, 0 = 30, 0 = 45, and 6 = 
60 deg, respectively. Thus, according to the data of Table 1, 


Ys-s = 2.0912in. yi. = 2.2000in. yis2 = 1.9670 in. ) 
Yi-2 = 2.1720in. = y; = 2.1720in. yi, = 1.8133 in. 
Yior = 2.0912 in. 


When the station 7 corresponds to 6 = 15 deg notice that the 
numerical values of y;-2 and y; are equal because of the symmetry 
of the problem. 

According to the first central difference approximation, Equa- 
tion (5), the velocity of the follower is — 20.779 in/sec, when the 
displacements are prescribed by Equation (21) and h = 0.00261799 
sec. According to Equation (13), which is the second central 
difference approximation, the follower velocity at @ = 15 deg 
is —21.180in/sec. These values have also been tabulated in Table 
1 and compare favorably with the exact value of —21.181 
in/sec. 

Similarly, the acceleration of the follower may also be found by 
using the finite difference expressions derived earlier. When the 
numerical values of Equations (21) are introduced into Equation 
(6), the first central difference approximation for acceleration of 
the follower at 6 = 15 deg is found to be —7703.7 in/sec?; 


(21) 


Table 1 





———- ———dy/dt 
Ist cent. 2nd cent. 
difference, difference, 
in/sec in/sec 
0.000 0.000 


Pos. of 
follower, 
y, inches 


2.2000 


Pos. of 
cam, 9, 
degrees 


Exact 
method, 
in /sec 


0.000 


Ist cent. 
difference, 
in/sec? 
—8170.5 


~d?y /dt* 
2nd cent. 
difference, 
in/sec? 
—8248 .4 





—dy/dt® K 10-*- — 

Ist cent. 2nd cent. Exact 
difference, difference, method, 
in/sec® in/sec* in/sec* 
0.00000 


Exact 
method, 
in/sec? 
— 8250.0 


0.00000 
0.36434 
0.67434 
0.87985 
0.95508 
0.84989 
0.59214 
0.31488 
0.08987 
—0.03831 
—0.07245 
—0.05225 
0.00000 


0.00000 


2.1720 0.36031 


2.0912 
. 9670 
.8133 
6466 


4832 
.3361 
2133 
1185 
.0520 
.0129 
.0000 


—20.779  —21.180 
—39.152 —39.893 
—53.075 —54.043 
—61.192 —62.236 
—63.044 —63.977 
—59.301  —59.970 
—51.547  —51.920 
—41.559 —41.686 
—30.806  —30.787 
—20.168 —20.101 
—9.931 —9.880 

0.000 0.000 


—21.181 
—39.919 
—54.094 
—62.263 
—63.990 
— 60.000 
—51.921 
— 41.660 
—30.759 
— 20.081 
—9.879 

0.000 


—7703. 
— 6332. 
— 4304. 


—7779.0 
— 6386.9 
— 4335.7 
— 1894.3 
52.2 
2439 .0 
3597 .7 
4126.6 
4143.6 
4001.4 
5812.9 
3754.6 


—7773.4 
— 6404.0 
— 4330.9 
— 1880.7 
51.3 
2427 .2 
3619.0 
4119.3 
4154.5 
3938.3 
3817.7 
3750.0 


0.35110 
0.64926 
0.84711 
0.91398 
0.81645 
0.58517 
0.32602 
0.11146 
—0.01672 
—0.05852 
—0.04458 
0.00000 
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whereas from Equation (14), the second central difference ap- 
proximation of the follower acceleration is found to be —7779.0 
in/sec?. As before, these approximations are close to the exact 
value of —7773.4 in/sec?. 

In a like manner, the third derivative of the follower displace- 
ment may be approximated by means of Equation (15) or (16). 
Substitution of the values of Equations (21) into Equation (15) 
yields the first central difference approximation of the third 
derivative at 6 = 15 deg, as 0.35110 X 106 in/sec*. Equation 
(16) shows that the second central difference approximation of the 
third derivative is 0.36434 X 10® in/sec*. The exact value of 
the third derivative at 6 = 15 deg is equal to 0.36031 X 10* in/ 
sec, 

The results of similar calculations for the first three derivatives 
of the follower displacement with respect to time are listed in 
Tabie 1 for 15-deg intervals of cam rotation. 


Reduction of Error 


Even though the results obtained from a first central difference 
calculation are reasonably close to exact numerical values, the 
errors can be reduced. One method is to reduce the time interval 
initially used. A second method, demonstrated in the previous 
sections, calls for the inclusion of higher-order terms of the 
Taylor’s series. A third method is to extrapolate previously ob- 
tained results. 

A logical method of extrapolation may be obtained [6] by 
reverting to the original equation upon which the finite difference 
approximations are based. Suppose y’;,, and y’;,a. represent 
numerical results obtained for the first central-difference ap- 
proximations of velocity, at t = ¢; when At is equal to A and h/2, 
respectively. The first central difference approximations for 
velocity, you will recall, were derived by neglecting all those 
terms in Equations (3) and (4) that contained derivatives beyond 
the second. If the derivation were now repeated retaining the 
third derivative, Equation (5) would read 


2h? 
vy =u ou, 


3! (22) 


for Ai = h, and 


yi! =Y'iae— - (23) 
for At = h/2. Since y’;, and y’;,,2 are quantities availa- 
ble from previous calculations, an even closer approximation of 
the exact velocity, y;’ may be computed by the simultaneous 
solution of Equations (22) and (23). 

Similarly, once three first central difference approximations have 
been calculated at ¢ = ¢; by using three different successively 
smaller time intervals, these approximations can also be easily 
extrapolated by substituting into a newly derived set of three 
equations analogous to Equations (22) and (23). The new set is 
derived by including the third and fifth derivative terms in 
Equation (5) and by rewriting it in terms of each of the three suc- 
cessively smaller time intervals. 

The same technique may be used to improve the calculations 
for the second and third derivatives. It must be noted, how- 
ever, that it is possible to use the extrapolation procedure only if 
values of displacement are available at each of the time stations 
which are now required to be closer together than they were for 
the first central difference calculation. 


Concluding Remarks 


It has been shown that the finite-difference expressions de- 
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veloped in the previous sections may be used to evaluate nu- 
merically the first three derivatives of the follower dis- 
placement with respect to time. Two expressions, representing a 
first and second approximation, were presented in each Case. 

When the finite difference expressions are applied to a specific 
cam mechanism and the results are compared with those obtained 
from the exact solution, it is found that the first central difference 
expressions lead to numerical results that are reasonable for engi- 
neering studies, whereas the second central difference expressions 
lead to even better agreement. In a practical case, where the 
exact solution is not known in advance, closeness of the results 
obtained by using the first and second-order finite difference ex- 
pressions indicates relative accuracy of the numerical results and 
convergence to the exact solution. In cases where the numerical 
results are not sufficiently accurate, they may be improved by in- 
cluding still higher-order terms in the Taylor’s series expansion 
by using smaller time intervals, or by extrapolating previous cal- 
culations. 

It is significant to observe from the data listed in Table 1 that 
the results found by using finite difference expressions are in 
close agreement with results found by using analytical expres- 
sions, obtained by successive differentiation of the displacement- 
time relation, even though crank angle intervals as large as 15 deg 
were used. Obviously, one need not resort to infinitesimal incre- 
ments in order to obtain reasonable numerical results. 

Even though the present paper is directed toward a discussion 
of the refinement of numerical calculations, the authors (eel it is 
worth while at this time to briefly mention some of the additional 
finite difference concepts which may also be used in kinematic 
analysis. These concepts are described in texts dealing with the 
finite difference method [4, 5]. One is concerned with finite dif- 
ference expressions written entirely in terms of stations in ad- 
vance of the one under investigation. They are known as the for- 
ward finite difference expressions. Another is concerned with 
finite difference expressions written entirely in terms of stations 
behind the one under investigation. They are known as back- 
ward finite difference expressions. Also, the restriction of equally 
spaced stations may be removed so that finite difference expres- 
sions can be written in terms of unequally spaced stations. 
Finally, operator notation may be used, which greatly increases 
the efficiency of computation of successively better approxima- 
tions. 

It is apparent that the finite difference technique, currently 
being used in other engineering fields, can also be fruitfully ap- 
plied to the analysis of mechanisms. 
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DISCUSSION 
Thomas P. Goodman? 


The authors are to be commended for their lucid engineering 
presentation of an important mathematical technique. In view 
of the application of this technique to cam analysis and design, 
it would be of interest to have the authors’ comments on how it 
applies: 

(a) At transition points on a cam profile such as the point 
where a rise portion joins a dwell portion. 

(b) For cams having random machining errors such that the 
error-reduction process described in the paper does not converge 
except for extremely small values of h. 


It should be noted that the finite-difference equations can be 
applied not only to scalars but also to vector quantities, simply 
by interpreting y and its derivatives as vectors in Equations (1) 
through (16) of the paper. (The additions and subtractions in 
these equations then become vector additions and subtractions.) 
J. A Hrones** suggested the use of first finite-difference equations 
for vector velocities and accelerations, and the accuracy of his 
method could undoubtedly be improved by using the higher 
finite-difference equations given in the paper. The use of finite- 
difference equations would be especially advantageous in finding 
the derivative of the acceleration vector, for which vector- 
polygon solutions become rather complicated.* 


Harold A. Rothbart’ 


The authors are to be congratulated on an excellent contribu- 
tion to the study of machinery and mechanisms. Particular 
interest is noted in the comparison of accuracy of the finite 
difference method. The subject of high-speed operation of ma- 
chinery has special need for the use of the method shown in this 
paper, since the value of the second derivative (acceleration y”) 
of compound mechanism cannot conveniently be found analyti- 
cally. The equations are often too cumbersome to differentiate, 
and conventional graphical solution of velocities y’ and accelera- 
tion y” are quite time-consuming. The finite difference method 
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yields all values easily and directly. It is interesting to note that 
the third derivative (y’’’ pulse or jerk) has much less practical 
significance than the acceleration y” curve. Its predominant 
value is in appraising the second derivative curve for dynamic 
consideration. 

The writer would appreciate the authors’ thoughts on the rela- 
tionship between the accuracy of the finite difference and input 
cam or crank position. 


Authors’ Closure 

The authors appreciatc the illuminating discussions presented 
by Dr. T. Goodman and Dr. H. Rothbart. 

It was stated in the paper that, before a function can be ex- 
panded in a Taylor series, the function must possess continuous 
derivatives. The implication is that all derivatives exist and are 
continuous. Yet, in the derivation that followed only some of 
the derivatives were actually used. For example, in evaluating 
the first central difference expressions, terms beyond the fourth 
derivative were omitted as being of higher order; and in evaluat- 
ing the second central difference expressions, terms beyond the 
sixth derivative were omitted for similar reasons. Thus no 
difficulty would be expectcd in applying the central difference 
expressions to a function in which not all the higher ordered terms 
are continuous. 

A function in the neighborhood of a transition point of a cam 
profile is one which may not have all derivatives. Thus diffi- 
culty should be expected in applying the central difference expres- 
sions when the nonexisting derivatives are of low enough order 
to have been used in the derivations. In the afore-mentioned 
case, the difficulty can be avoided by using forward or backward 
difference expressions [4, 5], since all the required derivatives of 
the function may exist to either side of the transition point. On 
the other hand, no difficulty will occur when only the higher 
ordered terms do not exist, in which case the central difference 
expressions of the present paper may, of course, be used. 

The finite difference method was proposed as a means of 
analyzing basic cam motion just as one may analyze basic motion 
by suitable differentiation of a displacement-time function. In 
neither case does one consider machining errors, an effect which 
is important but not considered in an initial investigation. 

It may be that one can incorporate the tolerances associated 
with machining errors to determine upper and lower bounds to 
the first three derivatives of displacement with respect to time 
by using a very small time interval h together with the ideal dis- 
placement-time relations. However, the problem is sufficiently 
complex so that an exact statement of procedure cannot be made 
without additional study. 
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The Measurement of Very Low Frictional 
Torques in Rotating Equipment 


In the design of high precision, rotating equipment such as air bearings, gyroscopes, 
etc., it has become possible to reduce the frictional torques to ‘‘almost zero’’ values. 
The measurement and classification of the sources of these minute torques during rota- 
tion ts exceedingly difficult, but very important for correct application and further design 


It is the purpose of this paper to present two techniques for the measurement and 
discrimination of the torques, and an example showing the accuracy of these techniques. 
Although these methods were designed specifically for the measurements of low torques, 
they work equally well for any magnitude and as such present a good evaluation tech- 


nique. 


A comparison made with the values obtained by one of the better ‘direct’ 


methods indicates that the direct method is inadequate. 


Introduction 


N THE DESIGN of high precision, rotating equipment 
it has become possible to achieve ‘‘almost zero’’ frictional torques. 
The measurement of these torques without influencing them by 
test apparatus, and the classification of their sources becomes in- 
creasingly difficult as these torques are reduced to minute values. 
For instance, in the design of air bearings for precision instru- 
ments it is desirable to minimize the coulomb friction and measure 
the ‘viscous friction coefficient when the bearing is running at 
operating speeds. The coulomb friction may come from contacts 
which are sometimes used to indicate the relative rotational posi- 
tion of the inner and outer cylinder or from small particles and 
burrs that may exist undetected in the very narrow gaps be- 
tween the two cylinders. The viscous friction is that component 
associated with the shear of the air between the two cylinders. 
The problem of discriminating between viscous and coulomb fric- 
tion is quite difficult since the viscous drag is essentially constant 
over a narrow velocity range and behaves very much like the 
coulomb friction. However, this discrimination is very important 
in the design of contacts with a minimum of friction or in the in- 
spection of a bearing to determine how ‘‘clean’’ it is. 

Several ‘‘direct’’ techniques were attempted in advance of the 
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Nomenclature 


development of the methods finally presented in this paper. 
They all failed because of complexity, lack of accuracy, or be- 
cause the measuring devices affected the experiment. With re- 
spect to this latter point, it should be noted that it is desirable to 
detect torques of the order of 5 dyne-cm or lower. One such tech- 
nique, which was given considerable attention, requires an ex- 
perimental!y obtained angular displacement-time relationship and 
from this (or by separate measurement) its first and second 
derivatives. Writing the dynamical equations of motion and 
substituting known values of angular displacement, velocity, and 
acceleration, simultaneous algebraic equations for the evaluation 
of the viscous and coulomb friction are obtained. However, be- 
cause this technique uses known values at only two different 
times to characterize the entire displacement-time curve, it is 
necessary that they be extremely accurate. In tests run by the 
authors the first and second derivatives of this curve could not be 
obtained with the degree of accuracy required for this method. 
As a consequence, the consideration of various pairs of displace- 
ment, velocity, and acceleration readings led to a wide variety of 
coulomb and viscous torque values and did not allow any single 
consistent pair of friction values to be selected with accuracy or 
assurance. Variations of these techniques based on the integrated 
equations of motion were obtained in the course of this investiga- 
tion. They were not pursued in great detail because of the reasons 
to be listed and because it was felt that they still retained the dis- 
advantage of characterizing an entire curve by two or three ex- 
perimental points, and as such might lead to inaccuracies. 

It is the purpose of this paper to present two simple but highly 
accurate techniques for the evaluation of the coulomb and viscous 





constant torque component, 7'* 
applies when rotation is in posi- 
tive direction, 7’~ applies when 
rotation is in negative direc- 
tion, consistent units 

resisting torque component, posi- 
tive in direction of positive ro- 
tation, consistent units 

coulomb torque component, op- 
posite to the direction of rota- 
tion, consistent units 

viscous torque, consistent units 

time, sec 


angular displacement, radians 
angular velocity and acceleration 


6 
f 6d@, the area under the 6 — @ 


curve 


viscous drag coefficient of the 
system, c+ applies when rota- 
tion is in the positive direction, 
c~ applies when the rotation is 
in the negative direction, con- 
sistent units area between tangent and actual 

— 6 curve 

mass moment of inertia with re- 
spect to the axis of rotation, 
consistent units 


Subscripts 
0 = starting value 
F = final value 


In = log to base e T = tangent curve 
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friction. These methods can be classified under the heading of 
decrement techniques. Along with the well-known log-decre- 
ment method associated with viscous damping, they take into 
account the variation from free rotation conditions. Since they 
measure the main frictional effect directly, such techniques fur- 
nish accurate, convenient, and direct approaches to this problem. 
The methods of this paper were selected because the associated 
data are plotted as a straight line or a deviation from a straight 
line on regular graph paper. This was preferred to the log-decre- 
ment approach because the log plot needed for straight line 
representation of viscous damping tends to mask the difference 
between small frictional effects and experimental error, so that 
neither accuracy or interpretation is adequate for cases of very 
low friction. In addition, the approaches introduce new concepts 
that could prove useful in the study of dynamic systems with 
friction elements. Although these methods were originally in- 
: tended to measure very low frictional torques, they can be used 
equally well for any magnitude torque and, as such, present useful 
general techniques for the evaluation and classification of fric- 
tional torques. 


Theory 


General Considerations. Fig. | illustrates only the freely rotating 
cylinder and the torques resisting motion in the system under 
consideration. The direction of positive angular motion and 
torques have been drawn on the figure. The inertia force is 16, 
the viscous torque (7',) is c*6, and the constant torque com- 
ponent is 7’*; the plus superscripts being taken when the angu- 
lar velocity is positive, and the negative superscripts when it is 
negative. 


Although many applications occur for which the coefficients 
associated with the resisting torques (viscous and/or coulomb) 
are independent of the direction of rotation, no such assumption 
will be made here. We will assume only that the viscous system 
coefficientc* and the constant torque component 7'* are constant 
for the speed variation under test and that these quantities have, 
at most, a change of magnitude with change of direction of rota- 
tion. If desired, by a series of tests as described in this paper, the 
variation of these values with speed can be ascertained. 

By evaluating the constant torque component 7'* in each direc- 
tion, the following interpretation can be given. 7'* is written as 
the sum or difference of two components, 7’; and 7, both having 
magnitudes that are independent of the direction of motion. T7';is 
taken positive in the direction of positive motion and to have a 
direction which is independent of the direction of motion, and 7’, 
is taken to act so as to oppose the motion of the rotating cylinder. 
Thus 

T+ =T,+|T,| (1) 


T- =T, — |T,| (2) 


For convenience we can visualize the torque component 7’, as 
corresponding to 2 constant extraneous forcing torque, such as 
that which induces steady-state drift in an air bearing when 


Journal of Engineering for Industry 


|7',| > |T,|. In this ease the uni-directional torque component 
arises from the effect of surface imperfections on the air flow 
characteristics. Although these imperfections are unpredictable 
and their effects presently uncalculable; they do result in a non- 
symmetrical air flow pattern with a characteristic torque direc- 
tion. This torque is sometimes referred to as “turbine torque’”’ 
because of its tendency to produce a “turbining” effect. |7',| can 
be thought of as that component of coulomb friction that changes 
in sign, but not magnitude, as the direction of motion changes. 
From equations (1) and (2) 
Tt ee 
T, = i (3) 
T+ —T- 
Pd (4) 

Further, although these torque values may vary slightly with 
angular position, it is assumed that there is an average value over 
each revolution that can be used as a measure for the friction co- 
efficient, It is this average value which will be evaluated in this 
paper. 

The experimental method of this paper is to bring the rotating 
cylinder up to operating speed, then cut the power and allow the 
coulomb and viscous drag to decay the cylinder speed. Using the 
measured quantities and techniques indicated in the following 
sections, the desired values are obtained. 

The system equation of free motion is, 

3! c= T+ 
o+- 6 = ( ; ) (5) 

Method f. Taking ? = 0 and 6 = 6, att = 0, the first integral of 

equation (5) is 


dé =(2 Sy ‘ 
‘eee I (6) 


where the velocity change Aé is 6, — 6. 

Equation (6) expresses a linear relationship between @/t and 
A6/t which can be used as the basis of a test to find c*/I, T*/c*, 
and T*/I. This phase plane representation is shown in Fig. 
2, for the case where 6 > 0, T* = T+ > 0, and c* = ct. 
The test requires 9 — ¢ data as well as 6 — t data. The latter 
can either be measured directly or else derived from the 0 — i 
curve. 

The points between P; and P, will show scatter and should be 
discarded. The spread occurs in this region because the values of 
6, Ad, and t are very small and the ratios of 6/t and A6/t are es- 
sentially experimentally indeterminate (0/0) and very sensitive 
to the slightest inaccuracies. Once sufficiently large values of 9, t, 
and Aé@ are obtained this spread will vanish and, even with rela- 
tively crude apparatus, the points in the region between P; and P; 
will lie on a straight line. P; is the point at which the experiment 
can be considered to terminate either because the velocity has 
fallen too far below the operating velocity or else has reached zero. 
The straight line between P, and P; is an extrapolation. 

As is apparent from the phase plane (Fig. 2) or equation (6), 
the desired value of c*/I is obtained as the slope of the A6/t — 
6/t curve. The value of T*/I is the A6/t intercept, and that of 
— T+/ct* is the 6/t intercept. Care must be taken to use the 
proper algebraic sign with the value of these intercepts. 

With the use of equation (6), the discussion is generalized to in- 
clude all 6 and 7* combinations. The heavy lines in Fig. 3 
illustrate the phase plane paths for each possible 6), 7’* combina- 
tion. The direction of generation of these paths with increasing 
time is shown on the figure. These directions are obtained from 
consideration of the solution to equation (5) which indicates that 
|46/t| monotonically decreases with increasing time. 
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Paths ‘‘A’’ and “‘C”’ are traced when the resisting torque is 
opposite to the direction of motion. In the event that |7',| > 
\7,|, the motion will stop in a finite time. However, when 
|T.| <|T,|, the motion will stop in a finite time and will start in the 
reverse direction. In that event the path will end at P, on “A” 
and start at P, on “‘B’’ (or correspondingly on “‘C’’ and “‘D’’); 
the initial conditions for the reversed motion along path ‘“‘B’’ 
(or “D’’) being that at point P2, ¢ = 0,0 = 0, & = 0. 

Paths “B’’ and “D” are traced when |7',| > |T,| and T* is in 
the direction of the motion. In that event a steady-state velocity 
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(|6| = |7*|/c*) will be reached at infinite time (point P,). De- 
pending on whether the magnitude of the starting velocity (6) 
is greater or smaller than the magnitude of the steady-state ve- 
locity (|7* |/c*) the rotor speed will monotonically decrease or in- 
crease until the steady-state condition is attained. Thus when 
|6.| < |7*|/c* the path will be from P; to P, and when |6)| > 
|T'*|/c* the path will be from Ps to P,. 

In the special event that paths “B’’ (or ‘‘D’’) are applicable 
to a design and the running speed under consideration is the 
steady-state speed, one test will not suffice. In this case only the 
point P, which specifies 7’* /c* is obtained, but the path slope or 
the Aé/t intercept is lacking. A second start at above or below 
this steady-state speed will be necessary for the complete evalua- 
tion of all the desired parameters. 

Experimental results for both methods I and IJ will be given 
after the next section. 

Method Il. Taking the same initial conditions as in method I, 
a first integral of equation (5) can be shown to be 


(7) 


6 
where ‘ (8) 
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undertaken for the case of 6 > 0 and 7+ resisting the direction 
of motion. The results will then be generalized, leaving some of 
the details for the interested reader. 

For the afore-mentioned case, as will be explained, it can be 
shown that the 6 — @ curve is concave downward as shown in 
Fig. 4. 

The direction of curvature can be determined by considering 
6 and its second derivative with respect to 0, 


b= iM iD 


T+ 
(5 2 ( c* ) ( 6 1 

~ id) OUT ) 

For the case under consideration, 6. > 0 > —7'*+/c*, which 
with the use of equation (9) leads to 6 > 0 for all t; 6 = 0 being 
the end of the test. From equation (10) there results d*6/d0? < 0, 
which is the previously stated conclusion on the concavity of the 

— 6 curve. 

Taking the first derivative of @ with respect to 0 and setting 
6 = 6, the slope of the tangent line at 8 = 0 is given by 


(9) 


a 


ab? (10) 
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Steady Stote 


_— FT 


ee ee 
ra eae ae pees: * 


With reference to Fig. 4, let us define A® as the area between 
the tangent and experimental curve limited by 6, and 6,, plus 
the area contained in the small rectangle below 6, which is 
bounded by 6; and 6. Once the curve and its tangent are 
drawn, this area is easily obtained by means of a planimeter, 
square counting, or any other suitable technique. 
The area bounded by the tangent curve and the vertical line 

at @ = 0, is obtained as 

db 

d6 ) 6=0 


The value of (— d6/d0)g=0 is a positive number because the 
slope is negative (see Fig. 4). 


(11) 


(12) 


Using equations (7) and (12) to form A®, and equation (11) to 
eliminate c*, the equation for the evaluation of T* becomes, 


(a) not? 


= do 
26, (- 5)... 


c*/I is evaluated from equation (11), once T*/I is determined. 

The generalization to include all 6 and 7* combinations can 
now be represented with the aid of equations (9) and (10), The 
heavy lines on Fig. 5 illustrate the phase plane paths, with the 
direction of increasing time being indicated by arrow. 

The description of the generation of each phase plane path is 
identical to that given in conjunction with method I, Fig. 3. 
The only modification being that, for the case where the motion 
reverses itself, curve “B’’ (and correspondingly “‘D’’) will be 


A® 
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translated parallel to itself until P,; passes through the origin 
since the initial conditions for the second part of the motion are 
t=0=6=0. 

Should it be desired, a forrnula for the evaluation of 7’ for 
the case of [7',| > |7',| can be obtained in much the same manner 
as was used for equation (13). 


Experimental Verification 

To check the validity of the basic equations and the associated 
pair of derived values (7'*, c*) it is necessary that the basic ex- 
perimental data and the theoretical 6 — @ curve using the T, ¢ 
values agree over their entire range. If the 6 — 0 curves agree 
well, it can be shown that the @ — t, 6 — ¢ curves will also 
agree well. 

The theoretical curves can be found in parametric form from 
equation (5) to be 


bade t 


Substituting the derived values for 7*/I, c*/I, and assuming 
different values of ¢, the corresponding values of 6 and @ can be 
found and a theoretical 6 — 6 curve can be plotted. ¢ is taken be- 
tween values of 0 and tmax. tmax is obtained from equation (15) 
using the conditions of zero velocity, or 

 _ 


I 
tmax = (<)m i 4- se 


(16) 
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As an example of the methods that have been described, the 
curve shown in Fig. 6 was obtained from an air bearing. Since 
values for ¢ were not available from the test data, they were com- 
puted from equation (14) and the best c*, 7’ values. The 
computed ¢ together with the experimental 6 and 6 values were 
used to obtain the results listed under method I. However, in 
later work ¢ was obtained experimentally and the results showed 
the same degree of accuracy. The calculated 7'*, c+ values are 
indicated in Table 1. 


Table 1 


Method II 
27.3 dyne cm 
128 dyne cm sec 


Method I 


26.5 dyne cm 
136 dyne cm sec 


Direct method 


15 dyne cm 
144 dyne cm sec 


gi 
ct 


Considerable care was taken to make the direct technique (de- 
scribed in Introduction) as accurate as possible, but nevertheless 
the frictional torque was in error by a factor of 2. It is seen from 
the check plot of equations (14) and (15) on Fig. 6 that the results 
to method I and II lead to very good results so that the assump- 
tions of the type of friction found in such an air bearing is ade- 
quate. On the other hand, the direct method does not lead to a 
good fit of the experimental data, so that the associated 7'+ and 
c+ values cannot be used with any assurance. 


Discussion 


The main advantage of method I is that it is simple to use and 
understand. However, it requires more data than method II. 
Method I requires 6 — @ — ¢ information whereas method II 
requires only 6 — @ information. Even though method II ap- 
pears to be a little more complicated, it is quite easy to use in prac- 
tice. As a result no preference between the two methods has 
been established. 

Method II is quite useful in the development of theory for the 
evaluation of the 7’* and c* values when the rotating cylinder is 
unbalanced. This case has not been discussed in the paper. 
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Design by Quantitative 
Factor of Safety 


The traditional safety factor has a qualitative meaning only. However, it can be quan- 
titatively interpreted through the possible variations of the components in a design as well 
as the probability of safety. The proposed design method based on such a safety factor 
gives not only a more rational but also a more economic design than the conventional 


methods. 


Introduction 


Tue DETERMINATION of an adequate “‘safety”’ factor 
in structure and machine design has always been of paramount 
importance. The most probable factor of safety is thought to 
depend on the accuracy of the knowledge of the loading likely to 
act on the material, the homogeneity of material, the interaction 
between the external loading and the internal response to such 
disturbance, and so forth. However, after such a correct 
diagnosis, no cure was thought of by engineers. In the normal 
design convention, this factor is only arbitrarily determined and 
its value can vary from 1.5 for most members in aerostructures, 
2.0 for the pressurized cabin in jet planes, 2.5 for bridges, 3.0 
for foundations, up to 6.0 for boilers. 

There are two principal aspects of any engineering design, the 

physical and the statistical aspect. Since the appearance of 
many modern physical concepts of the macroscopic mechanics, 
most research workers in this field have been heavily occupied 
and have forgotten that all these are only one side of the design 
problem. The other side signified by the safety factor is hardly 
considered, and little attention is paid to the fact that all the 
variables involved in any design are of a stochastic nature, which 
is completely ignored in almost every design convention. This 
explains why the safety factor, having lost its true essence, re- 
mains a factor of ignorance. 
_ Broadly speaking, there can be three different approaches to 
the conception of safety. The first also the oldest’ approach 
considers the prevention of accidents and the risk of human life 
as the aim of a design. The second results from the realization of 
the limited resources available to human society as well as the 
comparably short life expectation of man, and consequently 
economy plays an important role here. The third approach 
covers all the other considerations. The object of a design may be 
the military efficiency or some kind of advertisements, and so 
forth. 

The first two approaches can be compromised to achieve a 
desired serviceability, which can be expressed in terms of probabil- 
ity based upon the risk of human life and the economic considera- 
tion. The term safety, although it will be preserved in this 
article, actually means such compromised “serviceability.” 

However, the philosophical side of this safety problem, being 
so complicated and involved, cannot be dealt with in this article. 
Valuable reference on this aspect can be found in most of the 
papers in the Bibliography. It is the design method based on the 
statistical concept that will occupy most of the space. 

Since the design method is directly connected with methods of 
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analysis as well as other relevant fundamental investigation, the 
statistical approach to be suggested will no doubt influence the 
design philosophy. It is therefore desirable to discuss the possible 
impact of such an approach on the future design technique and on 
the physical investigation. There will be two sections devoted to 
this purpose. 

In order to illustrate the technique of application rather than 
the underlying theory of statistics, readers will be assumed to 
possess the elementary knowledge of necessary mathematics. 
Further reference on statistics can be obtained from any standard 
textbook. It should be emphasized that this article is only an 
introduction to the statistical concept of the design method, and 
by no means a thorough exploration of such a vast field. On the 
other hand, the practical technique developed here is perfectly 
general and applicable to all design problems. 

Notations used in this article will be explained on their first 
appearance except those in the examples, which are essentially 
the same as Timoshenko’s system. 


Probability of Safety 


The probability of the occurrence of a variable z in the range 
x, Sz S x, can be defined as follows: 


Pl Sz Sm) =D) a)Az (1) 


where $(z) is a step function, or 
a 
Pin ssn) = f™ sade (2) 


where f(z) is a continuous function. 
Both $(z) and f(z) are called the frequency function with the 
following properties 


(i) @z) 20 and f(z) 20; 
+o 


+o 
(ii) }> g(z)Ar = 1 and f fix)dx = 1. 


Only the continuous frequency function will be discussed in 
this article. The case involving the step function can be treated 
analogously. 

The probability of safety is defined as follows: 


P= P(-2 <2sa)= f"_ fied (3) 


where a will be referred to as the safety limit. The probability 
of unsafety will then be given by 


Py= Plasz<o)= fi" sade = 1- P, 


It can be observed from equation (3) that once the frequency 
function is known, the probability of safety or unsafety is uniquely 
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determined by the safety limit a. When the frequency function 
is not known at all, the lower bound of the probability of safety 
corresponding to a given safety limit can be obtained from 
Tchebycheff’s inequality, which may be expressed as follows: 


1 
P2i- oa? or 2 > (4) 


Some numerical values given by equation (4) are tabulated in 
Table 1, in which results based upon the normal frequency func- 
tions are also included for comparison. 

In an actual design problem, the first step is to determine the 
safety limit a, which is related to a definite P, or P,. Then, by 
use of a, it is possible to represent the expected safety in terms of 
the safety factor, which is also based upon the variabilities of the 
component. quantities. By such manipulation, the factor safety 
can possess a quantitative significance. 


Concept of Safety Factor 


The factor of safety B is conventionally defined as a ratio of 
two quantities, say, R and Q, each being associated with the un- 
safe or unserviceable condition and with the safe or serviceable 
condition. 


B = R/Q (5) 


The most familiar ratio is the yield stress over the working stress. 

Since R and Q are both statistical quantities, i.e., obtained 
through a statistical treatment, the factor of safety being the 
ratio of them, should also be dealt with statistically. Let og, op, 
and og denote the standard deviation of 8, R, and Q. Then, by 
the variance law in statistics, 


op \? op \? og Oo 
o3* -- (26) op? + (=) TQ” + 2ppoFRTq Be oo (6) 


where F# and Q are assumed to have some correlation, and the cor- 
relation coefficient is pra. If R and Q are uncorrelated or inde- 
pendent, prg = 0. - 

From equation (6), the following relation among the varia- 
bilities can be obtained 


3 = (2 op : 3 + ( Q op rs 2 
re = B OR Yr oQ Yeo 
RQ 2B 2B 


+ 2preVrVe (& aR *) (7) 
where y, denotes the variability of xz and x = B, R, Q, and so 
forth. 

In almost all of the practical cases, R and Q can be expressed 
in terms of several uncorre!2ied variables. The generalized form 
of Equation (6) and (7) will be 


op \2 Pe} 2 Pa) 2 
os? = (2) o42+ (2) Op? t+... t+ (22) oy? (8) 
Pe (4 6 \? 2 (2 28 2 
BS all B OA Ve = B =) Ye 


4 eae 
ao B oN Yn? (9) 


It should be noted that, in these equations, 8, A, B,..., N, and 
so forth, are the means of the variables and not the variables them- 
selves. 

When the variability of: the safety factor yg is known, the 


required value of the safety factor for a particular design is de- 
fined by 


8B =1+ aye (10) 
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where @ is the safety limit. In the case that the standard devia- 
tion of the safety factor og is known, the required safety factor 
will be given by 


os 
B= > +5 Vit 4acg (11) 


Equation (10) manifests the meaning of the safety factor, 
which is directly related to the probability of safety through a 
and to the possible variation of the performance of a design 
through yg. To reduce the factor of safety of a design, it is 
necessary either to reduce the possible variation of the per- 
formance through methods of quality control, and so forth or to 
accept a lower safety iimit corresponding to a reduced proba- 
bility of safety. In other words, yg can be physically controlled 
through accurate theoretical prediction, good workmanship, the 
use of high-quality materials, and so forth, whereas the determina- 
tion of a will lead to a question on philosophical basis of the 
design. 

The difference between equation (5) and (10) [or equation (11), 
which is another form of equation (10)] should be noted: Equa- 
tion (5) defines the general relation betweer variables while 
equation (10) gives a particular value of 8 corresponding to a 
give nprobability of safety as well as the probable variations 
in the performance of the particular design. Since equation (5) 
will not be used to refer to the means henceforth, no distinc- 
tion will be made between the symbols representing the mean 8 
and the particular value 8. In general, Greek letters always 
denote the required particular value. 

In the derivation given, only the statistical parameters of the 
population are involved. Such parameters as means and vari- 
ances are also supposed to have been obtained in the following 
examples. However, the difference between the sample variance 
and the population variance should be borne in mind, and it is 
merely for the sake of simplicity in the explanation of the method 
that the population becomes our sole interest at present. As the 
population parameters can be easily transformed into the sample 
parameters, such restriction imposes hardly any limitation on the 
application of the method developed here. 


Safety Limit and Probability of Safety 


The importance of og and Yg has been revealed by equation 
(10) and (11). The accuracy of the prediction given by 
equation (10) or (11) depends entirely upon the reliability of 
og and Yg, which are derived from the corresponding values 
of the components. Therefore the problem will then become 
whether these ‘y-values are available and reliable. 

The value of the variability of the safety factor given by equa- 
tion (7) or (9) is merely an arbitrarily chosen quantity to signify 
the accuracy and should not be confused with the actual probable 
variation which is linked with the safety limit to correspond to a 
definite likelihood of such variation. From Table 1, the lower 
bound of the probability of unsafety at a = 5.0 is 4 per cent, and 
the values for P,, following a certain distribution are very small. 
The value of 5 for the safety limit is therefore very much on the 
conservative side. The selection of an a-value suitable for a par- 
ticular design will inevitably involve the philosophy and the 
policy on the question of safety, and is beyond the scope of the 
present article. Nevertheless, since this a-value is the essence of 
the proposed method, it is desirable to review some of the existing 
statistics. 

In the “Return of Shipping Casualties and Deaths, 1957,” 
published: by the Ministry of Transport and Civil Aviation of 
Britain, the gross tonnage of shipping lost from 1947 to 1957 was 
expressed as a percentage of the corresponding total tonnage, and 
the annual average is 0.21 per cent. If the expectation of life of 
a ship is 30 years, then the probability of its being lost during the 
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service period will be approximately 6.3 per cent for an average 
tonnage ship. This also means that approximately six ships out 
of every hundred in use would be lost owing to some accidents. 

In the “Road Accidents,”’ published in 1956 by the aforemen- 
tioned Ministry, it can be observed that the probability of being 
killed on the roads in Britain is around 0.01 per cent every year 
and that of being injured or killed is around 0.54 per cent every 
year. This statistics must have excluded some of the minor unre- 
ported accidents, and the actual probability of being involved in a 
road accident must be higher. If the expectation of life for 
people living in Britain is, say, 70 years, then the probability for 
any person being killed in a road accident during his life will be 
approximately 0.7 per cent and the probability of being injured 
will be 37.8 per cent; i.e., one out of every three people will suffer 
some injury of various seriousness on the roads during his life. 

The value of a used in the examples will be 2.5, which cor- 
responds to a “normal” probability of unsafety of 0.62 per cent, 
or about the same as the probability of unsafety on British roads, 
also about one tenth of that for ships registered in Britain. It 
should be noted that for a certain class of designs, a definite range 
of a-values should be specified to allow for a certain amount of 
flexibility; and the safety factor is not necessarily unique for a 
given class of designs. The reason is that a is completely defined 
by the probability of safety, whereas 8 also depends on the quality 
of materia}, workmanship, and so forth. 

The inaccuracy of a physical theory, which is not explicitly ex- 
pressible in a physical equation, can also be incorporated in the 
safety factor. Suppose the value associated with the unsafe con- 
dition is not sufficiently good to approximate the actual condition 
of unsafety due to some inaccurate assumptions. The true value 
of R of the prototype may be, say, either 20 per cent higher or 
20 per cent lower than the value of R indicated by the theory. 
If the standard deviation of such variation is, say, 10 per cent, then 
the constant unity in front of R is said to have a variability of 
0.10 which can be inserted into equation (8) or (9) in the practical 
calculation. 

Attention must be paid to the fact that in such a case, R cannot 
be substituted by 1.2R as frequently done by designers. This 1.2 
has no physical significance, but is supposed to indicate the sta- 
tistical characteristics of R, which should obviously be treated 
statistically. Furthermore, such departure of the theory from 
reality should not be confused with variation of R itself as a conse- 
quence of accidental errors in the experiments and the noncon- 
formity of the test model with the prototype. 


Iustration 


The problem chosen for illustration is extremely simple so that 
the principle of the proposed method rather than the details can 
be easily grasped. By the same principle, more complicated 
cases can easily be tackled. 

The procedure of calculation can be summarized as follows: 


(1) Write down the physical equations governing FR and Q in 
terms of their component quantities. R is a function of variables 
associated with the limit of the serviceable condition, beyond which 
the structure “‘fails.’’ Q is another function of variables associated 
with the expected working condition. 

(2) Write down the equation defining the safety factor. 


R 
—- 


(3) Work out the coefficients required for calculation of og and 
Ys; i.e., to establish the o or ‘y equation. 

(4) Compute 8, if necessary by trial and error, to correspond 
to a specified probability of safety signified by a. 

(5) The criterion for a ‘“‘safe’’ design is then 
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The example is a simply supported rectangular steel plate. 
The solution has been given by Timoshenko in his “Theory of 
Plates and Shell.” Other given data are: Uniformly distributed 
load of 80 Ib + 20 Ib, yield stress y = 35 kip/sq in., and the size of 
the plate is 2ft 6in. X 10 ft Oin. The physical equation govern- 
ing its bending behavior is 
yh? 


0.1235 wa? = Mumax = : 


In a conventional design, therefore, the thickness will be 


1 
ht = 5, X 0.1235 X 0.1 X 2.5% X 12 x 6 = 0.272, 


h = 0.527 in 
The equation of safety factor is 


yh? 


B= O741wa? 


The y-equation is 
e OY (2 
w= (G3) + (Fae) 


(5 8)re(5 


a ee 
ow 


op \2 
7 hee 


Therefore, 
Ve = Vy> + Ye? + Ae? + 490? 


(It should be pointed out that, in general, y-equation will be more 
complicated.) 

Suppose the precision of the thickness is much higher than all 
other quantities involved in the design, y, = 0. Assume that 
there may be some error in tailoring the plate, take y, = 0.05. 
Then, with y, = 0.20, 


Ye? = (0.2)? + (0.25)? + 4(0.05)? = 0.1125, yg = 0.336 
Use a = 2.5, 
B = 1+ 2.5 X 0.336 = 1.84 


Hence 
1.84 : 
h? = 35 0.741 X 0.08 K 2.5? K 12 = 0.234, h = 0.485 in. 


If 1/:-in. plate is used, its actual probability of safety can be 
estimated as follows: 


0.25 
B = —— X 1.84 = 1.965 


i ee aa 
0.234 


a = 
From Table 1, P, following the normal distribution is interpolated 
and found to be 0.0024. So P, = 0.9976. 

The safety factor in this calculation is based on the yielding 
limitation (but not plastic collapse limitation), similar procedure 
can be used for calculation based on the deflection limitation. 

Suppose the damaging deflection of the plate is 2 in. The 
physical equation is 
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Table 1 Safety limit versus probability of safety and unsafety 
Tchebycheff’s theorem Normal probability 

st P, > P, Py 

0 5 0.8413" 0. 1587 

5 778 0.9332 0.0668 
2.0 875 0.97725 0.02275 
2.5 .920 0.99379 0.00621 
3.0 944 : 0.99865 0.00135 
3.5 .959 0.9997674 0 .0002326 

0 .969 0.99996833 0.00003 167 
5.0 5.980 0.9999997 133 0 .0000002867 


0 wa‘ 
= 0.14 —- 
Eh’ 
The safety factor equation is 
EhW’A 
~ 0.14wat 


The y-coefficients are 


(5%) -(G4y-(4-3 
ps 3 a AB YE 


h B\2 a oP \? 
(eave (aye 


Therefore the y-equation is 
Ya" = Ya? + Yz° + Yur + Vn? + 167," 


Assume that the variability in measuring the damaging deflec- 
tion is 25 per cent; i.e., ya = 0.25; and the other variabilities 
are 


Ye = 0.10, ¥, = 090.01, y, = 90.05, y,, = 0.25 
Then, 
Ya? = (0.25)? + (0.25)? + (0.10)? 

+ 9(0.01)? + 16(0.05)? = 0.1754 


Ye = 0.420, B=1+4+2.5 X 0.42 = 2.05 


Therefore, 


hs = —— = 0.310 


h = 0.678 in. 


It is quite possible that some other effects which are not 
represented in the physical equations, may influence the varia- 
bility yg considerably. Unless a quantitative evaluation of such 
effects is possible and reliable, engineer’s intuition and experience 
must come into play. For example, if the plate is made up by two 
plates welded together along the long dimension, the workman- 
ship must be considered, and the variability of worksmanship 
should be inserted in the y-equation. 

It is also possible to obtain the factor of safety against buckling 
by the foregoing procedure. The physical equation governing 
the stability of the plate is 


2h? 
= et = 03) = 31 k/sq in. (h = 1/2 in., v = 0.3) 


The safety factor equation is 


w*Eh? 


as 2.73a*f 
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The y-equation is 
Ye? = Yet + V2 + 47,2 + 47,2 + allowance 


Take yg = Y; = 0.10, y, = 0.05, y, = 0.01 and no allowance 
for other effects. Then 


Ys? = 0.0304, Ye = 0.175 
6B =1+ 2.5 X 0.175 = 1.44 


For the '/:-in. plate, the allowable compressive stress is *!/; « 
= 21.5 k/sq in. or the allowable compressible force is 21.5 X !/2 
X 12 = 123k/ft width. 


Why Plastic Method of Design 


The elastic method of design has been repeatedly denounced 
since the end of the last war, when a plastic theory on continuum 
was introduced by Prager and Hill, and a similar one on discrete 
structures by Baker. 

According to the plasticians, a material will yield and flow due 
to the mechanism occurring under the yield stress. The working 
stress is then defined as the ratio of the yield stress to an arbitrar- 
ily assigned safety factor. Some plasticians work in the reverse 
direction. They obtain the safety factor from the working stress 
(or load) and the yield stress (or load) and claim that such a factor 
is a ‘“‘true”’ one. 

It is true that a material will yield at its yield stress as this is a 
pure physical phenomenon. The safety factor on the other hand 
possesses clear statistical characteristics and is not a physical 
parameter at all, and hence cannot be obtained through any 
physical process such as yielding tests. 

Of course, the safety factor elaborated in such a manner can be 
considered as a sheer artificial link between an analysis and a de- 
sign. However, with such a safety factor embodied in the design, 
no phenomenon similar to the yielding and flow mechanism will 
appear under the working condition of the material during its 
service life. This points out the fact that such a design has little 
bearing on its actual expected performance. 

Obviously it is possible, by the statistical approach, to obtain 
a design which will yield or will be on the brink of yielding. Only 
in this case, the reality can be approximated by the plastic theory, 
and the plastic method of design is acceptable. This argument, 
however, does not rule out the possibility of existence of the plas- 
tic theory as a branch of applied mechanics, but leads to the con- 
clusion that the plastic method can be a sound basis of analysis 
and design only when the actual plastic state is expected to be 
attained in the design, such asin wire drawing, metal cutting, and 
so forth. 

It is interesting to note that, although engineers are entrusted 
to design an object which will work, they are invariably absorbed 
in the investigation of a similar object which will fail or yield. 
These two conditions, working and the failure condition, are 
generally not complementary. In other words, the condition 
at which a failure occurs may be far beyond the limit at which an 
object is considered useless; therefore these conditions may be 
irrelevant. It is apparently more appropriate to select the limit 
of serviceabilcy than to use the fictitious failure as the design 
criterion. 


Why Destructive Tests 


The destructive tests on material have been traditionally per- 
formed by engineers in order to investigate the so-called ultimate 
strength as well as the mechanical behavior immediately before 
such an ultimate state. The dynamic and the time-dependent 
properties of materials are still not fully understood at the present 
and may require such tests to establish the physical concept. 
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So far as the static properties are concerned, the destructive tests 
are not necessarily the most suitable routine for a design. 

As mentioned heretofore, the purpose of such test is to obtain 
some kind of “‘ultimate’’ data to be used in a design. These tests 
are therefore directly connected with the present design philoso- 
phy which exacts such information. Traditionally, engineers use 
the safety factor, which is determined by no other criterion than 
experience, to prevent the designed object from reaching the ulti- 
mate state. However, when the ultimate data have been, say, 
halved, i.e., with a safety factor of two, they can no longer repre- 
sent the ultimate state, from which they were derived. In fact 
since only the “halved’’ values are useful in the design it is quite 
logical to obtain them directly in the routine tests without doing 
any destructive effects to the specimens. The foregoing discus- 
sions of course apply only to a design which is expected to be- 
have safely during its service life. 

Many destructive tests can, as a consequence of the new ap- 
proach to design problems, be easily modified to become non- 
destructive ones. The only difference between them is on the 
application of test loading. In the usual tests the ultimate loads 
are applied finally. Now since such ultimate data are no longer 
a necessity in every case, only a test “working’’ load with due 
allowance for possible variation is sufficient to furnish information 
about the future safe behavior of a material. 

These nondamaging tests not only can be used in the design 
stage, but also be employed for checking the designed object after 
it comes into being. Such checking is possible because all the 
variations other then the variability of applied loads have been 
taken into account and liquidated in the design. The partial 
safety factor, i.e., the safety factor without any allowance for 
loading variation, is therefore a known quantity corresponding to 
a given probability of safety. Such tests should confirm the de- 
sign assumptions and can provide valuable data for the investiga- 
tion of the probability of safety. 


(1) The normal practice of the material manufacturers at 
present is merely to supply information on the mean values of the 
required quantities. It is evident from the examples that the 
variabilities of the required quantities are equally important, and 
should also be provided by the manufacturers. Furthermore, a 
material of good quality should be signified not only by its high or 
low values of a certain properties but also by the smallness of its 
standard deviation. 

(2) Once the variabilities or the standard deviations are availa- 
ble an object can be designed to correspond to a specific proba- 
bility of safety. On the other hand, with sufficient knowledge 
of the standard deviation and the variabilities, the probability of 
safety of the existing design can be assessed and its service life 
estimated. 

(3) The proposed definition of the safety factor indicates its 
true content clearly. An important feature of such definition is 
the inclusion of the statistical concept, which enables the sug- 
gested method of design to give a more economic result than the 
conventional method with same limiting conditions. 

(4) Either plastic or the elastic state can be chosen as the limit- 
ing condition; i.e., the limit of the serviceable condition. Since 
most of the designed objects are expected to behave safely and not 
to “yield’’ during their service life, the plastic method of design 
seems to have been over-glorified and can in fact only play a role 
in fail-safe design or wherever a plastic flow is expected. The 
factor of safety offered by the plastic method is only a factor of 
ignorance, to which hardly any scientific inference can be at- 
tached. 

(5) Ifin certain complicated cases, the vigorous stress analysis 
is prohibitive, the alternative is to analyze the object in question 
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by a simple method and to introduce a suitable variability due to 
the inaccuracy to be included in the safety factor. A designer can 
thus have full control over the design through the flexible use of 
the safety limit, variabilities, and the safety factor, all of which 
can be controlled and adjusted to match the role any component 
plays in the whole assembly. 
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L. E. Iversen? 
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1 
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h = 1.54 in. 
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Then, with y, = 0.20, 
3 line 32 should read: 
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Author's Closure 


Mr. Iversen has raised several interesting points. The numeri- 
cal errors, although unnecessary, did not damage the examples, 
which were to show the procedure of the statistical maneuver. 

It should be emphasized that the physical equations expressing 
the relationship between FR and Q in terms of their independent 
arguments are not necessarily ‘‘static.”” The adjective “physical” 
obviously implies a great variety of problems, and such equations 
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can even be, say, optical or electrical in nature. It was only for 
the convenience of heavily occupied readers that the simple 
static cases were chosen as examples. 

The literature mentioned by Mr. Iversen is valuable and 
familiar to readers in this field. There is a fundamental difference 
between the approach adopted by these workers and that em- 
ployed in the paper. The present approach is focused on the 
design problem, which involves many other parameters than the 
pure physical ones, such as statistical (in its narrow sense), 
economical, and even aesthetical. The investigation of the 
previous workers is only concerned with the explanation of 
physical phenomena and the establishment of their governing 
equations, which only form a facet of the design problem. 

As to the frequency functions, it should be noted that the 
proposed method is nonparametric. Although the upper and 
the lower bound of the probability of safety given by Tcheby- 
cheff’s inequality are of great practical value, Table 1 was also 
intended to show the qualitative perspective of the proposed 
“safety” concept. Frequency functions for any particular case 
are of course useful. However, at the very moment, there are 


more important problems in design philosophy which should have 
priority. 
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Study of Critical Velocity of 
Stick-Slip Sliding 


The motion of a body sliding under boundary friction, at a velocity slower than a par- 
ticular critical velocity of the system, proceeds in a discontinuous or stick-slip form. 
This paper presents a theoretical analysis and an experimental study of the critical 
velocity of stick-slip sliding. The influence of various parameters such as friction, 
damping, stiffness, and sliding mass of the system on the critical velocity was studied on 
a mechanical model arranged on a milling machine. The arrangement was also 
simulated on an electric analog computer. Good correlation was observed between 
the theoretical values and the experimental results on the mechanical model and on the 


analog computer. 


Racal INVESTIGATIONS on the sliding of a body at 
slow velocities under boundary friction reveal that motion is not a 
continuous process. Such motion proceeds with jerks. The 
surfaces stick together until as a result of gradually increasing 
pull, there is a sudden break with a consequent very rapid slip. 
The surfaces stick again and the process is repeated indefinitely. 
This intermittent motion consisting of alternate clutching and 
breaking away of sliding surfaces is known as “‘stick-slip sliding.’’ 
The phenomenon is observed in many practical applications such 
as members sliding at low velocities in machine tools, mechanisms, 
and measuring apparatus. It may also occur in some other 
forms. Thus Bridgeman [4]! has shown that plastic flow during 
shear under extremely high confining pressures was discontinu- 
ous—chattering. Again in some tensile experiments, in which 
steel tensile pieces were extended very slowly, it was found that 
the extension was not continuous but took place in a series of 
jumps. In many precision applications such intermittent 
motion, apart from causing increased wear and undesirable 
stresses in the sliding members, affects adversely the accuracy 
and sensitivity of a shifting or a movement. 

In the case of machine tools, during the process of positioning a 
table, although the driving motor may be rotating smoothly, the 
motion of the driven table usually breaks down into a series of 
jumps and proceeds in the stick-slip form, particularly at the low 
speeds employed during the final adjustments. Thus in some 
heavy machine tools with tables weighing several tons, these 
jumps may extend to several millimeters. This affects positioning 
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accuracy, resulting in dimensional error on the job, while with low 
feeds, it may also affect the surface finish. Then again recent 
developments in high-precision machine tools indicate that the 
automatic controls (such as E.M.I. position-control system) can 
provide the highest accuracies providing the machine to which 
they were applied is capable of utilizing the control information. 
It is generally recognized that the kinematic problems involved in 
designing such high-precision machine tools to take full advantage 
of these controls are by no means solved. Among the main 
requirements of such a machine to provide a sensitive response in 
the drive mechanism are the elimination of stick slip and provision 
of an extremely high stiffness. 

Earlier studies on friction by Bowden, Leben, and Tabor [1] 
and [2] and Papenhuysen [3] reveal that if the sliding system 
possesses any degree of elastic freedom, the sliding may proceed 
intermittently. Such relaxation oscillations of the elastic system 
are possible when the kinetic friction during slip is lower than the 
static friction during stick. They found that, with any particular 
mechanical system, the type of sliding is greatly influenced by the 
nature of metals and the lubricant films on the surface. The 
nature of motion is of course also controlled by the mechanical 
properties of the moving system. It was observed that, if the 
velocity of sliding is less than or equal to a particular critical 
value, the motion occurred in the stick-slip form. On the other 
hand, if the velocity of sliding is greater than the critical, the 
motion occurred in the smooth form [7,8]. Ishlinsky and Krag- 
helsky [10] studied the influence of the period of rest on the rise of 
frictional resistance during stick. Bowden, Gregory, and Tabor 
{11], Merchant [12], Rabinowicz [13], and others investigated 
the influence of certain special lubricants on the intermittent 
motion. Sinclair [9] reported experimental investigations on 
frictional vibration including stick slip. Deryaguin, Push, and 
Tolstoi [14] made a detailed theoretical study of the different fac- 
tors that influence the critical velocity of stick slip. This paper 
presents an extended thecretical analysis of the latter work and 
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spring scale of elastic system 


mass of sliding element 
time, period of slip, period of 
stick, respectively 


= velocity and critical velocity, 


respectively, of drive 
W = mg = weight of sliding element 


z, x’, = instantaneous displacement, ve- 


x” locity, and acceleration of slid- 
ing element during sliding 


w, = Vk/m = natural circular fre- 
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an experimental study of critical velocity. The influence of 
various parameters such as the difference of static and kinetic 
friction, damping, stiffness, and mass, on the critical velocity is 
studied on a mechanical model arranged on a milling machine. 
The arrangement is also simulated on an electric analog computer. 


Critical Velocity 


Consider an elastic system sliding under boundary friction 
over a surface which is relatively rigid. The sliding weight 
W(= mg) is coupled by a spring of stiffness k to a drive of con- 
stant velocity v, Fig. 1. As the drive moves steadily, the motion 
of the mass or slip begins when the compressive force in the 
spring just overcomes the static frictional force Ff». During slip 
the frictional resistance is the kinetic friction F which has a value 
lower than its static value. At the end of slip the mass sticks 
again and the kinetic friction rises to its static value. 


K 





Cc, 














—e 





—~.—-- F 


Fig. 1 


The differential equation of motion of the mass during the slip 
may be written as 


ma" + (ce, + co)x’ + kx = VF + kot + cv (1) 


where c; = the coefficient of viscous damping between the sliding 
mass and the drive including internal material friction, struc- 
tural friction, and external damper, if any; cz = the coefficient of 
viscous damping between the rubbing surfaces including external 
damper, if any. 

Using the notation for damping ratios, i.e., the ratios of viscous 
damping constants to their critical values, 


Cy 
rae zs 
2+/mk 


&= mht & 


Cc; 
2 mk’ 
and initial conditions: Att = 0,2 = 0, 2’ = 0, the solution of 
Equation (1), for the small damping ratios (£:2<_1, and §,*< 1) 
usually obtained in practice, is given by 

/F Qf 

x 7 ey a 


w 


r= 


v , 
— —e —~Funti(A + 2) cos w,t 
Wy 


+ (1 + A&’) sin w,t] (2) 
x’ = vf{1 — e~*™*ticos wt — (A + &’ + 28) sin w,t]}} (3) 


r ; 2’ 26, 
et’ wnt 1+ — + — } cos»w,t 
A A 
+ ( : £' ) si t} (4) 
— - sin w 
A n 


where VF = Fy) — F; w, = Vk/m, and A is taken as a dimen- 

sionless parameter and may be written in the form 

VF 
i= —— (5) 
vuVkm 

A study of the expression for the instantaneous velocity of the 
sliding mass for different values of the drive velocity v will reveal 
the following: For all values of v greater than a particular critical 
value, the velocity x’ becomes steady after an initial transient; 
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on the other hand, for v < »,, the velocity x’ becomes zero and the 
mass sticks, thus initiating the stick slip, Fig. 2. The critical 
velocity may now be evaluated by noting that, in Equations (3) 
and (4), 2’ = 0,z" = O fort = 4&4, where 4, = period of slip. 
This gives 


1 — e~*=h [cos wit: — (A, + £’ + 26) sin wth] = 0 (6) 


and 


ae | 2b tig Nees 
[(+ A, + A) cos wat + (7 ¢’) sin wa | 0 (7) 


where the parameter A = A, under the critical condition and has 
been defined as 


VF 
A, = -: 
eee (8) 


where A, can be expressed, in terms of damping ratios, from 
Equations (6) and (7) as 


_, [Ac + 46 + 26] _ 
2 + &) tan | Ww al log [A? + 2036 + &)A, 


+ 12§,? + 2,7 + 106£.+ 1) (9) 


The critical velocity for a given elastic system can now be cal- 
culated from Equations (8) and (9) knowing the values of the 
elastic constants of the system. Fig. 3 shows these results in a 
graphical form in terms of nondimensional parameter A, and 
damping ratios & and &. 


20 


15 
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02 
ho 
Fig. 3 


In practice the critical velocity for a system should be as low as 
possible in order to eliminate the possibilities for the occurrence 
of stick slip. This may be done by reducing the difference be- 
tween the static and kinetic friction, increasing damping, and the 
stiffness-inertia ratio. 

Also the time period of slip may be obtained by solving Equa- 
tion (6) for t;. The period of stick t2 can be obtained by noting 
that at the end of slip one must have 
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Fig. 4 
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kulz = VF 4- m (2") we, (10) 


For a drive at critical velocity, tz is of course given by 
VF 


= - 11) 
he (un) 


Mechanical Model and Experimental Method for Critical 
Velocity 


It was considered necessary that the experimental analysis of 
stick slip be conducted on a mechanical mode where the different 
variables affecting the process could be suitably controlled. 

Fig. 4 shows a photograph of a model arranged on this basis 
on a milling machine. The mass m consists of a steel block 
weighing 5 lb, a vibration pickup (crystal type) weighing 0.5 lb, 
and other weights that can be added to the sliding block. The 
block is coupled to the milling head by a rigid attachment, through 
a leaf spring the stiffness of which corresponds to k. The leaf 
spring is clamped at its ends and loaded at mid-span. The mass 
is guided to slide freely in another steel block clamped to 
the milling table. A dashpot filled with oil is also clamped to the 
table. A baffle plate forming the piston for the dashpot is con- 
nected to the sliding block through a pin. 

Spring scale of 133 to 600 lb/in. were obtained with different 
leaf springs. The damping ratios —, and & were determined by 
free vibration (log-decrement) tests. For the purpose of these 
tests the Coulomb friction F was of course practically eliminated 
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Vibration meter 


Milling table 
Miiling head 
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Plate spring 


by sliding the mass over steel balls introduced in especially pre- 
pared V-grooves between the rubbing surfaces. The damping 
with the dashpot introduced and removed measures approxi- 
mately —’ (= & + &) and &, respectively. Variation in & is 
obtained by changing depth of baffle plate submerged in oil. In 
this manner the following damping ratios were obtained 


& = 0.01 (k = 133 lb/in., W = 15 Ib) 
Es 
fi 
and £ = 0.081, 0.162, 0.243 (k = 200 lb/in., W = 15 lb) 


0.008 (k = 200 Ib/in., W = 15 1b); & =0 


0.1, 0.2, 0.3 (k = 133 lb/in., W = 15 lb) 


The mass m participating in vibration was varied by mounting 
different weights to the slide block. Attempt was made in the 
design to apply forces through coupling the spring as near the 
central plane of the sliding block as possible. No additional ex- 
ternal pressure was applied on the rubbing surfaces. The fric- 
tional forees Fy and F are then equal, respectively, to the corre- 
sponding coefficients of friction multiplied by the weight on the 
rubbing surfaces. These surfaces were carefully prepared and 
ground fine. Paraffin oil was used as the lubricant. Under these 
conditions the average values of the coefficients of static and 
kinetic friction, obtained by measuring the deflection of leaf 
spring by a precision dial indicator (reading up to 1/10000 in.) 
are found to be 0.2 and 0.15, respectively. 

The critical velocity was determined approximately by moving 


NOVEMBER 1960 / 395 





the drive at the slowest velocity and increasing the velocity until 
stick slip is eliminated; the milling machine having a long speed 
range (5/,.in/min to 120 in/min) in small steps. The motion of 
the sliding mass is detected by means of the pickup, mounted on 
the sliding mass, and a vibration meter (G.R. type 761-A). 


Simulation on Electric Analog Computer 


To obtain a comparatively more accurate result on critical 
velocity for a wider range of damping ratios, the foregoing ar- 
rangement was also simulated on an electric analog computer. 
The computer used is an Electronic Differential Analyzer consist- 
ing of high-gain d-c amplifiers, attenuators, multipliers, and 
arbitrary function generators. The high-gain d-c amplifiers can 
be used as summing devices, inverters, subtracters, integrators, 
or differentiaters by suitable choice of input and feedback net- 
works. 

In the present problem the equation of motion of the mass is 
arranged as 


2" = -(2+2) 2" + bn PE 4 (x — vt) + of (13) 
m m m m 

Now for any set of values of m and k, say m = 5.5/32.2 slugs, 
and k = 4800 lb/ft respectively, the natural circular frequency 
(168 radians/sec) is too fast for the servo-driven plotting device 
employed in these tests. This necessitated the use of a time 
scale factor S,. Further, an amplitude scale factor S, is required 
to keep the voltage levels in the computer within its normal 
operating range, i.e., 100 volts. By introducing these scale fac- 
tors Equation (13) assumes the form 


a Cy +- C2 cw k = VF S, 
= =| ——— ‘ ‘aes — vt Soe PEN ae 
( ms, )e r mS, mS er m 8S? 


=a2’+av—b(x—vt) +B (14) 


where 


Be ) 


The simplified expression (14) has been employed for the com- 
puter setup as shown in Fig. 5. The initial conditions for the 
setup are—when ¢ = 0,z = 0, andz’ = 0. The values of com- 
puter parameters a, a2, b, and B have been calculated by sub- 
stituting the required quantities given in Tables 1, 2, and 3. 


On setting these values in the computer by means of potentiom-— 


eters, the value of the velocity of drive—which corresponds to the 
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voltage input in the computer—has been varied to obtain the 
necessary critical value V, for the initiation of stick slip, see Fig. 2. 


Results—Critical Velocity 


The critical velocities obtained for different spring scales, slid- 
ing weights, and damping ratios are represented in Tables 1, 2, 
and 3. The theoretical values, the values obtained on the 
mechanical model, and those given by the electric analog com- 
puter are indicated in these tables as V,,, V.,, and V.,, respectively. 
In Tables 1 and 2 the damping ratio & remained constant at 0.01 
or 0.0081 while £ was varied through 0, 0.081, 0.1, 0.162, 0.2, 
0.243, and 0.3. However, with higher values of &, i.e., 0.1, 0.2, 
and 0.3, the verification was obtained only on the computer and 
the results so obtained are presented in Table 3. 

Critical-velocity tests were also conducted on the model with a 
large number of mineral lubricants of different grades with polar 
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and other additives in different proportions. The observations 
are in broad agreement with those of Bowden and Tabor [1] and 
Merchant [12] and are reported elsewhere. It appears that the 
additives lower the critical velocity by narrowing down the dif- 
ference between the static and kinetic friction, the former 
decreasing more than the latter while damping remains practically 
unaltered. For instance, in the case with k = 365lb/in., W = 
5.5 lb, & = 0.1, & = 0.01, and carbon tetrachloride added to 
paraffin oil, the critical velocity decreased, approximately from 
25.5 in/min to 16.4 in/min with mole fractions 0.5 and 0.75, 
respectively. (The decrease in the difference between Fy and F 
being in proportion to the reduction in the critical velocity.) 

The results of observations on critical velocity are plotted in 
Figs. 6 (a, b, and c) respectively. Fig. 6(@) shows the theoretical 
and experimental values of the critical velocity v, (in/min) versus 
the spring scale k (Ib/in.) for different damping ratios, Fig. 6(b) 
shows these values v, (in/min) versus the sliding weight W (Ib), 
and Fig. 6(c) the critical-velocity parameter 


CF") 


versus the damping ratio & for different damping ratios £. 


Conclusion 


A theoretical and experimental study of the critical velocity of 
stick-slip sliding has been presented. The results for critical 
velocity in Figs. 6 (a, b, and c) show a good correlation between 
the theoretical values and those obtained from the experiments. 
They reveal the manner and extent of the dependence of the 
critical velocity of stick slip on the different parameters. Since 
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stick slip occurs at a velocity lower than the critical, it is neces- 
sary in practice to have a critical velocity of the system as low as 
This can be achieved by narrowing down the difference 
between the static and kinetic forces of friction, increasing stiff- 
ness-inertia ratio, and by increasing damping in the system. 

The difference between static and kinetic coefficients of friction 
can be reduced considerably by replacing sliding friction by 
rolling friction or by using lubricants with special polar additives. 
Roller guides are successfully applied in machine tools with this 
object. Moreover by reducing friction in this manner, the 
requirement for the provision of high stiffness and power in the 
drive is reduced. A high stiffness in the drive may be achieved, 
for example, by the use of unidirectional drive which must be 
located toward the end of kinematic scheme, as near to the 
driven body as possible. 

It will be seen that increase of damping in the sliding system 
may help to lower the critical velocity considerably. Damping 
can be augmented externally by the use of dampers, or by employ- 
ing grease lubrication in place of fluid lubricants. On the other 
hand, damping may be increased by the application of special 
materials with high internal friction as, for instance, the use of 
plastics or cast iron in place of other metals. 

It may also be mentioned here that a study of the influence of 
the fluctuations in the drive velocity or the application of a 
forced vibration on the sliding system reveals that resonance 
vibrations enhance the stick-slip effect while high-frequency 
vibrations may reduce the stick-slip effect [16, 17]. 
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Multiple-Ball Transmission 


A new type of mechanical variable-speed transmission, which owes its improved ef- 


ficiency and wear-life to the utilization of multiple point contacts in pure rolling, has a 
power capacity in proportion to the maximum tractive forces and rolling velocities de- 
veloped by a large number of small steel balls. Designing for maximum power capacity 
depends on finding the point at which the components of tractive force arising from 
inertial effects at high speed become so large as to interfere with the proper kinematic 


action of the balls. 


Consideration ts given to the influence of a number of design and 


operating parameters, such as ball diameter, cage diameter, cage velocities, and velocity 


ratio. 


Introduction 


EVISING AN INFINITELY VARIABLE TRANSMISSION or 
torque converter that is both compact and efficient has been a 
classic problem in mechanical engineering for more than a genera- 
tion. To date there has been no completely satisfactory solution 
and consequently the field has been divided among a wide number 
of electrical, hydraulic, and mechanical devices, each of which 
appears to be the one that is least, unsatisfactory for its particular 
use. 

One of the most recent entries into this highly competitive field 
is the multiple-ball transmission [1].!_ This is a metallic traction 
device which achieves high efficiency and improved wear re- 
sistance by employing a large number of rolling point contacts be- 
tween hardened steel disks and balls. The key element of this 
type of drive is a rotatable cage containing a large number of 
ordinary ball bearing balls, each of which is free to rotate in any 
direction in a spherical or cylindrical seat. The cage is thin enough 
so that the balls project slightly beyond its surface at each side. 
Two of the first experimental cages are shown in Figs. 1 and 2. 

When such a cage is pressed between the faces of the two op- 
posed disks, with its axis of rotation lying in the plane of the axes 
of the two disks, it will rotate at the average angular velocity 
of the two disks. Each ball moves at constant speed in a circular 
orbit about the center of the cage and in addition has a superim- 
posed spinning motion that permits it to roll without slipping on 
the faces of both disks. The motion of the balls is in fact more 
truly “planetary’’ than that of so-called planetary gears. 

The axis of rotation of the cage intersects the disk faces at the 
point where the velocities of the disks are equal and opposite, and 
if the distances from this point to the axes of the driving and driven 
disks are a and b, respectively, the speed ratio isa/b. By lateral 
shifting of the cage or of one or both disks (or of the coaxial groups 
of these elements in a multicage system such as shown in Fig. 3) 
the ratio a/b may be altered and with it the output speed. 

In theory this ratio may be anything from minus infinity to 
plus infinity. In practice, however, although the device can pro- 
duce output speeds in either direction many times the input 
speed, infinite output speed is naturaily impossible: To achieve 
it would obviously require infinite power. There is, on the other 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of THz American Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Decem- 
ber 15, 1958. Paper No. 59—A-14. 
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Fig.1 Key element of the multiple-ball variable speed drive: A rotatably 
supported cage in which numerous balls are h d in spherical journal 
seats. When pressed between the faces of two disks at a point displaced 
from either axis, this element enables the balls to roll without sliding on 
both disks and to transmit power from one disk to the other with minimum 
frictional loss. 





hand, no physical limit to the speed reduction achievable. The 
output speed may be run down to zero from either the forward or 
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Fig. 2 Interior of a 35-hp experimental automotive transmission. The driving disk has been removed to 
show the 312 5/,,-in. diam balls, which are housed in cylindrical seats in a one-piece seven-inch diameter 
cage. 


a ; : on athe as » ans ines : fi ORIVING ORIVEN 
reverse direction, in eithe ra single cage sy stem, or, if the disks are DISKS DISKS 
trunnion-mounted to avoid interferences, in a multicage system. 

This type of transmission is thus unique in the field of speed 
changers so far as range of adjustability is concerned. 


Kinematic Principle 


In order to understand the unique planetary motion on which 
the device depends, it is helpful to follow through a brief kine- 
matic analysis. Fig. 4 shows a ball pressed between two rotating 
disks at a point C. The angular velocity of the front disk is 
about an axis at O, and its velocity at the point of contact with 
the ball is V, in a direction perpendicular to the line O,C. Simi- 
larly, the rear disk has an angular velocity w. about point O2, and 
its velocity at its point of contact with the ball is Vg, perpendicu- 
lar to the line 0.C. 

If there is no slipping between the ball and either disk, the in- 
stantaneous translatory velocity and spin of the ball must be such 
that its surface velocity at each point of contact must be identical 
to the surface velocity of the disks. An enlarged view of the ball 
is shown in Fig. 5, with velocity vectors indicating the relation be- 
tween the ball’s translatory velocity V¢, and its surface velocity 
at the contact points, V, and Vz. Using Cartesian co-ordinates 
and taking the direction from O, to O; as the positive z-direction 
and the perpendicular to this direction toward C as the positive 
y-direction, expressions for the x and y-components of V¢ are as 
follows: 





Fig. 3 Plan and elevation of the disks and cages of a multicage trans- 
mission. (Rotatable support not shown.) 


The vector sum of these components gives the magnitude of V¢: 





1 
Vem = V (Vaz + Vas)? + (Vay + Vo,)? (3) 


Ves = ; (Vaz + Vaz) This translatory velocity makes an angle @ with the positive z- 
direction such that: 

Va, + Va, 
Vaz + Vas 
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1 
Voy = 3 (Va, + Va,) tan gd = (4) 








Fig. 4 Diagram showing the translatory velocity of a ball pressed be- 
tween two rotating disks 


Returning to Fig. 4, if the point C is connected to some point D 
on the line 0,0, a distance a from O, and b from O2, the length of 
the line from C to D designated as r, and the angle it makes with 
the line 0,0; as a, then the z and y-components of the common 
velocities at the contact points may be expressed as follows: 


Va, = — wrsina (5) 
Ve, = —Ger sin @ (6) 
Va, = oi(—a + r cos @) (7) 

y = wx —b + 1 cos a) 

Adding equations (5) and (6) gives: 

Vaz + Vax = —(@: + w2)r sin a (9) 
If the point D has been chosen so as to divide the line 0,0; in in- 
verse proportion to the angular velocities w; and ou», such that 


w2/w, equals —a/b (where b is considered to extend in the negative 
direction from the origin at D), then 


wma = —web (10) 


In this case the sum of Equations (7) and (8) becomes: 


Vay + Vay = (@: + @2) r cos a (11) 


Since sin? a + cos*?a@ = 1, the squaring of Equations (9) and (11) 
and substituting into Equation (3) gives the results: 


1 + We 
vo=r( 2 ) 


This is the critical relation on which the functioning of the trans- 
mission depends. It shows that the velocity of the ball is inde- 
pendent of the angle a which defines its angular position relative 
to the point D. Further, if the distance r is held constant, the 
velocity of any and all balls at this distance from point D must be 
the same. The fact that the distance r may be held constant 
without inducing sliding is demonstrated by dividing Equation 
(11) by Equation (9), which gives the result: 


_ Vay + Voy 
Vaz + Vaz 


Comparison with Equation (4) shows that tan @ = —ctn a, 
and hence the instantaneous velocity of the ball V- must be per- 
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(12) 


cha = (13) 


Fig.5 Enlarged isometric diagram of a ball rolling between two moving 
planes, showing the relation between transiatory velocity (Vc) and surface 
velocity at opposite points (V4, Vz) 





pendicular to the line CD. It follows that the ball may be con- 
strained to roll in a circular orbit about point D without sliding 
on either disk {2}. 


Tractive Force 


How the device transmits torque is perhaps even less apparent 
than hew the balls are able to move in pure rolling. Analysis 
proceeds from the fact that motion and forces in one plane are en- 
tirely independent of motion and forces perpendicular to that 
plane, from which it follows that the circular translation of the 
balls has no direct relation to the transmission of torque. Centri- 
fugal forces resulting from the circular motion are quite incidental, 
tending merely to impose additional components of load on 
the spherical or cylindrical journal seats of the cage. So far as the 
transmission of power is concerned, the important forces on 
the balls lie in a plane normal to the cage; these forces are shown 
in Fig. 6. 

Pressing of the disks against the cage produces equal and op- 
posite normal forces NV, and Nz at the contact points. If in addi- 
tion torques are applied to the driving and driven disks, equal 
tractive forces F, and Fg will be developed at the contact poiats. 
The reaction to these two forces, 2F, Ys.exerted by the cage. As 
the ball spins through its orbit, these forced da not vary apprecia- 
bly in either magnitude or direction, but lie always in a plane 
normal to the line of centers of the disks. It may beshown that 
due to symmetry about this line of centers, any components of 
force not lying in this plane would produce a slight change in 
velocity of the cage in such a direction as to reduce them rapidly 
to zero. 














Yi. SS 
Fig. 6 sdaiesenahinenaeiaee ae iimin as ti 
and constrained to rotate within a spherical journal seat in a cage 
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Fig. 6 is somewhat idealized in that it does not show minor com- 
ponents of force resulting from rolling resistance at the contact 
points, as well as those from oil film shearing resistance in the 
sliding bearing seat in the cage. If we may also ignore, for the 
moment, forces developed at the contact points in response to 
cyclic changes both in the direction and the magnitude of the 
spin vector of a ball as it moves through its orbit, the main trac- 
tive forces F, and Fy, may be considered not only as constant 
in magnitude and direction, but the same for one ball as for all 
other balls. This is due to what is called rolling creep, whereby a 
loaded cylinder or sphere rolling on a plane traverses with each 
full rotation a distance less than its circumference. The rolling 
body, in effect, measures out its circumference on momentarily 
stretched material [3, 4]. Since the amount of elastic deforma- 
tion under the body depends on both normal and tractive force, 
the rate of creep will also depend on both. In addition, there 
may be at high loads a small amount of shearing action within 
the thin oil film in the Hertzian contact area 

Rolling creep, from whatever cause, is a most convenient 
phenomenon for this type of transmission, since it results in a 
tendency for all the balls in a cage, or all the cages in a multicage 
system, to share the tractive load more or less equally. Lightly 
loaded balls tend to creep less and hence to push their portion of 
the driven disk ahead at a faster rate, which in turn tends to re- 
lieve the other balls of enough load to equalize the creep rates. 
Even though the creep rate tends to be small for steel balls rolling 
on steel plates (a fraction of one per cent), the spin velocity of the 
balls is ordinarily so high that inequalities in tractive forces are 
corrected almost instantaneously. 

It is also of interest to note that power is not transmitted 
directly through the balls from one disk to another. Part of it is 
transferred in this way, but part of it is transmitted through 
the cage. If the force system of Fig. 6 is allowed to translate in 
the direction of the tractive friction forces, it will be evident that 
the force 2/,, representing the pressure ef the ball against its cage 
seat, is doing work on the cage. But for each ball with a com- 
ponent of translation in the direction of its tractive forces, there is 
a ball on the opposite side of the cage with an equal component 
directed opposite to the tractive forces, so that the work being 
done on the cage by the balls in one half of it is being delivered 
back to other balls in the opposite half of the cage, and from these 
balls to the driven disk. 


Centrifugal Reactions 

Since all centrifugal forces exerted by the balls at high 
speed are carried by the cage rather than the disks, no loss 
of torque capacity is associated with this particular type of 


acceleration. Such forces can become quite large, however, 
and may seriously complicate the design of the cage if force-fed 
spherical journal seats become necessary to carry the load. 

Probably the most meaningful index of centrifugal effect is ob- 
tained by relating it to the force imposed by the transmission of 
torque (shown as reaction 2F in Fig. 6). The centrifugal force, 
being directed radially outward, would coincide in direction with 
the bearing reaction 2F only once in each revolution, at the bottom 
of the ball’s orbit. Being the worst condition, however, this is 
the one for which the cage must be designed. 

If the disk material is the same as the balls, which will ordi- 
narily be bearing quality E 52100 steel hardened to Rockwell 
“©? 62-65, the endurance limit in shear will probably be in the 
vicinity of 100,000 psi. According to the Hertzian analysis for 
the stress induced by pressing a ball against a flat surface [5], a 
shearing stress of this magnitude occurs when the normal force is 


Nuax = 160d? (14) 


where the normal force N is in pounds and the ball diameter d is 
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Fig. 7 Plot of Equation (15) showing ratio of centrifugal force to useful 
bearing load versus cage speed for various ball sizes, with ball orbit 
radius of 1 inch 


in inches. Since this expression is based on a fatigue strength, it 
represents a maximum value for continuing operation, but one 
which may be exceeded by occasional shock or starting loads. 

Most of the transmissions of the multiple-ball type designed or 
operated to date impose normal loads N of 10 to 20 times the trac- 
tive force F. Using a fairly conservative normal load factor of 16, 
and computing the centrifugal force G in pounds on the basis of 
an assumed density for steel balls of 0.286 pounds per cubic inch, 
we find the ratio of the centrifugal force to maximum useful bear- 
ing load 2F is as follows: 


a —trdN 2 15 
OF, = 0-213 x 10-waN, (15) 


where r is, as before, the radius of the ball orbit in inches, and NV, 
is the cage speed in rpm. This expression is plotted in Fig. 7, to 
show the circumstances under which centrifugal force may be- 
come a problem. 

An analysis of other types of inertial effects indicates that 
cage velocities of 3000 to 5000 rpm are practical, as well as useful 
for optimizing power capacity and efficiency. If even at these 
speeds the G/2F ratio can be kept low, preferably in the vicinity 
of 0.5 or less, it becomes possible to use a one-piece cage in which 
the balls have cylindrical seats. Because of the narrowness of 
their oil wedge, such seats are exceptionally efficient at light loads 
and high speeds; furthermore, they permit the use of a type of 
cage costing only a fraction of the cost of the two-piece spherical 
seat cage shown in Fig. 1. 

It should be noted that Fig. 7 is plotted for an assumed ball 
orbit radius of one inch. Since this variable appears in the first 
power in Equation (15), Fig. 7 may be conveniently used to de- 
termine permissible G/2F ratios for higher values of r by simple 
proportion. From the curves it is evident that for relatively small 
cages of about 2 inches in diameter, ball sizes of much larger than 
1/,in. may begin to introduce centrifugal problems at high speed; 
likewise with cages 4 in. in diameter, the optimum ball size is evi- 
dently 1/s in. or less. 


Tractive Forces 


There is no way to entirely prevent the loss of a certain amount 


Transactions of the ASME 








Fig. 8 Forces acting on the ball of Fig. 4: Useful tractive forces (F4, Fx): 
centrifugal reaction (G), acceleration reactions (S4, Ss), and gyroscopic 
reactions (T4, Tz). Translatory velocity (Vc), spin vector (w), and pre- 
cession angle (+) are also indicated. 


of tractive capacity through inertial effects. Since the spin of the 
balls varies both in direction and magnitude as they move around 
their orbits, forces must be developed at the traction points 
to produce these variations. These forces do no useful work, but 
simply constitute undesirable components which add vectorially 
to the useful tractive forces F, and F,. 

The orientation of these tractive forces is shown in Fig. 8. In 
addition to F, and Fg, equal and opposite tractive forces S, and 
Sg separated by the ball diameter d comprise a couple inducing 
spin acceleration w; this couple acts in the plane normal to the 
direction of the spin vector w. In a plane normal to this one, 
and hence containing the spin vector, is another pair of equal and 
opposite forces 7’, and 7',; these forces are also separated by the 
ball diameter and comprise a second couple tending to produce a 
gyroscopic precession of the spin vector or, to be more exact, to 
be developed as a reaction to a forced precession of this vector. 

In investigating the tractive forces resulting from ball inertia, 
forces due solely to acceleration and those due to gyroscopic effect 
may be treated independently and the results added by super- 
position. This is possible because the product of inertia term 
which arises in the more general treatment vanishes in the case of 
a symmetrical body such as a homogeneous sphere. The sign 
conventions will be the same as before: Upward and to the left 
for linear displacements and velocities, clockwise for angular dis- 
placements, velocities, and accelerations, are positive. A right- 
hand rule will be employed with rotational vectors. 


Ball Spin Velocities 


Returning to Figs. 4 and 5, the z and y-components of ball spin 
velocity w in radians per second are as follows: 


1 
a lh (Va, — Vay) (16) 


(17) 


—1 
ow, = a: (Vaz — Vaz) 
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SPEED RATIO p 


Fig.9 P versus speed ratio for various ratios of cage diameter to ball 
diameter 


Using again quations (5) through (8), we find 


1 
@, - 


7 (a — ar cos @ — wa + web] 
¢ 


(18) 


wo, = “ (w: — G»)r sin a (19) 


Noting from Equation (12) that the angular velocity of the cage 
w, is the average of w; and we, and substituting the velocity ratio 
p for w:/a, the following relations may be obtained: 


p(a — b) 


20 
i> (20) 


Ann (21) 
tT? 


2w.p 


1+p 


2w(1 — p) 
l+p 


1 — 2 = (23) 


Using Equation (10) and the equations just given, we may re- 


write Equations (18) and (19) as follows: 


neath =) | 2p(a 2] 
aeesbaaes 7 Cat 
d(1 +p) (1 — p?)r 


7, = aire 
d(1 + p) 


(24) 


(25) 


The following dimensionless constants may be substituted to 
simplify the calculations: 


» _ 21 — p) 
d(1 + p) 
2e{a — b) 


Or an er 


(26) 


Using these equations, the magnitude of the ball spin becomes: 


w = oP VQ? — 2Q cosa +1 (28) 


The angle made by this spin vector with the positive x-direction 
(see Fig. 8) is: 


~1 &y ey er 
Y = tan = tan 
w, cosa — Q 





(29) 
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Fig. 10 Q versus speed ratio for various ratios of shaft offset to cage 
radius 


Equations (28) and (29) reveal an interesting feature of the de- 
vice, namely, that the spin axes for all balls always pass through 
a common point on the line of centers of the disks. Fig. 11 has 
been prepared in dimensionless form to show how the arguments 
of Equations (28) and (29) vary witha. If all sides of the triangle 
in this figure are multiplied by r, the illustration becomes a physi- 
cal representation of the motion of a ball at radius r from the cen- 
ter of the cage. It will be evident from this figure and from 
Equations (28) and (29) that the distance to the common point EF 
will then be Q-r, and since the expression for Q, given in Equation 
(27), hasr in the denominator, the distance from the center of the 
cage to the point F will be independent of r, and dependent only 
on the speed ratio and on the offset between shaft axes, which in 
most designs will be a constant. 

Since the side EC of the triangles in Fig. 11 not only indicates 
the direction of the ball spin vector, but the relative magnitude 
as well, it is a convenient aid for visualizing the motion of the 
balls. The point E coincides with D when the speed ratio is zero, 
moves to the left as the speed ratio increases, goes to infinity in the 
positive z-direction at unity ratio, then moves in from negative in- 
finity at the right as the ratio increases to values above unity. 
This effect is also evident in Fig. 10. It should of course be 
noted, however, that, since the actual spin velocity according to 
Equation (28) varies with P as well as Q, the scale to which the 
distance EC represents the spin velocity alters with the speed 
ratio. Since Q goes to infinity when p equals unity, and the scale 
factor, which is proportional to P, goes to zero at the same time, 
the true vector length becomes indeterminate. For this particu- 
lar case w can be obtained by putting P under the radical and 
substituting the values of Equations (26) and (27). This leads to 
a result which shows that at unity velocity ratio the ball spin 
velocity is independent of a, remains parallel to itself always in 
the x-direction, and has a constant magnitude equal to: 


as* 


w, d 


(30) 


At this ratio there are consequently no tractive forces induced by 
ball inertia. This is also true at a speed ratio of minus one, in 
which case w, goes to zero and the ball spin velocity is easily com- 
puted from the geometry of the cage. 


Resultant Inertial Tractive Force 


Since S, and 7, both act at the contact point A between the 
ball and the driving disk, the clearest conception of their com- 
bined effect may be had by resolving them and comparing their 
resultant to the tractive force F4, which acts at the same point. 
Since the angle between F, and the resultant of S, and 7, will 
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Fig. 11 Geometric construction showing directions and relative magni- 
tudes of ball spin velocity and acceleration vectors 


also be derived, the components from which the resultant was 
obtained may readily be found by a construction similar to that 
of Fig. 8. 


Since S, and 7’, are at right angles to each other, the resultant 
inertial tractive force is 


U,= V824+T2 


The magnitudes of S, and 7T,, from the elementary kinetic equa- 
tions, are 


(31) 


(32) 


(33) 


where J is the mass moment of inertia for a solid homogeneous 
sphere about a diameter. 

Differentiation of Equation (28) with respect to time gives the 
angular acceleration of the ball: 


w,? PQ sin a 
VQ? — 2Q cosa +1 


Differentiation of Equation (29) with respect to time gives the 
precession rate: 





o= = w,? PQ sin y (34) 





es w{1 — Q cos a) 
a Q? — 2Q cosa + 1 





(35) 


Substitution of Equations (34) into (32), (28) and (35) into (33), 
and (32) and (33) into (31), gives the resultant inertial tractive 
force 


Iw2P 
U,-.—_ 
4 d 


1—p 
= 0.852 X 10-rd*N,2 (-=2) 36 
¢ Téppe™ 


which makes an angle with the spin vector 


Q sin a 
1— Qcosa 


6 = tan-! Sa = tan™! ( )- y-a (37) 
T, 

This is an astonishingly simple result, considering the complexi- 
ties of the ball motion and the amount of manipulation involved 
in the derivation. Not only is U, independent of the position of 
the ball in the orbit, but it remains always in the plane normal 
to the disks containing the ball orbit radius r. It is directed 
toward the cage axis D when the speed ratio is less than unity, and 
in the opposite direction when the ratio is greater than unity. 
The corresponding resultant tractive force Ug at the contact 
point B between the ball and the driven disk is equal in magnitude 
and opposite in direction to U,, and with it comprises a couple 
with the ball diameter d as its arm. 

As before, it is most meaningful to relate this inertial effect to 
available tractive force. This may be done by dividing Equation 
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Fig. 12 Maximum recommended cage speeds versus the product of ball 
diameter and cage radius, for various speed ratios 


6 810 


(36) by the equation for allowable tractive force on which the plot 
of Equation (15) for centrifugal effects was based, namely 
Pmax = Kd? (38) 


where K for steel balls and disks as has been noted is about 10 and 
has the units pound per square inch. The resulting equation is 


Ua _ Iwer(l — p) 
F wan 5d(1 + p) 


oe 
= 0.852 X 10~rdN2 (i=) (39) 
l+p 


The most serious condition will be when the force U,, is in the 
same direction as F,4, as occurs when a@ = 7/2, and when Us is 
in the same direction as Fz, at a = 34/2. In either of these posi- 
tions, only the algebraic difference between Fmax and U, will be 
available for transmitting torque. Since Equation (36) shows 
that U, increases as the square of cage velocity, this difference 
diminishes as cage speed increases; when it reaches zero, traction 
is lost at the top and bottom of the cage simultaneously and 
slipping for all the balls may then ensue. 

Thus it is evident that at some very high speed the torque 
capacity of a unit, and hence also its power capacity, reduces to 
zero. Similarly, when the velocity of the disks is zero, the power 
capacity is again zero. In between, however, a maximum must 
be reached. By differentiation and setting equal to zero the 
product of cage velocity NV, and the difference between Fax and 
U,, which is linearly related to the power capacity, a good 
approximation of the cage speed at maximum power may be 
obtained. It is found to occur when U, reaches a value of one 
third of Fmax and at any particular speed ratio depends only on 
one parameter, r times d: 

N, = 1980 V2 ite, p# +l, (40) 
rd {1 —p 
This equation is plotted as Fig. 12. 

It should perhaps be noted that all of these equations are gen- 
eral enough to apply regardless of how a and b are varied. The 
most common construction is probably the one in which a and b 
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are of opposite sign and vary in equal increments of the same 
sign as the cage is shifted between two stationary disk axes. 
The analysis is in this case based on a set of shifting co-ordinate 
axes. In some designs, however, one of the disk axes may be 
shifted instead of the cage, or occasionally, as in the transmission 
shown in Fig. 2, both disk axes may be shifted. In the latter 
case, the greatest speed variation for a given amount of axial shift- 
ing is afforded by having both axes on the same side of the cage. 
The speed ratio p is thus negative in most of its range. To find 
instantaneous values of ball spin velocity and acceleration, how- 
ever, Equations (26), (27), (28), and (34) may still be used. In 
addition, since Q is an odd function of p as shown by Equation 
(27), Fig. 10 may be used for negative values of p as readily as for 
positive ones. 

If Fig. 9 is considered by itself, it would appear that be- 
cause extrapolated values of P on the left become so large, nega- 
tive speed ratios would give very high values of inertial tractive 
force according to Equation (36). This conclusion might also be 
drawn from Fig. 12. This is not however the case because, when 
a: is negative, the cage velocity, as based on Equation (12), be- 
comes small. A clearer conception of the permissible operating 
speeds may in this case be obtained by rewriting Equation (36) in 
terms of the input speed w;. This may be done with the aid of 
Equations (21) and (26) to give a result showing that the force 
U, is independent of the rotational direction of the output: 


_ Jwir(l — p*) 


U, od? 


= 0.213 X 10-*rd*N,%1 — p?) (41) 


From this an equation analogous to Equation (40) may be ob- 


tained, to show the maximum recommended driving disk speed, 
in rpm, for output rotations in either direction: 


y 3960 
“Veal = a 


This equation could be plotted to give a family of curves as in 
Fig. 12, but in view of the ease of converting N; to N, by means 
of Equation (21), these additional curves would essentially dupli- 
cate the information of Fig. 12. 


p ~= +1, (42) 


Conclusions 


Designing a multiple-ball transmission to carry a particular 
peak power load is not essentially different, so far as approach is 
concerned, from designing any other type of friction transmission. 
Since power capacity is a function of the product of tractive force 
and rolling velocity, the greatest economy in weight, size, and 
cost will generally be achieved by reducing the tractive force and 
increasing the velocity to the limits of practicability. The 
analysis shows that upper limits on velocity are imposed by iner- 
tial effects acting on the balls, and indicates further how these 
effects may be minimized so as to permit operation at the highest 
possible speeds. 

One important variable is ball size. The number of uniformly 
sized balls which may be located in a given projected area of cage 
is inversely proportional to the square of the ball diameter. 
Further, the allowable normal load on each ball varies directly 
as the square of the ball diameter, as is evident from Equation 
(14). Hence the maximum total normal load on a given projected 
area of cage is independent of bali diameter. If the coefficient of 
tractive friction may be assumed to be also independent of ball 
size, the total tractive force which may be developed per unit pro- 
jected area of cage is not affected by whether the balls are large 
or small, provided the speed is slow. 

The analysis, however, shows that as the speed is increased, ball 
spin acceleration and gyroscopically induced couples produce 
significant nonuseful tractive forces at the contact points with the 
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disks. The ratio of these nonuseful tractive forces to the useful 
ones at a particular cage velocity and speed ratio increases di- 
rectly as the ball diameter. Centrifugal forces exerted by the 
balls against their cage seats also increase directly with ball 
diameter. Equations (39) and (15), respectively, express these 
effects quantitatively and emphasize the importance of using a 
large number of small balls rather than vice versa. 

A similar situation exists with regard to the radius of the cage. 
The same equations reveal that the balls should be clustered as 
closely as possible to the center of the cage, if maximum speeds are 
to be achieved. This fact also influences the design, in that it in- 
dicates that the cage should always be mounted peripherally as 
shown in Figs. 1 and 2. Although it is kinematically possible and 
in some ways mechanically attractive to mount the cage on a 
central shaft, which may be passed through a large enough hole in 
one of the disks to allow a reasonable amount of transverse shift- 
ing of the cage axis relative to the disk axes, such an arrangement 
results in a most unfavorably large radius for even the innermost 
ball orbits. 

Fig. 12 summarizes the most important relations between the 
variables which affect the allowable operating speeds. It shows, 
for example, that, if balls of 1/s to '/,-in. diameter are used in a 
cage of small radius, cage velocities may easily run into the range 
between 3000 and 5000 rpm, depending on the limiting speed 
ratios to be reached at these cage speeds. In this connection it 
may be observed that if these cage speeds are reached when the 
device is idling with no load on the output shaft, in any design 
in which there is a torque-proportional normal loading system, 
then a minimum normal loading of about one tenth the maximum 
loading must always be applied to the cage to prevent scuffing of 
the disks through excessive slip arising from ball inertia. 
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DISCUSSION 
T. Kusuda? 


Has the author formulated the useful tractive force on each 
ball at its specific orbit, as well as at a specific angular location 
relative to the center of the orbit? I believe that the net useful 
tractive force thus developed can be integrated over all the balls 
in the cage at a time instant. In the paper he has only treated 
absolute magnitude of the inertial tractive forces and stated that 
they will become serious at specific values of a. If the integrated 
net useful tractive force is compared with the theoretical tractive 
force without inertial effect, we could establish the transmission 
efficiency due to the inertial forces. In order to calculate ac- 
tual efficiency, the slip factor must also be included, which is 
not included in the paper. 


Author's Closure 


I wish to thank Mr. Kusuda for his discussion and to make the 
following notes regarding his comments: 


(1) There is no rigorous way to make a direct integration of 
the useful tractive forces, since the force system is redundant 
to the degree (n — 1), where n is the total number of balls. 
Some approximate values can be gained by considering rolling 
creep, lateral forces due to misalignment, and centrifugal effects, 
but it is probably more practical to seek empirical results. 

(2) Inertial tractive forces are independent of a, as shown in 
Equation (36). 

(3) Inertial effects have no influence on efficiency. 

(4) The slip factor varies from one part in 10,000 to one part 
in 1000, depending on the load, so it is a negligible part of the 
losses. 


2 Staff Engineer, Research and Development Section, Worthington 
Corporation, Harrison, N. J. 
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Some Applications of the 
Cycloid in Machine Design 


Cycloidal motions have many applications in mechanical engineering. 


The multi- 


lobed epicycloid has sharply pointed cusps; therefore, a machine element performing 
an epicyclic motion can be utilized for performing operations requiring a corresponding 
action, like folding of flexible materials or feeding of components from a stack. A 
speed reducer, distinguished by extreme compactness, is based on the use of an epitro- 
choidal cam. Linkages which perform approximately straight-line motions can be 
designed so that they approximate the motion of the center of the generating circle of an 


orthocyclotd. 


A CYCLOIDAL CURVE is generally defined as a curve 
which is generated by points of a circle rolling without slipping on 
a coplanar stationary circle. Cycloidal motions occur, therefore, 
in all mechanisms where this type of motion takes place. All 
points of planet gears, or rollers in antifriction bearings, perform 
cycloidal motions. The multilobed epicycloid has sharply 
pointed cusps; a motion having this path is desirable in the opera- 
tion of folding of flexible materials like paper or cloth, has the 
advantage that it can be produced by uniformly moving elements, 
and it is used extensively in newspapers folders. In stack feeders 
this motion is desirable for suction cups which pick up the individ- 
ual articles from the stack. An epitrochoidal cam constrained to 
perform a wobble motion, used: in conjunction with a stationary 
mangle gear, constitutes a highly efficient, compact speed reducer. 
Other examples of the application of cycloidal motion are function 
generators, indexing devices, pumps, straight-line linkages, etc. 


Properties of Cycloidal Curves 


The equations of cycloidal curves may be derived from the rela- 
tion that the length of arc of the base circle on which the generat- 
ing circle rolls is equal to the length of the arc traveled by a point 
on its circumference. Expressed by the angle of rotation @ of the 
center of the generating circle as parameter, the co-ordinates of 
these curves are 


z= (Rr) 008 0 ¥ res =~ 8 (1) 


Contributed by the Machine Design Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29—-December 
4, 1959, of Tae American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 10, 
1959. Paper No. 59—A-134. 


Fig. 1(b) Hypocycloid 
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Fig. 1(c) Cardioid 


y = (R +1) 088 — rin ==" (2) 


where R is the radius of the base circle, r the radius of the rolling 
circle. The upper signs apply to the epicycloid generated by the 
rolling circle rolling on the outside of the base circle, Fig. 1(a), the 
lower signs to the hypocycloid generated by the rolling circle roll- 
ing on the inside of the base circle, Fig. 1(b). The slope 
R 
=$@+-— 
died 2r ° 

At the cusp [9 = (R/r)2m] the slope becomes equal to the angle 
(9 + mw). For R = 1, the epicycloid has a single cusp and is 
called cardioid which is also one of Pascal’s curves, Fig. 1(c). 


For r = 
circle. 

For R = the epicycloid becomes the orthogonal cycloid. 

For r = R/2, the equation of the hypocycioid, 


co the epicycloid becomes the involute of the base 


Fig. 1(a) Epicycloid 





Fig. 1(d) Hypocycloid for r = R/2 
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y = Reos@ 


xz =0, 


which is the equation of a straight line of length 2R. If the 
generating circle rolls at uniform angular velocity every point on 
its periphery performs a rectilinear harmonic motion with the 
radius of the rolling circle as amplitude. 

Another significant cycloidal curve is the epitrochoid which is 
generated by a point inside the periphery of the rolling circle 
rolling on the outside of the base circle, which will be discussed 
later. 


Lobar Pumps 


Probably the best known application of cycloidal curves in 
engineering is cycloidal gearing. Gearing of this kind today is, 
however, not used for the transmission of power but for the design 
of vanes of lobar pumps which are used as superchargers and cer- 
tain types of blowers of which the best known is the Roots’ 
blower. A gear pump with involute gear profile has the disad- 
vantage that, because of the discontinuity of the active tooth pro- 
files, fluid is trapped in the space between the tip of one tooth of 
one gear and the root of the engaging teeth of the other gear. 








Fig. 2 Lobar pump 


With cycloidal gears this trapping of fluid can be avoided. Since 
the cycloidal curve returns to its base circle the contour of all gear 
teeth can be a continuous curve, and continuous engagement be- 
tween meshing teeth be maintained. Fig. 2 shows, as an example, 
a diagram of a two-lobed pump; the lobe profiles consist of 
portions of a circle and envelopes of cardioids. Many varia- 
tions of these profiles are possible. Since the lobes are not suita- 
ble for transmitting power, conventional gears must be provided 
for driving the lobes. 


Function Generators 


The properties of the hypocycloid for which r = R/2 have been 
used in the design of a harmonic function generator and in com- 


Fig. 3 Harmonic-function generator 
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puter elements, Fig. 3. A planetary gear (a) is freely rotatable 
on a crank (b) and engages a stationary ring gear (c) whose pitch 
diameter is twice as large as its own. The output motion is 
picked up from a pin (d) attached to the planet gear whose center 
coincides with a point on the pitch diameter of the planet gear. 


Newspaper Folders 


Mechanisms based on cycloidal motions have been applied to 
the folding operation in paper-converting machines. 

In a newspaper folder the webs from which the newspaper is 
made up, after being: printing, are assembled and folded length- 
wise; the last operation which this folder performs is severing the 
individual copies from the webs by a crosscut and folding them 
across. This operation is performed by a folding cylinder (a) 
Fig. 4, in conjunction with a cutting cylinder (b) and folding rolls 
(c). The folding cylinder is equipped with several sets of pins 
(d) which consecutively impale the web near its leading edge and 
hold it until the leading copy is severed from the remainder of the 
web. Immediately subsequent to this cutting operation a tucker 
blade (e) is thrust out of the body of the folding cylinder which 
forces the center portion of the cutoff into the nip of the rapidly 
rotating folding rollers while, simultaneously, the pins at the lead- 
ing edge of the cutoff are withdrawn through eam action. The 
cutoff released by the folding cylinder is folded across by the ac- 
tion of the folding rollers and dropped on a conveyer. The action 
of the tucker blade must be performed extremely rapidly since it 
must take place during the short period when the center of the 
cutoff passes the nip point of the folding rollers. 








Fig. 4 Folding action of newspaper folder 


In an early design this rapid action was accomplished by the 
cam arrangement shown in Fig. 5. Two tucker blades are 
mounted in diametrically opposite positions on each of a number 
of shafts (f) carried in the folding cylinder body; each of these 
shafts carries two cam followers (m), (n) which alternately engage 
a stationary track (h), which has the shape of an are concentric 
to the cylinder, and a slot (j) on a disk (k), which is arranged in the 
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area of the folding station and rotates at the same angular veloc- 
ity as the folding cylinder, but in opposite direction. During 
that portion of the cycle when both followers of a shaft (f) engage 
the track (h) the tucker blades are held inside the periphery of 
the cylinder. When the trailing cam follower (m) reaches the 
end of the track (h), at position f’, of shaft (f), the leading cam 
follower (n) enters the slot (j) of disk (k). This causes rapid 
rotation of the shaft (f) whereby the leading tucker blade is thrust 
outward at the moment the center of the cutoff passes the folding 
rollers. After rotation of the shaft (f) through 180 deg relative 
to the folding cylinder, the cam follower (m) re-enters the track 
(h) while, simultaneously, follower (n) leaves the slot (j). The 
other tucker blade, on the same shaft, will go into action during 
the following revolution of the folding cylinder. 

When press speeds were increased the large inertia forces com- 
ing into play in this cam action made this arrangement unsatis- 
factory and a different design was substituted in which the tucker 
blades perform continuous hypocyclic motions. The hypocycloi- 
dal path of the edge of the tucker blade is so selected that only the 
tip of its cusp protrudes over the periphery of the folding cylinder. 
This results in an extremely rapid folding action; the hypocycloi- 
dal path of the tucker blade is particularly well suited for this 
operation because the blade edge moves radially at the tip of the 
cusp which results in a sharp fold. 

Fig. 6 shows a diagram of this design. Three tucker blade 
shafts (f) are provided which carry blades (e) whose length (r) 
is one half the distance Cy of the center of the shaft (f) from the 
center of the folding cylinder. Each shaft (f) is driven by a gear 
(p) which engages, through an intermediate gear (q), a stationary 
sun gear (s) whose pitch diameter is three times the pitch diameter 
of the gear (p), so that gear (p) performs three revolutions, rela- 
tive to the cylinder, during each revolution of the latter, and a 
three-cusped hypocycloid is generated. Consecutive positions of 
the center of the shaft and the tucker blade (shown in dotted 
lines) between two cusps are marked (f,), (e,), (f:), (e2), and so on. 

Assuming that the folding action begins at the moment that the 
tucker blade shaft is 25 deg away from the cusp, the polar co- 
ordinates of the blade tip at this position, from equations (1) 
and (2), are p = (2.45) r, @ = 1 deg 40 min; thus, while the 
tip rotates through this small angle when approaching the cusp it 
moves radially through more than one half of the radial length of 
the blade. 

In newspaper work it is often required that the folding unit, 


Fig. 5 Cam control for tucker-blade action 
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Fig. 6 Hypocycloidal tucker-blade action; hypocycloid concentric with 
folding cylinder 


in addition to folding and cutting, also performs the function of 
collecting. The collecting operation is necessary if the copy is 
printed on two consecutive cutoffs; through the collecting 
operation these cutoffs are placed on top of one another before 
cross-folding takes place. In a folder arrangement like that 
shown in Fig. 6 this can be accomplished in the following man- 
ner: The cutting cylinder is so proportioned that its circum- 
ference is equal to the length of one cutoff (the folding cylinder 
circumference is equal to three times the length of the cutoff), 
and it is also provided with a set of pins. The leading edge of 
every other cutoff is picked up by these pins, and during the en- 
suing continued rotation of the cutting cylinder, the cutoff is 
wrapped around the cutting-cylinder periphery. After the cut- 
ting cylinder has completed one revolution, the leading edge of 
the cutoff meets the leading edge of the web on the folding cyl- 
inder. At this moment the cutoff, by cam-controlled pin ac- 
tion, is transferred back to the folding cylinder; as the rotation 
of the folding ¢;iinder continues, the cutoff will be wrapped 
around the folding cylinder, on top of the subsequent cutoff, 
and be carried with it to the folding station. 

The described collecting action has several disadvantages 
which led to a modification of this design shown in Fig. 7.! 

The folding cylinder of this folder again has a circumference 
whose length is three times that of the cutoff, and it also carries 
three sets of pins. The body of the folding cylinder is hollowed 
out and an eccentric shaft (v) passes through its journals (t) 
carrying spiders (u) on which two tucker-blade shafts (f) are 
mounted diametrically opposite to one another, each carrying a 
single tucker blade (m). The tucker-blade shafts are again 
driven by planet gears (p) and intermediate gear (q) mounted in 
the spiders which mesh with a stationary sun gear (s), so that 
each tucker-blade shaft performs three revolutions, relative to the 
spiders, for one revolution of the latter. The length of the tucker 
blade is one half the distance of tucker-blade shaft to center of 
spider shaft so that the edge of the tucker blade again traces a 
three-cusped hypocyeloid relative to the stationary frame; in 
order for both blades to describe the same path one tucker blade 
must be pointing radially inward when the other is pointing 
radially outward, as shown. In this folder the hypocycloid lies 
completely within the periphery of the folding cylinder except 


1W. Scott, U.S. Patent 952,714. 
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Fig. 7 WHypocycloidal tucker-blade action; 


hypocycloid eccentric to 
folding cylinder 


that one cusp protrudes at the folding station. The spider is 
driven at one and one half times the angular speed of the folding 
cylinder which is the reason why only two folding blades are neces- 
sary; when the cylinder rotates through 120 deg—-which cor- 
responds to the length of one cutoff—the spider rotates through 
180 deg so that, in a noncollect run, each tucker blade will fold 
off every other cutoff. 

This type of folder has the advantage that it permits collecting 
on the folding cylinder without transfer of a cut-off to the cutting 
cylinder. For a collect run, one tucker blade is silenced; this 
can be accomplished by making its drive ineffective and locking 
it to the spider in the position where it is pointing radially in- 
ward. Also, the pin action must be adjusted so that only every 
other set of pins is withdrawn at the folding station. The conse- 
quence will be that every other cutoff will be carried around by 
the folding cylinder for one revolution without being folded off 


and will return to the point where the pins on which it hangs first * 


impaled the web; thereby it will get under the web and be 
positioned under a mating cutoff by virtue of the fact that the 
length of the circumference of the folding cylinder is an uneven 
multiple of the length of a cutoff. Since the active tucker blade 
protrudes from the cylinder only at the folding station it will not 
disturb the cutoffs during their travel around the cylinder. 

In Fig. 8 four consecutive phases a, b, c, and d of this collecting 
action of the folder are illustrated; the phases are one third of one 
revolution of the folding cylinder apart (the corresponding rota- 
tions of the spider are 180 deg). P,, Ps, and P; are the three 
sets of pins of the cylinder; mating cutoffs are marked A, B. 
It is seen that after every 240 deg of rotation of the folding cyl- 
inder the mechanism shows the same configuration, except that at 
phase 6 the pins P; and at phase d the pins P: are withdrawn. 
After another 240 deg of rotation of the folding cylinder the pins 
P; are withdrawn; thus the pin-motion cycle is completed after 
two revolutions of the folding cylinder. 


Machines for Handling of Folding Boxes 


Another interesting application of a cycloidal motion is found 
in a mechanism for preparing folding boxes for packaging. In 
this mechanism use is made of a cycloidal motion for producing 
first a nearly rectilinear and then a curvilinear motion of the fold- 
ing box.? 


Folding boxes are shipped in flat shape. Before use they must 


2M. Hornsteiner, ‘‘Bebriebetschnische Fragen bei der Faltschach- 
tel-Fertigung,’’ VDI-Z99, 1957, pp. 52-53. 
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Phase b 


Fig. 8 Collecting action of folder with hypocycloid eccentric to folding 
cylinder 


be unfolded, and then folded in the opposite direction in order to 
remove the ‘set’? which they acquire during storage. This is 
accomplished by picking up a flat folding box from the face of a 
stack by means of suction cups, moving the box in a curvilinear 
path so that one edge of the box slides along a cam, and passing it 
through a pair of rollers. In older machines the motion of these 
suction cups was performed by a reciprocating arm; because the 
return stroke of this arm was idle the rate of production of this 
machine was low. In a newer design of machines for this pur- 
pose a multiplicity of suction cups is provided which perform a 
continuous cycloidal motion. While one suction cup picks up the 
flat folding box, unfolds it, and transfers it to rollers and a con- 
veyer, the following suction cup already approaches the stack and 
initiates the new cycle; by this action a great increase in the rate 
of production was obtained. 

Fig. 9 shows the general arrangement of a machine of this kind. 
The stack of the flat folding boxes is marked (a), the box at the 
face of the stack is marked (b). In a uniformly rotating wheel 
are mounted four shafts carrying suction cups (c); the shafts are 














Fig. 9 Top view of machine for handling folding boxes—general 
arrangement ‘ 
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Fig. 10 Machine for handling folding boxes; hypocycloidal motion of 
suction cups 


connected to planet gears (d) engaging a stationary ring gear (e) 
so that the tips of the suction cups describe a four-cusped hypo- 
cycloid. At one cusp of this path the tip of the suction cup 
comes in contact with the box (b); as the suction cup continues 
to move it pulls the box (b) away from the stack. This brings 
one edge of the box in contact with the cam surface (j), Fig. 10, 
and sliding of the edge along this cam causes the box to unfold. 
As the suction cups approach the apex of the hypocycloid between 
the cusps (p), (p:) the box comes in contact with roller (m) 
whereby the box is folded in the opposite direction. At the 
apex between (p) and (p,), a roller (n) with an interrupted cir- 
cumference engages roller (m); these rollers complete the folding 
of the boxes in the opposite direction and pass them on to two 
other pairs of flattening rollers (g), (f). From these rollers the 
boxes move on to a conveyer (h) with pockets (i); when their 
front edges strike the crossbar forming the front end of the 
pockets their rear edges come in contact with angles mounted on a 
Ferris-wheel type rotating structure (q), which pushes the boxes 
completely into the pockets of the conveyer. The tangential 
velocity of these angles is equal to the speed of the conveyer. 


Fig. 11 Machine for handling folding boxes; epicycloidal motion of 
suction cups 


An alternative of this design is shown in Fig. 11; in this design 
the path of the tip of the suction cup is an epicycloid which has 
the advantage that this path does not intersect the path of the 
folding boxes between the flattening roller. 


The Cycloidal Speed Reducer 


Another member of the cycloid family, the epitrochoid, is the 
basis for another interesting mechanism, the so-called cylcoidal 
speed reducer which is distinguished by extreme compactness (it 
is built in Germany).* The epitrochcid is a curve traced by a 
point inside the circumference of a circle rolling on the outside of 
the base circle. 


3D. W. Botsiber and Leo Kingston, ‘“‘Cycloid Speed Reducer,” 
Machine Design, June 28, 1956, pp. 65-69. 
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Fig. 12 Generation of epitrochoid by a parallelogram linkage 


The principle underlying this mechanism is best understood 
by considering the means by which an epicycloid E may be 
generated. In a rolling circle, Fig. 12, the radius of length r of a 
point A on its periphery may be represented by a link connecting 
A with its center M. Since during the rolling motion the dis- 
tance between M and the center O of the base cirele—with radius 
R—tremains unchanged, this distance may be represented by a 
link M-O. If a link O-B of length r and a link A-B of length 
O-M is added it is obvious that links O-B and A-B remain parallel 
to M-P and O-M, respectively, as the circle M, r rolls on the base 
circle. Links O-B, M-A, and links O-M and A-B, respectively, 
must therefore have equal angular velocity during the rolling mo- 
tion; furthermore, the ratio between their angular velocities must 
be constant. Consequently, the epicycloid E can be generated 
by the parallelogram linkage O-M-A-B if the links O-M, O-B 
are driven at angular velocities which have a fixed ratio deter- 
mined by their geometric proportions.* If a point P on the link 
M-A is connected with a point Q on the link O-B, chosen so that 
distance O-Q is equal to distance’ M-P(=p»), through a link of 
length O-M, link P-Q will rotate with the same angular velocity 
as the link O-M. If point P is inside the periphery of the rolling 
circle it traces a curve T called an epitrochoid which hasn = R/r 
lobes. Since the epitrochoid has no cusps it is suitable for con- 
tinuous cam action if n is an integer number. 

If a roller Z of radius z be attached to point P and participated 
in its motion along the epitrochoidal path the envelope of all 
roller positions will be the equidistant curve C of the epitro- 
choid, Fig. 13. The point of contact of the roller and the curve 
must lie on line P-N where point N on M-O, the point of tan- 
gency of the generating circle and the base circle, is the instan- 
taneous center of the motion of the generating circle. 

If the center of the generating circle rotates counterclockwise, 
about O, through an angle 0, from My to M;, and point P, with 
roller Z, moves from position Po, Z) to position P;, Z;, links 
M-P and O-Q will rotate, relative to O-M, through an angle 
OR/r. 

We now perform a kinematic inversion: Roller Z is held 
stationary at Zo, and the disk with contour C is moved so that it 
performs the inverse of the motion by which the contour was 
generated, thus maintaining contact with the roller. The 
generating motion of the roller Z was the compound motion of P 
on link Q-P from position Q-P» to Q:-P;; this motion consisted 
of the rotation of pivot Q, on Q-O, about O through angle 
6R/r, and rotation of link Q-P through angle 0, both counter- 
clockwise. The inverse of this motion, if link Q-P with roller Z is 
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Fig. 13 Kinematic relation between epitrochoidal cam and parallelo- 
gram linkage 


held ‘ationary at Q-P», is obtained by rotating pivot O (the 
center of the disk) on link O-Q) about Q, through the angle 
6R/r, and then rotating the disk about its center O, through 
angle 6, both clockwise. The corresponding link configuration 
at the end of the inverse motion is indicated by the dotted lines 
@-O-M,-P,:; it is seen that it is congruent to Q,-O-M,-P,;. The 
disk contour, at the same instant, is in position C; the instan- 
taneous center is N; on link 0;-M; its position corresponding to 
N,. In the compound motion of the disk the ratio of the angular 
speed of the disk center O about Q to that of the disk about its 
center O is R/r. 

A mechanism with these elements—a stationary roller, an 
output member consisting of a disk with curve C as periphery, 
and an input member consisting of a crank of length Q-O—ap- 
pears to be capable of large reduction of speed since the speed 
ratio depends only on the ratio of R/r, and the radius r can be 
made quite small. However, if the mechanism would contain 
only these elements it would not yet be operable. One reason is 
that the output motion of the disk is not a pure rotation but a 
compound motion. The motion superposed to its rotation is a 
translation in a circular path whose radius is equal to the length 
of crank Q-O, and the speed of its center is equal to the speed of 
this crank. This translation can be filtered out by connecting 
the disk C to the output member not directly but by cranks of 
length po; instead, pins may be used which engage circular holes 
in the output member whose diameter is equal to the pin diam- 
eter plus the diameter 2p) of the crank circle. The motion of 
these pins, relative to the center of the holes which they engage, 
must be in phase with that of the crank Q-O. Through this ar- 
rangement the translation in a circular path of the disk relative 
to the output member is possible, while only the rotary motion of 
the disk is transmitted to this member. The pins and holes can be 
interchanged such that the holes are provided in the disk, and the 
pins in the output member without changing the kinematical re- 
lation (Fig. 16). 


Another reason why the discussed mechanism is not yet opera- 
ble is that the crank Q-O and one roller Z do not sufficiently 
constrain the disk to remain in contact with the roller. 
plete constraint additional stationary rollers are needed. 
location of these rollers can be determined if another interesting 
property of epicyclic curves is considered. 


For com- 
The 
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Fig. 14 Relation between epitrochoid and regular polygon 


Attention is focused, in an epicyclic curve with n lobes, on the 
relation of points of this curve which are associated with equally 
spaced radii of the base circle. The angle of this spacing is de- 
noted by 2x/(n + m) where m is an integer number, Fig. 14. 
When, starting at the cusp, the radius O-M has moved to posi- 
tion O-M’ through angle 27/(n + m) the rolling circle with 
radius r has rotated, relative to O-M’, through an angle 


6’ = 2nn/(n + m) (3) 


and point P has moved from Py to P’. A parallel through M’ to 
MoP> also makes with radius O-M’ an angle 


yp’ = 2n/(n + m) (4) 
so that the sum of these angles 
0 +’ = n(n + 1)/(n + m) (5) 


For m = 1, this sum is equal to 27; consequently M’-P’ is 
parallel to MoPo. 
For other equally spaced radii we obtain, by the same reason- 
ing, 
67 = 6'x = 2nnx/(n + m) (6) 
y? = 2nz/(n + m) (7) 
6 + Y* = 2wx(n + 1)/(n + m) (8) 


Again, for m = 1, and for any integer value of z, this angle will 
be a multiple of 27; therefore the radii M*P* will be parallel to 
MP» in the specified positions. For this reason, siace the centers 
Mo, M’, M® are lying on the circle O, (R + r), the points P, 
P’...P* of the epitrochoid must lie on a circle with the same 
radius whose center is a point Qo, at a distance pp from O, in the 
direction of Mo-Py. The number of points of the epitrochoid ly- 
ing on this circle is by one larger than the number of lobes of the 
epitrochoid. 

We next consider point P;, Fig. 15, which is associated with 
the radius O-M, which makes an angle @ with the radius O-Mo 
at the cusp, and point P: associated with radius O-M, making an 
angle 2r/(n + 1) with O-M;. Applying the same reasoning as 
previously it is seen that M:-P,....M,-P, will again be 
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Fig. 15 Relation between epitrochoid with n lobes and moving regular 
polygon with (n +1) corners 
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Pp Rollers 
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Fig. 16 Diagram of cycloidal speed reducer 


parallel to M,-P,, that the points Pi, P:.... must lie again on a 
circle whose center Q, is at distance pp from the center O of the 
base circle parallel to M,-P;....M,-P,. Since this relation ap- 
plies to any angle @ it must be concluded that any group of (n + 1) 
points on an epitrochoid with n lobes associated with (n + 1) 
equally spaced radii of the base circle form equally shaped regu- 
lar polygons inscribed in a circle with radius (R + r); that the 
center Q,, Q2....of these polygons lies on a circle with radius 
0-Q which is equal in length and parallel to the radius pp of the 
generating circle. If one such polygon moves such that all its 
corners trace the epitrochoid, the radii P)-Q,, P:-Q;.... re- 
main in a fixed relationship to one another. 

If (n + 1) rollers Z,....o0f radius z are placed at points 
P,....0f the n-lobed epicycloid associated with radii of the 
base circle which are 27/(n + 1) radians apart the points P; .... 
will form a regular polygon with center Q,, and these rollers will 
be in contact with the equidistant curve C of the epitrochoid. 
This polygon contains the link P:-Q:; therefore, when the epitro- 
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Fig. 17 Cycloidal crank 


choid is generated, the polygon performs the same motion as this 
link. In the kinematic inversion previously discussed this link 
remained fixed. From this it is concluded that, if the whole 
polygon remains fixed, contact between the five rollers on the 
polygon and the curve C will be maintained if the curve disk per- 
forms the compound motion previously described. Since these 
rollers engage opposite flanks of the lobes of the periphery of 
the disk C the disk will be adequately constrained. 

By placing equally spaced (n + 1) rollers on a circle with 
center Q) and radius (R + r) the cycloidal speed reducer is com- 
pleted, as indicated in Fig. 16. An eccentric with radius pp on 
the input shaft constitutes the crank Q,-O. Input and output 
shaft are concentric; the ratio is R/r. 


Cycloidal Crank 


In an epicyclic gear train consisting of a fixed sun gear (s), a 
driving spider (t), and a planet gear (p), Fig. 17, a crank (g) is at- 
tached to the planet gear at its pitch line; this crank engages a 
shoe in a slotted crank (u) of the driven shaft which shaft will 
then perform a cyclic, nonuniform motion whose acceleration and 
velocity at the cusps of the cycloidal path described by the crank- 
pin center will be equal to zero. It is possible to obtain dwells 
at the cusps by the use of interrupted gears.‘ 


Cycloidal Linkages 


Eventually the so-called cycloidal linkages may be mentioned. 
These are four-bar linkages which are used for generating an ap- 
proximately straight-line motion of a point of the coupler. 
The cycloidal path which is traced by each point of a circle rolling 
in a plane along a straight line degenerates, for the center of the 
circle, into a straight line. Vice versa, if two points of the gener- 
ating circle move in correlated cycloidal paths the center of the 
circle will describe a straight line. Therefore, if the lengihs of 
the two cranks to which the coupler of a four-bar linkage is con- 
nected are equal to the radii of curvature of the cycloids de- 
scribed by those points of the generating circle which correspond 


4E. H. Schmidt, ‘‘Cycloidal Crank Mechanisms,”’ Machine De- 
sign, April 2, 1959, pp. 111-114. 
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Fig. 18 Cycloidal linkage 


to the joints of the coupler, a third point of the coupler, which 
corresponds to the center of the generating circle, will perform an 
approximately straight-line motion. 

In Fig. 18 two points on the periphery of the generating circle 
are selected as the joints of the coupler. The centers of curvature 
may be determined by Euler-Savary’s theorem!: 


V4 = Vor(sin a)(po + p)/p 


where V, is the velocity of point A of the moving plane, Vp the 
velocity of change of the instantaneous center P, p the distance 


5 L. Burmester, ‘‘Kinematik,” Arthur Felix, Leipzig, Germany, 
1888, p. 125. 
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Fig. 19 Tchebisheff's linkage 


A-P, po the distance between P and the center of curvature Co, 
and a@, the angle between the tangent to the centrode at P and 
the ray AP. The velocity Vy of the center M of the generating 
circle is arbitrarily chosen, and the corresponding velocity vectors 
V, and V> sin @ constructed; the intersection of the line con- 
necting the end points of these vectors with the line A-P is the 
center of curvature C. The center of curvature can also be de- 
termined by other graphical methods or by calculation. 

In Fig. 19 the coupler joints are selected so as to coincide with 
two points inside the generating circle which are symmetrical to 
its center M. The remaining two joints may be determined by 
the previously described method. A linkage of this type is known 
as Tchebisheff’s linkage. 
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A Discussion of the Vibration 
Characteristics of a Simple 


ARTHUR SORENSEN, JR. 


Research Engineer, Environmental 
Laboratory, AC Spark Plug Division, 
General Motors Corporation, Milwaukee, 
Wis. Assoc. Mem. ASME 


Mechanical Connection 


The behavior of a simple mechanical connection over an extended frequency range 1s 
analyzed with particular reference to vibration transmission and isolation. The 


limitations inherent in a simplified analysis are clarified by a more refined treatment of 
the problem. The significance of higher critical frequencies associated with the dis- 
tributed mass of the connection is pointed out, and this leads to a more generalized con- 
cept of rigidity. A qualified definition of rigidity is subsequently introduced, and the 
corresponding performance characteristics of a vibration transmitter and isolator are 
discussed. The dependency of performance criteria on the type of excitation is empha- 
sized, and the essential ideas embodied in the paper are illustrated in an example. 


Introduction 


[. Is FREQUENTLY NECESSARY to interconnect com- 
ponents in a vibrating system by means of a suitable connection. 
The nature of the connection, will depend on the relationship de- 
sired between the vibration amplitudes of the connected ele- 
ments. For example, a very high degree of rigidity may be re- 
quired when it is essential to maintain a prescribed geometrical 
configuration. 

In general, the behavior of physical systems is extremely com- 
plicated, and certain simplifying assumptions are unavoidable in 
a theoretical analysis. Although these assumptions may be valid 
in many situations, in some circumstances they may lead to 
erroneous conclusions. It is the purpose of this presentation to 
examine the elementary behavior of a simple mechanical system 
and to discuss the modifications which result from a more sophis- 
ticated analysis. 


Simplified Analysis 


The system consists of a pair of “rigid’’ bodies joined together 
by a uniform bar with the input at one end and the output at the 
other end of the connection as shown in Fig. 1. The excitation is 


Contributed by the Machine Design Division and ‘presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society or MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 11, 
1959. Paper No. 59—A-41. 


Nomenclature— 


applied either parallel (a) or perpendicular (b) to the center line 
of the system, and damping is ignored in order to expedite the 
analysis and bring out certain salient features of the idealized 
system. In the lateral vibration, the rotation of the mass at the 
input end is assumed to be negligible, and the connection may be 
regarded as a cantilever with one end built into a sliding support. 
The output response is specified for both the longitudinal and 
lateral modes of vibration, and a determination of the correspond- 
ing input motion is required. 

In the vibration analysis [1]! of mechanical systems, it is 
customary to think in terms of lumped masses and massless 
springs. On this basis, the relationship between the input and 
output may be established in a straight-forward manner by 
writing Newton’s second law of motion for the mass at the output 
end: 


W: .. F 
K(\y — 2) = he K = 4 (1) 
g 


where » represents either u or » provided the proper K is used. 
The acceleration is obtained by differentiation as follows: 
ro = asin wt i = —w*d, (2) 
where a dot indicates differentiation with respect to time. A 
substitution of (2) into (1) then yields: 
d (3) 
si ( gK 


1 Numbers in brackets designate References at end of paper. 





A = cross-sectional area of connec- 


instantaneous excitation force, 


transverse area moment of in- 


tion, sq in. 

= vibration amplitude of load, in. 
= excitation bandwidth, cps 
width of connection, in. 

= coefficients, where n = 1, 2, 3, 


longitudinal and lateral system 
parameters 
= thickness of connection, in. 
= modulus of elasticity, psi 
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Ib 


= static load, lb 


excitation frequency, cps 

lower and upper boundary of 
excitation frequency range, 
cps 


= critical frequency, cps 
= mean square acceleration den- 


sity, g? per cps 
acceleration due to gravity, in. 
per sec sq 


ertia, in.‘ 
transmissibility integral, cps 
stiffness of connection, Ib per in. 
length of connection, in. 
longitudinal and lateral fre- 
quency parameters 
rms transmissibility 
relative amplitude 
frequency ratio 
weight ratio 
(Continued on next page) 
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(a) Longitudinal Vibration 
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(b) Lateral Vibration 











Fig. 1 Idealized mechanical system 
where the stiffness [2] for the longitudinal and lateral modes of 
vibration is given by: 


7 
4 
4 


bd as he 
- (longitudinal) (4a) 
sg 3EI Me Ebd® 


K = = — (Ag 
L Ww (lateral) 


(4b) 
in which the more specific expressions pertain to a rectangular 
section. It is immediately apparent that for a relatively slender 
bar, a beam type of connection is inherently more flexible than a 
prism since the stiffness of the former varies with the cube of the 
d/L ratio while the latter is directly proportional to this quan- 
tity. 

The amplitude relation may be put into nondimensional form 
as follows: 














A 























(a) Transmissibility 
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{>) Relative Amplitude 


Fig. 2. Amplitude variation as a function of frequency ratio 


where 


peas d 


= = 2 
a fi 3) af 


The alternative representations in terms of the transmissibility 7’ 
or relative amplitude R are displayed as a function of the fre- 
quency ratio r in Fig. 2. Although the former method of presen- 
tation is usually employed, the latter has certain advantages 
which will become apparent in the ensuing analysis. 





Nomenclature 


7 = transmissibility 
T(t) = a function of time 
= time, sec 
= longitudinal and lateral dis- 
placement of point on uniform 
bar, in. 
= longitudinal and lateral displace- 
ment of input end of connec- 
tion, in. 
longitudinal and lateral dis- 
placement of output end of 
connection, in. 
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= weight of source and load, lb 


= weight of connection, lb 
= a function of position in the 
longitudinal and lateral modes 


distance of point on uniform bar 
from output end of connec- 
tion in longitudinal and lateral 
modes, in. 


constants 


unit weight of connection, lb per 
cu in. 
static deflection, in. 
angle 
= generalized displacement of 
point on uniform bar, in. 
= generalized displacement of in- 
put and output end of connec- 
tion, in. 
unit stress due to steady load, 
psi 
circular frequency, rad per sec 
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An examination of the curves indicates that the relationship be- 
tween the input and output amplitude depends entirely on the 
ratio of the excitation frequency to the critical frequency fe. If 
the frequency ratio is small compared to unity, the connection 
may be considered rigid, and the entire system then vibrates in a 
relatively uniform manner. At the other extreme, when the fre- 
quency ratio is substantially greater than unity, the input motion 
is not communicated to the output end of the connection, and the 
latter becomes, in effect, a vibration isolator [3]. 

The subsequent discussion will be concerned with two particu- 
lar situations in which the connection is intended to serve either 
as (1) a rigid means of vibration transmission to the load which is 
required to vibrate at a specified amplitude, or (2) a flexible means 
of vibration isolation from the source which vibrates at a desig- 
nated amplitude. 

Apparently, a high frequency ratio will oppose the former and 
favor the latter objective. Hence it is sufficient to adjust the 
frequency ratio either above or below unity, respectively, when 
isolation or transmission is desired. Unfortunately, in practic« 
the matter is not quite so simple, and in spite of a desire to provi 
a rigid connection, operation at a high frequency ratio may 
unavoidable, resulting in an excessive input amplitude. A more 
accurate appraisal will show that the outlook is not quite so bleak 
as it would appear, since a further increase in the frequency ratio 
will eventually result in an increase in transmissibility. Conse- 
quently, at sufficiently high excitation frequencies, the output 
vibration level will be amplified rather than attenuated. While 
this is desirable from the viewpoint of vibration transmission, it 
places a limit on the range of effective isolation. 


Refined Analysis 


The previous analysis is quite attractive in view of its relative 
simplicity, and the soluticn is in many instances a good approxi- 
mation. Evidently, the result of the simplified analysis is a 
special, limiting case of a more general solution. This raises some 
interesting questions concerning (1) the conditions under which 
the approximation is valid and (2) the behavior of the system 
when these conditions are not satisfied. 

The simplified analysis ignored the mass of the connection. Of 
course, any physical system is actually composed of a continuous 
distribution of material. It is therefore pertinent to inquire how 
the behavior of the system is influenced by the distributed mass 
of the uniform bar. While it is true that the elasticity of the body 
at either end of the connection was likewise ignored, situations do 
arise in which the geometry of these elements justifies this assump- 
tion. 

Longitudinal Vibration: The partial differential equation of mo- 
tion for a uniform prism [4] is given as: 


RJ 


a (at 


where c= \ (7) 


It is a standard procedure in partial differential equations [5] to 
assume a solution of the form: 


u(x,t) = X(x)T(t) (8) 


where X(z) is a function of z alone, and 7(t) is a function of t 
alone. A differentiation and substitution into the differential 
equation of motion leads to the following solution: 


T(t) = C, sin (at) + C, cos (at) 


X(z) = C; sin (+ c) + C, cos (# c) 
c c 


The applicable boundary conditions for this problem are: 


(9a) 


(9b) 


u(o, t) = asin wt (10a) 
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EA duo, t) i W, ouCo, ¢) 
ou g ot? 





From the first of these conditions: 


a=W C, = 0 C:C, = a (lla) 


The second boundary condition then requires that: 


W caw 


poses gBA 


(11b) 


from which the instantaneous displacement at any point in the 
bar is given as a function of time as follows: 


w Wrw\ . (w . 
u(z,t) =a [eve (* r) = ( qBA ) sin ( : r)| sinwt (12) 


If the following substitutions are made: 


wh 2nLf d w 
= i annae an = 
e c c W, 


where w = yAL = ybdL 


(13) 


the solution then becomes: 


u(z,t) =a [ os (* z) pre sin (2 r)| sinwt (14) 
c 8 c 


The relative amplitude is then given by: 


U1 ul L, t) = 


1 a - 
R= T= i = uo, t) cos p ; sin p (15) 
This expression indicates the desirability of graphing the relative 
amplitude in preference to its reciprocal, the transmissibility, 
which becomes infinite at various frequencies resulting in numer- 
ous discontinuities. The relative amplitude R is graphed as a 
function of the longitudinal frequency parameter p for several 
values of the weight ratio s in Fig. 3. The reader’s attention is 
directed to the change of scale employed for the sake of expedi- 
ence in these and subsequent curves. 

Lateral Vibration: The partial differential equation for a uniform 


beam [4] is given as: 
ov gEl 
i = —k? dy* where k = yt = 
If the standard approach is again employed: 
oy, t) = Y(y)T(t) (17) 


and a repetition of the procedure adopted previously then yields 
the following solution: 


T(t) = C, sin (Bt) + C2 cos (Bt) 
Y(y) = C; sin (¥2 ’) + Cy coe ( é s) 
+ Cs sinh (2 ) + C. cosh (¥2 ’) (18d) 


The boundary conditions are: 


(18a) 


v(o, t) = asin wt 


0*v(0, t) 
oy? 


(19a) 
0 (190) 


ele, 2) Be tla. 
oy? et g at? 


~EI (19¢) 
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s= 


Fig. 3. Relative amplitude as a function of frequency parameter for 
various weight ratios in longitudinal direction 


ov( L, t) 0 (194) 
oy 
Successive application of the boundary conditions then yields: 


B = 0) C2 = () CC, + Cs) =a (20a) 


Cy, = Ce (20b) 
C. — Cs 


Cs - 2W2 V wk! 


va 20¢ 
C, gEI (Me) 


C, f 
cos La + cosh 


The relative amplitude is then given by: 


v( L, t) 
v(o, t) 


(sin g cosh g — cos g sinh q) 


abe act UR SEL jt eae 
cos g + cosh g wes 


q = Lt uy 


The quantity F is graphed as a function of the lateral frequency 
parameter q for several values of s in Fig. 4. 


1 + cos gq cosh g — 4 
8 


where 


(22) 
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-0. 
«1. 


-l. vo 


Fig. 4 Relative amplitude as a function of frequency parameter for 
various weighi ratios in lateral direction 


Discussion of Results 


A comparison of the relative amplitude curve of Fig. 2(b) with 
those of Fig. 3 and 4 reveals a fundamental difference in the basic 
character of the curves. In both instances, the relative ampli- 


j » / ee. | 
G : sin (u ry +) _ inn (ny ; - Ca we ; io q :) 


——£ (20d) 


tude starts out at unity when the frequency is zero. It decreases 
steadily to zero with an increase in frequency and thereafter be- 
comes negative. However, in lieu of the former unlimited nega- 
tive increase with frequency, the relative amplitude is now oscil- 
latory in nature with progressively increasing peaks. This radical 
alteration is desirable from the standpoint of vibration transmis- 
sion but means that an upper as well as a lower limit is imposed on 
the range of effective isolation. 

Equivalence of Results: It is easy to demonstrate that the expres- 
sion obtained from the simplified analysis is a special, limiting 
case of the more general solution established in the preceding sec- 
tion. Furthermore, equations (15) and (21) reduce to (5) when 
p and q are relatively small, provided s is not too large: 

Ww 
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where the appropriate expression for K obtained from (4a) or 
(4b) is inserted above. If 


p<i1 and g<l 


the trigonometric and hyperbolic functions may be approximated 

by the first two terms of the corresponding Maclaurin expansion: 
: #8 he 

sin? = 0 — . coe § tL 

62 


cosh 9 ~ 1 + —> 


3 
sinh @ = 0+ 


The relative amplitude is then given approximately by: 


p? p? 
Rew1i-—-— 
“ 2 8 


4 4 ‘ 
Ga tei Ser £eepe & 


8 38 3s 


ke 8 
provided eitherg< W/8 or s< , (lateral) 


Interpretation of Behavior: In the limiting case, when the load 
attached to the output end of the bar vanishes, the following ex- 
pressions are obtained: 


R = cos p (longitudinal) 


R 1 + cos g cosh g 
cos q + cosh g 


(23a) 


(lateral) (23b) 


These expressions oscillate between plus and minus unity. This 
represents the optimum condition from the viewpoint of vibration 
transmission over an unrestricted frequency range in that the 
peak input amplitude is minimized. Since the transmissibility 
across the connection is always greater than or equal to unity, it 
is impossible to achieve vibration isolation at any frequency. 
Inasmuch as this limiting condition is approached when the 
weight of the connection increases, we may conclude that a rela- 
tively heavy connection is necessary for effective transmission, 
while the connection should be as light as possible when it is in- 
tended to serve as a vibration isolator. 

Although the results obtained from the longitudinal and lateral 
modes of vibration are quite similar, there are some basic dif- 
ferences: 


(1) In the lateral mode, the relative amplitude also depends 
on the rotational constraints present at both extremities. In the 
particular case considered here, the couple at the output end is 
zero, while the couple at the input end is sufficient to maintain 
zero slope. . 

(2) The parameter k depends not only on physical properties 
but on the distribution of material as well. In fact, k is equal to 
the product of the quantity ¢ and the radius of gyration. 

(3) In both the longitudinal and lateral modes of vibration, the 
operating frequency range depends on the ratio of the frequency 
parameter to the length of the connection. The frequency is pro- 
portional to this ratio in the former and the square of this quan- 
tity in the latter. In both instances, the excitation frequency is 
directly proportional to the square root of the ratio of the elas- 
tic modulus to the density of the material. 


The rigidity of the connection (or its converse, the flexibility) 
may be defined in a relative sense on the basis of the characteristic 
curves displayed in Figs. 3 and 4. The connection is considered to 
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be “rigid’’ if the relative amplitude is comparatively uniform, i.e., 
the relative amplitude is essentially unity over an extended low 
frequency range, and the increase in successive amplitude peaks 
is relatively gradual. Conversely, the connection is considered 
to be “flexible’’ if the relative amplitude is generally high, i.e., 
the relative amplitude reaches a high level at a low frequency, 
and the increase in successive amplitude peaks is quite pro- 
nounced. The curves clearly indicate that the rigidity of the 
connection increases with a decrease in p or q and an increase 
in s. 

It is often possible to maintain a relatively uniform vibration 
throughout the connection in a particular application or, con- 
versely, to attenuate the vibration level at the load over the en- 
tire operating frequency range. This suggests a qualified defini- 
tion of rigidity and its counterpart, flexibility. Accordingly, we 
might narrow the concept of transmission to,the operating range 
in which the connection does not experience any phase reversal. 
Consequently, the connection would be regarded as a transmitter 
of vibration only when operated in the initial positive segment of 
the relative amplitude curve, with the limiting condition defined 
by the existence of a nodal point at the input end. This would 
serve as a reference boundary, and the suitability of the connec- 
tion as a transmitter would be enhanced by any change which 
tended to shift the frequency parameter further away from this 
arbitrary reference. In a similar fashion, the concept of isolation 
might be restricted on some occasions to an interval in which the 
connection does not amplify the input level at any frequency. 
We accordingly: consider that part of the subsequent negative 
segment of the relative amplitude curve in which the magnitude 
of the relative amplitude is greater than or equal to negative 
unity. The efficiency of the connection as an isolator will improve 
with an increase in the magnitude of the relative amplitude. 

The performance characteristics corresponding to the more 
limited conception of a transmitter and isolator are displayed 
graphically in Figs. 5 and 6, respectively. In these graphs, the 
frequency parameter is plotted as a function of the weight ratio 
for several values of the relative amplitude, which is indicative 
of the uniformity of a transmitter and the efficiency of an isola- 
tor. In both figures, (a) applies to the longitudinal and (6) to 
the lateral mode. The graphs indicate that the permissible fre- 
quency range diminishes when performance demands become 


(a) Longitudinal 


(>) Lateral 
Fig. 5 Performance characteristics of vibration transmitter 
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(b) Lateral 
Fig. 6 Performance characteristics of vibration isolator 


more exacting. For a transmitter, the operable frequency range 
increases with an increase in the weight ratio, while the opposite 
is true for an isolator. For a given frequency paramater, an in- 
crease in the corresponding system parameter or a reduction in 
the length of the connection will increase the operating frequency 
range for both a transmitter and an isolator. However, this ex- 
tension of the isolation interval will be accompanied by a corre- 
sponding elevation of the lowest frequency which can be effec- 
tively isolated, and it is this latter consideration which often 
governs. 

Performance Criteria: It is clear that the design of a mechanical 
connection depends on the objective in mind; specifically 
whether we wish to transmit the vibration from the source to the 
load (as in a laboratory test) or, conversely, to isolate the load 
from the source (as in the service environment). When an at- 
tempt is made to formulate criteria of optimum performance, 
however, it becomes evident that we are dealing with a very 
elusive quarry, the reason being that the criteria may vary de- 
pending on the nature of the excitation. The excitation may be 
classified according to the following general categories: 

(1) Steady—constant excitation of sustained duration (ex- 
ample—rapid ascent of a jet airplane). 

(2) Sinusoidal—oscillatory excitation at a specified frequency 

(a) constant frequency (example—rotating unbalance of a 
synchronous motor). 

(b) variable frequency (example—hydraulic impulses in a fluid 
coupling). 

(3) Transient—variable excitation of limited duration (ex- 
ample-—explosive impact of an artillery shell). 

(4) Random—unpredictable excitation of indefinite duration 
(example—fluctuating thrust of a rocket engine). 

(5) Complex—various combinations of above excitations (ex- 
ample—launching a guided missile). 

A complex excitation is actually present in most practical 
physical situations, although one of the types listed may pre- 
dominate during a particular phase of operation. 

As an illustration of the variability of the performance cri- 
teria, consider the differing requirements of support fixtures for 
laboratory shock and vibration tests. In the shock test, the 
critical frequency of the test article-mounting fixture combina- 
tion should be sufficiently high so as not to distort the major part 
420 
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Fig.7 Alternative schemes of supporting an inertial guidance assembly 
in a ballistic missile 


of the shock pulse frequency spectrum: Otherwise there may be a 
substantial discrepancy between the excitation generated by the 
shock machine and the shock pulse experienced by the test article. 
In a vibration test, however, which involves a continuous sinu- 
soidal sweep over a broad frequency range, the rigidity of the 
driver used to transmit the excitation from the shaker to the test 
article must be sufficient to limit the armature acceleration to an 
acceptable level. In a random vibration test, the support fixture 
should be as rigid as possible to expedite the equalization pro- 
cedure. 

Another example is provided by a vibration mount. For a 
sinusoidal vibration at a constant frequency, it is merely necessary 
to bracket the excitation frequency in between adjacent critical 
frequencies, and the isolation efficiency is contingent on the rela- 
tive amplitude attaining a high value in this interval. In the case 
of a broad band random excitation, however, the shape of the 
transmissibility curve over the entire frequency band may as- 
sume primary importance, and it is possible that the attenuation 
provided by an isolator over the major part of the frequéncy range 
may be more than offset by the amplification present in a few 
critical intervals. In this event, it is conceivable that a more 
rigid support which slightly amplifies the excitation at every fre- 
quency might result in a lower output vibration level. 


Application of Results 


A more concrete illustration of the foregoing comments is 
provided by the dynamic behavior of a major assembly for an 
inertial guidance system. The specific problem is to determine 
a satisfactory means of attaching the assembly to the support 
rails in the guidance compartment of a ballistic missile. We shall 
now consider the alternative schemes described schematically in 
Fig. 7 of employing either a “flexible’’ beam (a) or a “rigid’’ prism 
(b) for this purpose. A comparison of the corresponding output 
vibration levels will then enable us to assess the relative merits of 
a “soft’’ versus a “hard’’ mount. 

The service excitation consists of a broad band random vibra- 
tion generated by the rocket engines of the guided missile. We 
shall assume that the mean square acceleration density [6] is 
uniform (white noise) over a bandwidth from 10 to 1000 eps. 
The assembly weighs about 300 lb and is subjected to a “‘steady’’ 
acceleration of 8 g’s during launch in addition to fluctuating 
random inputs. 

Soft-Mount. In order to minimize space requirements and cover 
as broad a frequency range as possible, the fundamental critical 
frequency of the assembly-isolator system should approach the 
low end of the excitation frequency band, and 5 eps is accepted 
as a satisfactory value. The stiffness of the isolator may then 
be calculated from equation (6) as follows: 

2 
al Ler |. § . K= W2(2mfe) 
2a WwW, 9 
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— (300)1(2 (3.14)(5)]? 
(386) 


K 





= 765 lb per in. 


The isolator is to be made of stainless steel, and any dimensional 
combination which provides the required stiffness will be satis- 
factory subject to the restriction that the stress level is not exces- 
sive. The maximum bending stress [2] in a cantilever is given by: 

 - Fuld _ BER 


or (24) 


The force (Fo) associated with the static deflection of the assembly 
is given by: 
W2 d*uz 


Fy = W2 + — —— = (300) + (300)(8) = 2700 lb 
g dt? 


The corresponding deflection is: 


au Fe _ (2700) 


K (765) = 3.5 in. 


If the stress level is not to exceed 75,000 psi, the proportions of 
the cantilever must satisfy equation (24) as follows: 


It _ 3EF, _ (3)(28 X 10*\2700) 
d = 2Ko ~—(2(765)(75,000) 





= 2000 


while in order to provide the necessary stiffness, equation (4b) re- 
quires that: 
L E 


LM __ (28 x 10°) 
bd? 4K 


“(4)(765) = 9150 


These conditions are met by a cantilever of the following dimen- 
sions: 


L = 25 in, d = 5/i in. b = 56 in. 
The quantities required to determine the relative amplitude as a 
function of the excitation frequency are computed from equa- 


tions (13), (16), and (22) as follows: 
w = ybdL = (0.286)(56)(5/1625) = 125 Ib 


Se A 
W. (300) 


= 0.415 


(386)(28 X 108) 
(30.286) 


xa 4ei#_ 
2 3Y (2)(16) 


p= Ly = 0) 


Since gq = 1.06 ~ 1 ands = 0.415< 2.67 when f = 5 eps, the 
use of the simplified relation (6) to approximate the lowest 
critical frequency is justified. The transmissibility is then caleu- 
lated from equation (21) and the result graphed in Fig. 8(a). Al- 
though effective isolation is provided over the major part of the 
excitation frequency range, the input is amplified in a number of 
relatively narrow frequency intervals. 

Hard-Mount. In view of the deficiencies of the soft-mount, the 
possibility of using a more rigid connection will now be investi- 
gated. The hard-mount is assumed to be made of the same ma- 
terial as the soft-mount with the same overall weight. However, 
the effective length of the connection is now determined by the 
distance between the assembly and the mounting rails in the 
guidance compartment rather than stiffness and strength con- 
siderations. As a result, the 25-in. long beam is replaced by a 12- 
in. long prism. The pertinent quantities are calculated from 
equations (7) and (13) as follows: 





= 1.75 x 104 


(2)(3.14)f 


175 x 10 ~ "4" vi 


AS aes SE 
300) 


$= — = 


W, 


- y" ¥ ae wees 
7 (0.286) 


Delf _ (2x8.14\ 12 


= 3.85 x 10~* 
c (1.95 X 105) ” * 


The transmissibility is calculated from equation (15) and the re- 
sult graphed in Fig. 8(b). While the input is now amplified to 
some extent over the entire excitation frequency range, the sharp 
peaks have been eliminated. 

Comparison of Hard Versus Soft-Mount. The rms (root-mean- 
square) input and output levels may be computed [6] for a ran- 
dom vibration as follows: 


. I 
Kim = 0 4) fa Gdf = 49 VGB B = fe — fe (25a) 


f - cps 


(b) Hard-Mount 


Fig. 8 Frequency response of inertial guidance assembly 
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m pr... ro pt 
Norm = 9 \ i GT*df = 9 VGJ J= i , Pdf (25b) 


where G is the mean square acceleration density of the random 
excitation. A modified rms transmissibility may then be defined 


as follows: 
on [J = i 
et? .Y B i a rms 


which reveals that the rms transmissibility is equal to the rms 
value of the transmissibility curve for a ‘“‘white noise’ random ex- 
citation. An estimate of the quantity for the soft and hard- 
mount discloses that the former is superior to the latter in this 
particular application provided natural damping present in the 
system is sufficient to limit the peak transmissibility to moderate 
values (7' < 40). However, it is interesting to find that the ad- 
vantage enjoyed by the soft-mount is rather modest. Perhaps 


A2rms 


Airms 


Qrns rd (26) 


the most noteworthy difference between the hard and soft-mount 
is due to the filtering action of the latter. This tends to concen- 
trate the output at the critical frequencies of the assembly-isola- 
tor system, whereas the hard-mount uniformly distributes the 
output over the entire frequency range. 


Conclusions 


The results of the preceding analysis may be briefly summar- 
ized as follows: 


(1) In a literal sense, a 1hechanical connection behaves in a 
rigid manner only at excitation frequencies which are low com- 
pared with the critical frequency of the load-connection combina- 
tion. Isolation occurs in frequency intervals separated by gaps 
in which the vibration is amplified. 

(2) It is sometimes necessary to operate a system in the isola- 
tion range when a rigid connection is desired, and also to include 
intervals of undesirable amplification when isolation is required. 
Consequently, a more generalized conception of rigidity based on 
the characteristic behavior of the system is appropriate. 
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(3) The essential difference between a simplified analysis which 
ignores the distributed mass of the connection and a more re- 
fined treatment of the problem consists of an alteration of the re- 
sponse of the system from a monotonic to an oscillatory character- 
istic. The results of the simplified analysis are a good approxima- 
tion of the actual behavior of the system only for relatively 
moderate values of the frequency parameter and weight ratio. 

(4) The suitability of a connection as a vibration transmitter 
improves with an increase in the weight ratio and a decrease in 
the operating frequency. Its effectiveness as a vibration isolator 
improves with a decrease in the weight ratio and a reduction in 
the isolation range. The latter is accompanied by an elevation of 
the lowest (and a corresponding depression of the highest) fre- 
quency which can be effectively isolated. : 

(5) It is difficult to formulate general performance criteria for 
an effective vibration transmitter or isolator because of the 
variability of the criteria with the nature of the excitation. In 
an illustrative example, a soft-mount was found to be superior to 
a hard-mount as a vibration isolator. 
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Restrained Circular Plates Under Arbitrary 
Load or Linear Thermal Gradient 


The problem of a circular plate, with a central hole, elastically constrained against 
rotation and deflection, acted upon by a transverse linear temperature gradient or a 


general axisymmetrical loading condition is considered in this paper. With the aid of 
presented graphs and simple algebraic equations, it is a relatively simple matter to con- 
struct the desired deflection and stress pattern for any combination of elastic constraints 


and load distribution. 


INTRODUCTION 


: DESIGNER is frequently called upon to select a 
thin circular plate which is acted upon by a transverse linear tem- 
perature gradient or an axisymmetric loading condition. In the 
event that the loading is simple and the plate is either simply sup- 
ported or clamped, equations are readily available for the evalua- 
tion of stress and deflection [1].!_ However, in the more realistic 
cases, the supports are never simple or clamped and the loading 
is often complex, Fig. 1. The designer must then decide how to 
approximate the actual structure so that the elementary results 
can be used. The question of whether the plate is simply sup- 
ported or clamped, or whether the loading is essentially uniform, 
becomes quite difficult to answer without the experience acquired 
by experimental verification of many previous solutions. Alter- 
natively, the designer might be asked to select a minimum weight 
support that leads to stress and deformation results that are 
within a specified percentage of the theoretical simple or clamped 
condition. 

It is the purpose of this paper to present graphs which, when 
combined with simple algebraic formulas, will enable the de- 
signer to rapidly obtain the stress and deformation throughout 
the plate for any axisymmetric transverse loading or linear tem- 
perature gradient, and any combination of elastic supports. 

The techniques of this combined graphical-analytical proce- 
dure (as compared to a purely analytical procedure) become in- 
creasingly valuable with the increase in complexity of loading or 


1 Numbers in brackets designate References at end of paper. 
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Nomenclature 


STIFFENER FOP SUPPORTING STRUCTURE 


PLATE ELASTIC SUPPORT 








SUPPORTING STRUCTURE 
Fig. 1 


boundary condition. This results from the fact that the time and 
effort required to obtain a complete stress and deformation solu- 
tion by the techniques of this paper is essentially independent 
of the complexity of the problem. For example, once some facil- 
ity is obtained, the complete solution to the most complex prob- 
lem could easily be completed in less than two days. On the 
other hand, the purely analytical approach becomes quite un- 
manageable with the introduction of any complex loading or 
boundary condition. 

In order to make the ideas readily accessible to both the theore- 
tician and the designer, this paper has been divided into two 
parts. In the first part (Theory) fundamental solutions are 
briefly indicated and then, based on these, the solution to the 
general problem is developed. In the second part (Applications) 
the final results are presented in the form of graphs with instruc- 
tions for their use, and in addition a typical problem is solved to 
illustrate the application of these results. 





outside radius of plate = 
radius of hole in plate 
flexural rigidity of plate 
modulus of elasticity of plate 
modulus of elasticity of ring 
thickness of plate 
moment of inertia of ring 
cross section about axis é 
through ¢.g., perpendicular _,, * Subscript 
to the axial direction of the 
ring 


ogre 


duced system. 
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rotational 
(moment per unit circum- 
ferential length per unit 
rotation )? 

K = translational stiffness of mem- 

bers supporting plate edge 

(load per unit deflection)** 


indicates inside, subscript 
o” indicates outside. 
* Starred quantity indicates value for re- 


stiffness of ring K® associated with the total 
line load P ; at £; 
K® associated with the re- 
dundant line load (Q) 
redundant moments per unit 
circumferential length 
radial and tangential moment 
per unit circumferential 
length 
(Continued on next page) 
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THEORY 
A Elementary Solutions 
1 Externally Clamped Pilate, General Loading 


Using the known plate equation [1], it can be shown that the 
solution for the solid clamped plate acted upon by the incremen- 
tal total line load dP = 2mgédé, Fig. 2, is given by 


— dw (£) = «e(£) atx (4,4) Riei— <i] 
a a Qa @/ (j-1,2) a 


(1) 
~ to(£) agxyo (4, £) 0<- 
a Qa @ } (j=1,2) 


ta (=) aex, o(2 ; 
a a 


> dM, 
“L+tp 


aM, 


 1l+p 


where 


| 
[+(e © 
(+a 
(y-Oe 


/a)? + 21 
(g a)? ; n (£/a) (6) 


Be (EE Pie 3) 
2 L(l +p) (r/a)? 
(r/a) 
9 el Dnt 7 
tem 75 | © 


(E/a)* + 2 In (§/a) 


(: - ler") 
(r/a)? 


(r/a) 
— 2l1n 9 
a ) 


(8) 


Nomenclature 














baw 


and the region of applicability is, 


K®;, 0<~ << (10) 
a 


KO; O067:G7> S14 (11) 


These values of K; are plotted at the end of the paper and 
are labeled without the subseript ‘‘j’’. 

Using the reciprocal theorem of Betti [2], or from direct caleu- 
lation in equations (4) and (5), it follows that 


K,® (Z : é) = K, (, bs 
aa 

Ky ( £) 
a’a 


(12) 


(13) 


Equations (12) and (13) are useful in interpolating and drawing 
additional K,; curves, if required, for any special problem. 

For future work it is necessary to have the deflection and 
moment at any point in a solid plate due to a load which is arbi- 
trary for r/a > b/a and which is zero for r/a < b/a. This is 
obtained from superposition, using equations (1) to (3) inclusive, 
so that 


8xD (ty =f: 
Py ” efeo b, 





= total external force due to 
distributed load only, taken 
positive in positive z-direc- Q 
tion 
total external force on unre- 
duced system, taken posi- 
tive in positive z-direction 
27a*q, 
= total line load at position &,, 
taken positive in positive 
z-direction 
external distributed load per 
unit area, taken positive in 
positive z-direction 
arbitrary assigned distributed 
load per unit area, taken 


tion 


Qtotal - 


c.g.) 
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redundant force per unit cir- 
cumferential length 


total force per unit circum- 
ferential length, acting on a 
plate at a generic radius 


radius of ring (measured to 


radial co-ordinate 


steady-state 
gradient 


[s(=) -(-3)] 


positive in positive z-direc- 


temperature at the plate sur- 
faces 


deflection? 
coefficient of linear expansion 


rotation of ring about centroid 
of cross section 


radial co-ordinate which de- 
fines position of load 
te t 
Wilesciey radial and tangential stress 
shear stress 


Poisson’s ratio 
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g 
4nM, a) o( 
ame Beco 


_4AeM, _ 
P\(1 + v) 


& 
(9 ae(s 
= Ko (<) (16) 


where q; is arbitrarily assigned and P; = 27a*q;. 


convenient to take q; = qmax 80 that 0 < 1. <1. 


It is sometimes 
As a special 
useful case the results for a finite line load at &,, having a total 
force given by P; = kd 5 ys &q(£)dé are 

0 


4 = Ko (Z, &) = KWi (£) (17) 
a aa a 

4) 

a 


PAl+v) — 
4nM, (£) 
sp lige ey as 
Pl + v) 
(j = 2,3,...n) 
For future work it is necessary to have the slope at r/a = b/a 


for a clamped plate with a central hole. This can be expressed 
as 


AnD { dw : g (5) «(= 
ep (ae). f' (4) or 


b 1-(£)' +2 (4) 
EO a — 


2 
" a-»+a4n(*) 





and for the special case of a line load at &; 
4nxD dw &; 3 b 
Shanda FRc = Kw({ 22) = Kwi { — 22 
pa (a), a7 ¥°(E)mae(Z) am 


In particular, where b — 0, the proper evaluation of the limit in 


K™ leads to lim |] = 0 independent of the loading. 


b—-0+ L dr 

The determination of the deformations and moments for an 
arbitrary load, using the graphs for K“ and equations (14) to 
(16) and (20) will be discussed in the section Applications. 


2 Clamped Plate, Central Hole, Thermal Gradient 


It can be shown that the solution for the solid, externally 
clamped, plate acted upon by a transverse thermal gradient is 
given by 
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w(£) 0 
a 
Dat 
“) wes a (1 + ») 
u,(Z) = 
a 


For future work it is necessary to have the slope at r/a = b/a for 
the plate with an unrestrained central hole. This can be ex- 


pressed as 
_ (*) = Ko () 
aat(l +v)\ dr a 


1-(@) 


K® (2) we b 
a a b\? 
a-y)+(1 +(2) 


3 Clamped Plate, Edge Moment 

The solution for a plate, restrained only against rotation along 
its inner radius, with an external edge moment, Fig. 3, having 
zero deflection at the outer edge can be shown to be [1], 


(23) 


(24) 


Dat 


meas “i + v) (25) 


(26) 





(27) 


NO VERTICAL 
‘ CONSTRAINT 


2Dw 
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M, () 
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—— = set — 
M, (<) 


1 — (r/a)? + 2 (b/a)? In (r/a) 
1 +yv + (b/a)* (1 — ») 





K® («) 
a 
(b/a)? 


L+s + — (1 — ») 
K®@ (<) pe (r/a)? 
a 1 +v + (b/a){1 — v) 


K® (z) or 
a 
The solution for the externally clamped plate with only an internal 
edge moment, Fig. 4, can be shown to be [1], 





(b/a)? 
ater eae oS 


1+» + (b/a)X1 — v) 





(33) 
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where 


gre = Wiel leh + Sinteiall | Bie E) cn 
1—»-+(1 + v)(b/a)? a a 


(b/a)? (1 — ») + (1 + )(r/a) 


Koo = t 
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(38) 
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Ko» = (39) 


For future work it is necessary to have the slopes at the position 
of moment application. These can be expressed for the two pre- 
ceding cases as 


aM, 


o(t) 
A at Jr = Ka) ( 
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MS ie KOO 
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»(2) 
dr }+/a=b/a ( ) 


where 


1 — (b/a)* 


—— . 42 
+v) + (1 — v\(b/a)? (=) 


t —_— 
)--4 


xen (+) °. O/eilt — Carl _— xo (2 (43) 
a (1 — vy) + (1 + v\(b/a)? a 


The values of K“ are plotted at the end of the paper. 


4 Thin Ring, Edge Moment 


Considering small deformations, the rotation of a ring acted 
upon by a constant circumferential moment, Fig. 5, is in the direc- 
tion of and proportional to that moment. This is given by 


(44) 





Fig. 5 
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where k is the unit torsional stiffness of the system and M is the 
moment per unit circumference. 

The value of k can be determined either experimentally or 
analytically. A good approximate value of k for rings having a 
thickness which is small compared to the radius to the center of 
gravity is [3], 

Eples 
fF? 


k= (45) 


B General Solution 


The general solution for any pressure loading or thermal 
gradient associated with a combination of elastic boundary con- 
ditions can be obtained from a suitable superposition of the ele- 
mentary solutions presented in the foregoing. This superposi- 
tion must be such as to satisfy all the necessary boundary con- 
ditions on deflection, slope, shear force, and moment. 


1 Statement of Most General Problem 


The general problem with two arbitrary rotational constraints 
and two arbitrary translational constraints is shown in Fig. 6. 


Prot 





Fig. 7 Reduced system 


It will be shown in this section that the plate associated with the 
reduced system, Fig. 7, when compared to that in the general 
system, Fig. 6, has an identical stress distribution, and a dis- 
placement pattern that differs only by an additive constant. 
Thus the system with two translational constraints can be re- 
duced to a system with a fixed outer support, an inner support 
with modified rigidity (K;*), and an edge force (8Pt..) on the 
inner circumference; all other loadings and constraints remain 
the same. It should be carefully noted that, in this paper, the 
force (GP ot) is used in conjunction with the boundary condition, 
and is not taken as an additional plate load. 

Proof: 

Let us assume that w is the solution to the general system and 
that the solution for the reduced system is given by, 


w*=w-w, (46) 


nay * 

Oy  , inh 
dr* dr" 

ferential equation and all rotational boundary conditions are 
identically satisfied for w*. From this it follows that the stresses 
are identical in both plates. It is now only necessary to show that 
w* is compatible with the displacement boundary constraints and 
in addition does not violate the force boundary conditions. Be- 
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then it follows that, since 





cause of the identical stress distribution these force boundary 
conditions must be identical for both the reduced and unreduced 
system. 

The only condition on displacement in the reduced system is 
that w* = 0 on the, outer edge. Since w = w, at the outer edge, 
the use of equation (46) leads to the satisfaction of the displace- 
ment condition. It remains only to determine the elastic con- 
straint K,* and the additional edge force BP... which will lead 
to identical total edge forces. Defining, as positive, the down- 
ward (positive z) external forces and, in addition, the resulting 
upward resisting force on the plate, the relevant equations for the 
unreduced system are: 

Spring equations: 


P; = Kyo; (47) 


P, = K,w, (48) 
where P, and P, are the total upward edge forces on the plate. 
The similar spring equations for the reduced system are: 


P* = BP + K,*w,* (49) 


P,* = Pr — P,* (50) 

where Po is the total downward force acting on the original sys- 

tem. In addition, from equation (46) there results 
w;,* = WwW; — WwW, 


(51) 
The force boundary conditions are 


Pa P (52) 


P,° = P, (53) 
Reducing this system of equations to one involving the parame- 
ters w;, Pio, 8, and K;*, and considering that w, can be varied 
independently of Pict (i.e., it is a function of the distribution of ¢ 
as well as of the temperature gradient and boundary conditions), 
there results 


and in addition, 
(56) 


The deflection in the actual plate can be evaluated from equa- 
tion (46) once the value for w* is obtained for the reduced prob- 
lem. In all further discussion the reduced problem will be con- 
sidered as the general problem. 


2 Superposition Equations 

The solution to the general problem, Fig. 7, can be obtained by 
the superposition of the problem types shown in Figs. 8(a, b, c, 
andd). In doing this it is convenient to solve the problem in Fig. 
8(a) by the superposition of the two simpler problem types shown 
in Figs. 8(a’ and a”). The unknown quantities Q, M,, and M; 
are evaluated in such a manner as to satisfy the linear force or 
moment—deflection or slope relationship associated with the 
elastic constraint. 

From equilibrium consideration these are 
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UNREDUCED SYSTEM 
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Yl 
NO VERTICAL 


CONSTRAINT ~ 
Fig. 8(c) 








me: 


Fig. 8(d) 


P;* = —29bQ = K;*witr*® + BPror 
dw* 
Motor on k, (*") 
= dr etot 


dw* 
M; ot = —k; ae 
se ( dr hs. 


The condition of zero deflection at the outside support is auto- 
matically satisfied. Using the previous solutions, and express- 
ing the deflection and slopes in terms of the previously evaluated 
K® and the unknown forces and moments, equations (57) to 
(59) inclusive become, 


(58) 


(59) 
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These equations can be written as 
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— KOO(1I)K@) (*)] + Dol + ¥) l 


Bren () 


Df 
+ ats v) Aa ( *)| (es) 


where all summations are over the loads in the unreduced system 
only. The solution for the redundants can be expressed in terms 
of these coefficients as, 


| Kea 


— K0(1)] 


bs = ~1,| 355 





Q= bi(Gardss — Arss2) + ba(aisdsz — Ai2dss) + bs(ai2d2s — aistt22) 
A 
(65) 


bi(G2s0s1 — Gd33) + be(ay1a33 — disdn) + bs(aisa2) — 4,023) 


J = 
f, A 





(66) 


bi(azidse — G3;) + be( i243 — aa) + bs(Qua22 ra 1202) 
A 





M, oad 


(67) 


where 
A = ayj(G22033 — G230s2) + Gei(Ai3d32 — 12433) 


+ d5\(i2d23 — 1302) (68) 


Once the values of these redundants are determined, the total 
deflections and moments at any position (r/a) can be obtained 
through the superposition of the previously indicated elementary 
solutions. 

Thus 


ae Ma val 
cae? [xo () 
“a soee(s)e~(") 
a 
© af rvs ( eere cree 
atat(l + v) r a* r 
Bie Bt: (<) “eo. “ 
2 f 
+ 5 MK (£) (69) 
Rel (’) 
— Kw (<) Ki (*)| 
a a 
+p) b Q | ove (<) — Kio (<) Ki» (*)] 
2 a a a 
Dokl + ») [1 — K0o (z 4) + M,K® (z 
h a a 


+ MK ( 


M; tot 


) 
) (70) 
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r 
a 





Mtv 


Sel() 
-w=(e)en(e)} +0 entefen() 
-w=(e)em(2)] e822 [- (2) 
+ MK #(2 ) + axe (2 -) (71) 


where the summations are over the loads in the unreduced sys- 
tem only. 

The magnitude of the radial or tangential bending stresses in 
the outer fibers can be evaluated from [1], 


6 
deals |M,| (72) 


6 
h? |M,| 


o,= (73) 


The total unit shear force at any section can be computed by 
summing all the forces between r = b and the particular radius in 
question; i.e. 
r 
2rrQeor = an ff qé)EdE (74) 
Superposing the elementary problems and bearing in mind the 


previous definition for total force due to a line load [used with 
equation (17)], there results 


PAE) le § 
Qu = 204+ = <5 ( 


j=2 /a a 


The shear stress on a circumferential line due to this load is 
maximum at the neutral axis, and can be taken to be [1], 


3 {Quo 

eo ie 76 

2 h (76) 
It is advisable to make a final check on the slope and deflection 

boundary conditions. This can be done through the following 

equations: 

Deflection B.C. 


—(24b)Q(b/a) = w,K; = K;*w,;* + BP roe (77) 


Pi, + P; = Pwr = wiK, + w,K, (78) 


Rotation B.C. 


k, (=) « (ise Wit) (79) 
otot 


dr 


—k; (**) = bs Pr anQ Cs (ass as 1)M, = M, (+) (80) 
dr | itot a 


APPLICATIONS 


A Summary of Solution Techniques 
1 Reduced System 


Reduce the general problem of Fig. 6 to the system shown in 
Fig. 7, using the following equations 
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The final deflection in the actual system is given by 
P. 
w = wt + B — — Bu,* (83) 
K; 
where w* is the reduced system deflection. 
The moments and stresses are the same for both the reduced 
system and general problem. 


2 General Solution Technique for Reduced System 


(1) Evaluate and plot K“! as a function of position for the 
distributed load using the graphs for K, and a graphical or 
numerical method for performing the integration indicated in 
equations (14), (15), (16), and (20). 

(2) Record all necessary K“, which are taken from the graphs 
presented in this section. At this point it is only necessary to 
take the particular values of K“” which are necessary to evaluate 
the a;,; and b; indicated in step 3. 

(3) ‘Evaluate all a;; and 6; listed in equation (64). 

(4) Evaluate Q, Mi, M2 fren equations (65) to (67) inclusive. 

(5) Check this work with equation (63). 

(6) Evaluate and plot the deflections and moments using 
equations (69) to (71) inclusive. These will require the values of 
K® taken from the graphs for different values of r/a. 

(7) Evaluate flexural stress at any desired position from equa- 
tions (72) and (73). 

(8) Evaluate the total shear force from equation (75) and the 
associated shear stress from equation (76). 

(9) Check slope and deflection boundary conditions using equa- 
tions (77) to (80) inclusive. 


3 Mustrative Example 


The following simple example will serve to illustrate the entire 
procedure required for the most complex problems. 


Given: 
Plate, restrained and loaded as in Fig. 9. 








N 














)----------4 
@---- anates 


Fig. 9 


Find: 
Complete moment and deformation solution. 
Solution: 


1 Reduced system 
From equations (81) and (82) 
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1 
B= > K;* = 7s The following additional values of K“ ( r) are obtained directly 
2 2 a 


y from the graphs. 
then since the total load on the plate is 


K®5(0,2) = 0.189 K®-5(1) = —0.58 K@-4(0.2) —0.17 
Prot = 1.5466(2ma%q1) K-4(0,.2) = 0.37 K-(0.2) = 0.325 K-%0.2) = —0.6 
the reduced system requires a total upward load over the elastic K(0,2) 0.625 K-41) 0.73 K(0.2) 1.505 
support at r/a = 0.2 of 0.7733(2ma%q,) and is represented in K“0.2) = —0.12 K®-40,2) 1.138 K@9(0,2) 0.254 
Fig. 10. KOO(1) = 0.11 
K2(0.2) = —0.723 


In these the second superscript in K indicates the position of 
load (€/a). Using these values in equation (64) the following 
a,;; and b, matrices are evaluated. 





ba? a’ a? 

2.783 —- K.* 0.625--K.* —012—K,* 

aa > op * 2D 
~0.559b 10.08 0.11 


—1.2rb 1.505 4.2 


Fig. 10 _2.087 2% K. 
: ii 


2 Solution for reduced system 


0.511a%q 
- sail (+) (£) “con (2 £) 1.734% 

sing the graphs and plotting K® : ' q 

n a © Ser ' 

In obtaining b;, care must be taken to use P; = 2ma%q,, which 
follows by definition in conjunction with equation (14) to (16) in- 
clusive. 

Using these values in equations (65) to (67) inclusive, Q, M,, 
and M; are evaluated to be, 


against £/a, (¢ = 1, 2, 3, 4) for suitably spaced parameters of 
r/a and using a planimeter to evaluate each area, there results 


r/a K® K® K® K® 
0.2 0.0411 0.0732 0.0732 —0.038 
0.4 0.0330 0.0636 0.0694 

0.6 0.0198 0.0208 0.0487 a’g 
0.8 0.0065 —0.0540 0.0106 Q = —483 —- 
1.0 0 —0.1620 —0.0498 2nb 
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M, = 0.0125a%q 2 M, = K(s)1 (<) + Ks (<) + 0.769K ‘-2 (<) 
M; = —0,384a" +e ey . ts 


As a practical procedure equation (63) should be checked at this + 0.0193K (£) — 0.12K0D (<) 
stage of a problem before proceeding further. 9 . 

Substituting these values of Q, M,, and M, in equations (69) 
to (71) inclusive and reducing them there results, 


4D 4D 
4D wt = KM (<) + Kw (<) — 0.769K(-2 (<) qa* w = 1.9546 + oar w* 
a 


qa‘ a 
r r These solutions are shown in Fig. 11. 
+ 0.025K® *) — 0.154K™ (<) 
a a 
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From equation (83) the actual deflection is, 


‘ ‘ Publications, New York, N. Y., 1944. 
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DISCUSSION 
R. J. Erisman‘ 


The design charts introduced in this paper will greatly reduce 
the amount of time required for obtaining stresses and deflections 
in circular plates. These data are particularly valuable since they 
are presented in forms which can be readily adapted to conditions 
having varying degrees of loading and constraint. A problem 
which still confronts the designer is the determination of the 
amount of constraint that is present by the usual fabrication 
methods of welding, clamping, or bolting. Also, the designer, 
in many cases, must deviate from rigorous mathematical solu- 
tions to account for a change in plate thickness. Perhaps the 
authors can contribute simplifications to this phase of the over- 
all problem also. 


Authors’ Closure 


The authors wish to thank Mr. Erisman for his interesting 
comments. The problem of the precise evaluation of constraint 
associated with the indicated connecting methods is quite in- 
volved and normally not suitable for design calculations. How- 

‘Chief Engineer, Design Analysis Section, Constr:.ction Equip- 


ment Engineering Department, International Harvester Company, 
Melrose Park, III. 
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ever, since in most cases the supporting structure is in itself 
much more flexible than the local connecting device (bolt, weld, 
or clamp), it is not at all difficult to evaluate the effective con- 
straint of the entire support, with adequate accuracy, by known 
structural techniques. In the event that this is aot convenient, 
one can resort to experimental procedures which establish the 
effective rigidity of a supporting structure. In fact, one can 
establish a good combined experimental-analytical set of graphs 
that would provide coefficients for the support restraint to sup- 
plement the graphs of this paper. 

The problem of a stepped plate is easily taken care of within 
the framework of the techniques presented in the paper. In 
that case one need only treat each stepped element as a separate 
plate subject to force-equilibrium and compatibility condi- 
tions at the stepped section. On the other hand, the case of the 
continuously varying plate has not been treated in this paper. 
This could be taken care of in one of the following ways. First, 
one could approximate it as a stepped plate with a suitable 
number of steps (in much the same way as variable diameter 
shafting is often analyzed), and then use the technique discussed 
above. Second, one could expand the curves presented in the 
paper to include general families of variable thickness plates. 
This second task has not been undertaken and would seem to 
serve a useful purpose in rounding out the presented work. 
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Dimensionless Parameters for Helical 


R. J. ERISMAN 

Chief Engineer, Design 
Analysis, International Harvester 
Company, Melrose Park, Ill. 


Compression Springs 


Spring design, in many instances, is still a trial-and-error process. 


The underlying 


reason is the large number of complex variables which must be related to the allotted 
space which the spring will occupy and to the desired loads throughout the working 


range. 


This paper presents a system of parameters which enables the spring designer 


to graphically portray these variables for a given problem. Derivations are based on 
the total number of coils as well as the outside diameter which accurately defines the entire 


space required for the spring. Charts are presented for springs with two dead coils and 
a torsion modulus of 11,500,000 psi. 


Introduction 


HE MANY VARIABLES~associated with the design 
of helical compression springs usually result in solutions by the 
trial-and-error method. Additional refinements involving re- 
stricted space and optimum load-stress considerations often 
leave doubt in the designer’s mind whether the best design has 
been achieved. Apparently no one simple relationship exists 
which expresses all the desired parameters that are encountered 
in the design of this otherwise simple machine element. As a re- 
sult, any spring in its finalized design may represent many time- 
consuming calculations. 

These difficulties stem from the use of the standard formulas 
which relate load, deflection, and stress proportionalities. On 
the one hand they represent the fundamentals of spring design, 
but on the other hand they are cumbersome and awkward to 
handle. 

First: The pitch diameter is a parameter, not the outside 
diameter, which defines the space where the spring will operate. 

Second: The number of active coils is a parameter instead of 
the total coils or its related solid height. 

Third: Numbers must be raised to the second, third, and fourth 
powers to evaluate the formulas. 

The purpose of this paper is to present a means of determining 


Contributed by the Machine Design. Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tue American Society or MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 


of the Society. Manuscript received at ASME Headquarters, May 27, 
1959. Paper No. "59—A-30. 


Nomenclature= 


correct spring proportions without resorting to lengthy mathe- 
matical calculations. Design charts based on dimensionless 
parameters are included for both general considerations and one 
special type of problem. The principles outlined can be extended 
to handle other specific cases. 


Development of Design Parameters 


The standard formulas for stress, deflection, and rate are: 


8PD Srd* 


8D 


8 = 


(3) 


By simple observation 

N = (CK — Q) (4) 
Introducing this term into equation (3) together with the other 
indicated substitutions for the diameters d and D results in: 
ET ame 
GD, 8K(K — 1)\CK — Q) 





G 


° Dp, ~ akKK-)xcK-q © 





When G and Q are assigned values, a family of curves can be 
drawn to represent this relationship. Fig. 1 shows such a graph 





= parameter for length (see Dimen- 
sionless Parameters) 
wire diameter, in. 


Wahl 


stress 


correction factor, W = final spring load, lb 





mean diameter of spring, in. 

outside diameter of spring, in. 

deflection from test load to final 
load, in. 

deflection from free length to test 
load, in. 

deflection per coil, in. 

torsional modulus of elasticity, psi 

solid height of spring, in. 

parameter for diameter (see Di- 
mensionless Parameters) 
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Pe 198 
K.-[ K-2 


= free length, in. 

= number of active coils 

= test load (initial spring load), lb R } 

= number of dead coils 
rate of spring, lb/in. 
torsional stress, psi 


parameter for stress, S’ = ye 


(see Dimensionless Parameters) 


Dimensionless Parameters 
C = H/D, 
K = D,/d 


+ rae | 
K—\ 





GD,  8K(CK — QXK — 1) 


&D,” 
P 


. (K — 1)K* 
T 


SD? 
SD, K 
AG m(CK — Q)K — 1)? 
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2.0 Dead Coils SPRING DESIGN Steel 
~ cous 50 


| | 

















\ 


} S2 
> den 


\ fo) 
22 


7 
TOTAL COILS 


0, * OUTSIDE DIAMETER R 
H * SOLID HEIGHT= (ACTIVE COILS +2)¢4 G 


RATE LBS PER IN 
*11,500,000 PSI 
¢ = WIRE DIAMETER 


Fig. 1 Design chart with parameters for diameter, height, rate, and 
number of coils 


for G = 11,500,000 psi and Q = 2. It will be noticed that the 
number of coils (active or total) can also be represented on the 
same co-ordinate system. If sufficient R/D, lines are drawn, 
the chart will instantly show what size relationships will provide 
a given rate. 

Stress parameters can be developed from equation (1) in a 
manner similar to that used by Hinkle and Morse [1].! 


SD,? Bie ae a 
P - (K — 1)K? (uncorrected) (6) 
T 


4 0.615 
K-1 


(Wahl corrected) (7) 


K — 1.25 
“Eag 


Also since 
P = Rf, (8) 
SD, K 
fiG  «(K — 1)*CK — Q) 
SD, K K — 1.25 
fhG  (K — )*XCK — =| r eee 


(uncorrected) (9) 


4 0.615 
K-1 


(Wahl corrected) (10) 


A useful design chart can be made by superimposing stress 
data with the constant rate lines of Fig. 1. This has been done 
in Fig. 2, again using G = 11,500,000 psi and Q = 2. The stress 
relationship given in equations (6) and (7) was chosen because, in 
most cases, the load P will be known before the corresponding de- 
flection fi. 


Example: 1 (Using Fig. 2) 

Given data: W = 45 lb @ 1.75 in. 

S 85,000 psi (Wahl corrected) 
D, = 1.25 H=1.5 

d, L 

Calculate stress parameter 

g SX Det _ 85,000 x 135 
ee | CHS 45 
Calculate height parameter 

C = H/D, = 1.5/1.5 = 1.2. 

At intersection of S’ = 2950 

and upper branch of Wahl 
corrected stress line read K = 10.3. 

Hence, d = D,/K = 1.25/10.3 = 0.121 in. 
Proceed horizontally to the left 


Required: 
Solution: 


= 2950 


' Numbers in brackets designate References at end of paper. 
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SPRING DESIGN 


STRESS FACTOR S' (UPPER BRANCH) 
2000 3 


20 Dead Coils Steel Wire 


300 1000 
's—— : ~ linac 








cue, 
70 160 - ees 7 1000 
STRESS FACTOR S' (LOWER RANCH) 
D, * OUTSIDE DIAMETER m * RATE LBS PER IN 
H = SOLID HEIGHT = (ACTIVE COS +2)4 STRESS: Ss \oap-c PS! 
¢ «WIRE OWMETER G *11,500,000 PS: 


Fig.2 Design chart with parameters for diameter, height, rate, and stress 


until intersecting C = 1.2. Read R/D, = 16. 
Hence, R = 16 X 1.25 = 20 lb/in. 

Deflection = W/R = 45/20 = 2.25 in. 

Free length = 1.75 + 2.25 = 4.0 in. 


Principles Applied to a Specific Problem 


Consider the problem of designing a spring for a given test load 
P with additional deflection f for minimum stress at final load W. 
Or, stated as a corollary, what maximum load P can be specified 
for a given allowable stress at final load W? Both solid height 
and outside diameter are specified. 

Applying conventional methods to this problem, the spring 
designer would obtain stresses for several different wire sizes to ob- 
tain a stress diagram as in Fig. 3. If the minimum stress is con- 
servative, a greater P load would be chosen until the minimum 
stress point is at the maximum limit for the material chosen. 

Jennings [2] developed equations and charts for the solution 
of this problem. His analysis, however, did not include the effect 
of dead coils. Also, the pitch diameter was used for the size 
parameter and the final working length was at solid height. 

Using the principles outlined thus far, these limitations can be 
overcome. From equations (5) and (6), the uncorrected stress at 
final load is 


“ee K* GfD, 
eet Or. D,? [> + 8K(K — 1)(CK — 5 wee 


‘as Fe 


STRESS DIAGRAM 


FOR SPECIFIED } 
OUTSIDE DIAMETER 
TEST LOAD AND LENGTH 





git eae | 








MINIMUM LENGTH——=— 








STRESS AT 





ci 





| 
| 
} 
| 
| 


UNCORRECTED) j | 
L STRESS } 
— FES Sarath is, 6 pou i 


WIRE DIAMETER ——— 





Fig. 3 Diagram showing minimum stress condition for data as specified 
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When equation (11) is differentiated with respect to K, the condi- 
tion for minimum stress is found to be 
8P 2CK? — Q(K + 1) 
GfD, K(3K — 2)(CK — Q)*(K — 1) 





(12) 


Again, this relationship can be plotted as a family of curves to 
form a design chart, see Fig. 4. This chart enables a spring de- 
signer to immediately select the wire size which produces the 
minimum stress from known size and loading considerations. 

Using equations (5) and (7) the stress with the Wahl correction 
factor at final load is obtained. 





8 K? 
Sah = ve [P+ 


GfD, ] 
8K(CK — Q)(K — 1) 
K — 1.25 0.615 
ert r eri me 


Differentiating this equation with respect to K, the condition for 
minimum stress is found to be 


2CK* — (5,90C + Q)K4 + (2.62C + 1.27Q)K* + (3.13C + 4.30Q)K* — 6.46QK + 0.04Q 


SPRING DESIGN 
FOR MINIMUM STRESS 


20 Dead Coils No Wahi Factor 





* OUTSIDE DIAMETER P * TEST LOAD 
* SOLID HEIGHT = (ACTIVE CONS +2)¢ 1 + TEST LENGTH— MINIMUM LENGTH 


* WIRE DIAMETER G + TORSION MODULUS 


Fig. 4 Design chart for obtaining wire diameter to produce minimum 
uncorrected stress 





K(CK — Q)(K — 1)4(3K* — 11.27K* + 9.83K — 0.08) 


The plot of these data is represented in Fig. 5. 

These data can be presented in another form, namely, the ratio 
of W to P which produces the condition of minimum stress. This 
is developed as follows (for the uncorrected stress condition): 


P= Rf; (8) 


W=RifitSi (15) 


(16) 


combining equation (5), (12), (8), and (16) gives 


_ (CK — Q)(3K — 2) 
p~ '* ocx?-QkK+) (17) 





Cross plotting this equation with equation (12) (to eliminate the 
K term) results in the graph shown in Fig. 6. Here it is a simple 
matter to determine the required final load for minimum stress 
from the size limitations imposed, the initial load, and supple- 
mentary deflection. 

In order to obtain the maximum value of P consistent with an 
allowable stress at W, one additional design chart is required. 
It is developed for the case of the uncorrected stress from an ex- 
tension of equation (9) 


SD, K 
G ~7CK-QK 1th 





(18) 


from equations (16) and (17) 


I -;|E Q(K + 2 | 
'" “ L@K — 2)(CK — Q) 





(19) 


and finally from a combination of equations (18) and (19) 


SD, _ K\(CK — Q\(5K — 2) + Q(K — 1)] 
Gf w(K — 1)(CK — Q)*%3K — 2) 





(20) 


Fig. 7 is a plot of these data based on G = 11,500,000 psi and 
Q = 2. It is superimposed on the data shown in Fig. 4. In ad- 
dition, the R/D, lines are shown to make a single chart with as 
many of the design variables as possible. 
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SPRING DESIGN 


FOR MINIMUM STRESS 
20 Dead Coils With Wahi Factor 
OP-GID, 





sh ei aia 


0, * OUTSIDE DUMETER P + TEST LOAD 
4 * SOLID HEIGHT «(ACTIVE CONS ~2 tf * TEST LENGTH —MiAUMUM LENGTH 

4 WIRE DUMETER G * TORSION MODULUS 
Fig. 5 Design chart for obtaining wire diameter to produce minimum 
Wahl corrected stress 
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Oe = OUTSIDE DIAMETER P * TEST LOAD 

H = SOLID HEIGHT + (ACTIVE COILS +2)4 t 

4 * WIRE OWMETER 











w + FINAL LOAD 
* TEST LENGTH — MINIMUM LENGTH 
G + TORSION MODULUS 


Fig.6 Design chart for determining what final load is required to produce 
minimum uncorrected stress 


Example: 2 (Using Fig. 7) 
Given data: D, = 1.25 
H = 2.5 


Length at initial load = 3.125 
Length at final load = 2.625 
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f = 05 
S = 80,000 psi at final load 


Required: Maximum P, d, L 


SD, _ 80,000 X 1.25 


0.5 


Solution: 


; : SD 
At intersection of — = 


8P 
and C = 2.0 read iD, = 2000. 
2000 X 0.5 X& 1.25 
8 





Hence P = = 156 lb. 


Also read K = 5.57. 
5 


Hence d = —— 
‘ 


9 
— = (),224 in. 
oO 


1 
5. 


Also read R/D, = 306. 
Hence R = 1.25 X 306 = 382 lb/in. 


156 


f= 382 = 0.408 in. 


L = 3.125 + 0.408 = 3.533 in. 


Conclusion 


The design charts presented will eliminate much of the tedious 
trial-and-error calculations associated with helical compression 
springs. Dimensionless parameters are introduced which simplify 
the use of the charts. Solutions proceed systematically to the 
conclusion without tests to perform and repeat. The only need 
for recalculation will be to incorporate available wire sizes. 


SPRING DESIGN 


20 Dead Coils FOR MINIMUM STRESS No Wahi Factor 








UTSIDE DIAMETER * TEST LOAD 


SOLID HEIGHT ACTivE * TEST LENGTH— MINIMUM LENGTH 
WIRE DIAMETER = RATE LBS PERIN 

500,000 PS * STRESS AT MINIMUM LENGTH PS) 
Fig. 7 Design chart relating initial load with a specified minimum 
uncorrected stress at final load 


Fig. 2 is especially adapted to general calculations, while Fig. 7 
represents the solution to one particular problem. A spring de- 
signer can apply these principles to other problems and obtain 
similar simplifications. 
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DISCUSSION 
P. 0. Bell? 


The author has developed a valuable method of determining 
correct spring proportions for the design of helical compression 
springs. He introduces a system of spring variables which are 
related to the desired working loads and allotted space to be 
occupied by the spring, and which includes the outside diameter 
of the spring instead of the pitch diameter, the total number of 
coils (or its related height) instead of only the number of ac- 
tive coils. In terms of these variables and the standard formulas 
for stress, deflection, and rate, a system of dimensionless parame- 
ters is introduced. The mathematical relations among these 
parameters may be represented graphically by the spring designer 
to serve as ‘Design charts’’ for a given problem. Such design 
charts, some of which are presented in this paper, are great labor 
saving devices, which will eliminate, for the spring designer, most 
of the tedius trial-and-error calculations associated with the de- 
sign of helical compressiva springs. 


M. Gerard Fangemann*® 


The author of this paper has made a very useful contribution 
to the practical solution of compression spring design problems. * 
The standard formulas involving the mean coil diameter and the 
number of active coils are recast, using more practical spring 
dimensions, namely, outside diameter and solid height. Sim- 
plification is achieved by the use of several ratios, called parame- 
ters for length, diameter, and stress and the plotting of curves 
using these parameters as ordinates. Several examples are 
worked out showing that spring dimensions can be obtained from 
the curves with great rapidity. 

The curves presented in this paper are intended for steel com- 
pression springs, made of round wire with ground ends and having 
two dead coils. This means that similar curves must be worked 
out for various other possibilities, such as materials other than 
steel, square or rectangular wire, plain ends, and less than two 
dead coils. Thus it would be necessary for the spring specialist 
to provide himself with many charts of curves. In addition, it 
would appear desirable to have more curves for each chart to 
permit a more accurate determination of the co-ordinates to be 
read. Due to the fact that compression spring design is often 
very tedious and time consuming due to the trial-and-error 
method required by the conventional formulas, the spring de- 
signer may find it quite profitable in time and effort to make the 
charts as described. 


C. H. Tsao* 


The author is to be congratulated for taking another step 
forward in the field of spring design. His paper offers a simple 
and direct method of determining the best spring proportions. 
The design charts are especially useful for all helical spring de- 
signers. 


2 Senior Staff Physicist, Systems Analysis Laboratory, Hughes Air- 
craft Company, Culver City, Calif. 

General Manager, Spring Division, John Chatilion & Sons, New 
York, N. Y. Mem. ASME. 


4Member, Technical Staff, Guided Missile Laboratories, Hughes 
Aircraft Company, Culver City, Calif. 


Transactions of the ASME 





Author's Closure 


The author wishes to thank each of the discussers for the com- 
ments submitted. Mr. Fangemann correctly indicates the need 
of many curves on a particular design chart before it can be con- 
sidered a practical design tool. Unfortunately, material pre- 
pared for publication is usually abbreviated for clarity, since 
understanding of the method is the primary consideration. The 
chart we have prepared for our own use, corresponding to Fig. 2, 
is appended herewith for more accurate computations. To ex- 
tend the use of the chart for different moduli of elasticity, the 
parameter R/D, can be expanded to the equivalent cee . 

o 

This chart contains three additional functions which will be 
useful to the spring designer. These functions give the geometric 
relationships for minimum weight, minimum volume, and mini- 
mum length. Derivations are based on the substitution of equa- 
tions (5) and (7) in the design constant given by Hinkle and 
Morse [1]: 


fG (21) 


Rearranging this equation and the others referred to, results 


in: 
(8 sy"t G 
™P) fh BQ 


S _ &K — 1)K*K, 
be sd D 


-“. eee G D, 
~ fy 8K(K — 1)4CK — Q) 
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BQK,,”? Q 
“(kK-1)"K* K (22) 
Theterm Bis a function of the spring index only and can be evalu- 
ated from the referenced ASME paper. The complete equation 
results in a curve when plotted on the co-ordinate system defined 
by the two parameters C and K. 

Any point on this design chart, for a given D,, completely de- 
fines a set of spring proportions. If the point is not on one of the 
respective minimum curves, it indicates that an equivalent spring 
can be designed with less weight, volume, or length as the case 
may be. An equivalent spring is defined as one which has the 
same rate, final load, and stress as compared to a given spring. 
One word of caution is necessary regarding the use of the chart for 
a specified intermediate load and an arbitrary final load. Hinkle 
and Morse originally referred to the work of M. F. Spotts [3] in 
stating that such a spring should be designed for a final load equal 
to ‘twice the intermediate load. C. W. Bert, a discusser to that 
paper, rightly pointed out the inconsistency of using Spotts’ work, 
where dead coils are neglected, with their own work, which intro- 
duces the effect of dead coils. Mr. Bert’s suggestion to use 
Jennings’ [4] method of treating intermediate loads, however, is 
also in error. Jennings included the effect of dead coils, but did 
not include the effect of the Wahl correction factor. Since Hinkle 
and Morse included both the effect of dead coils and the Wahl 
correction factor, any method of handling intermediate loads 
must also be based on these two quantities. Hence the use of 
this design chart, with the minimum functions, is limited to 
problems where the final load is given. 


C 
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Errata to 


Synthesis of Epicyclic Gear Trains Using the Velocity Ratio Spectrum’ 


By R. C. Brewer 


+2:5 A, 


Note: Because of a misunderstanding in procedures at tech- 
nical sessions, certain errors were inadvertently omitted from the 
published version of this paper. 








These corrections follow: 


page 177 (a) the penultimate line of the first column should 
read: “i.e., equation (1) with R = R, = 











the first three equations:in the righthand column 
should likewise have the 5 changed to 4. 





in Fig. 9 sun wheel §, is shown connected to carrier 
C,. The corrected Fig. 9 is reproduced here. 


























1 Published in the August, 1960, issue of Trans. ASME, Series B, 
JOURNAL OF ENGINEERING FOR INDUSTRY, pp. 173-178. 
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